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This book series on Physics
of Lakes is dedicated
in memoriam to
Professor Clifford H. Mortimer (1911–2010)
and to
Professor Lawrence A. Mysak
mentors, teachers and friends

Preface to the Book Series

An integrated view of Physics of Lakes requires expert knowledge in different
specialities which are hardly found in single scientists. Even in a team the overall
subject must be restricted; this has also been done here, as we only treat in this
book series the geophysical aspects of fluid dynamics. Being applied to very
complicated natural objects and phenomena, this science traditionally uses three
main complementary approaches: theoretical description, field observation and
(numerical, laboratory and other kinds of) modelling. The present work extensively uses all three approaches, this way providing to the reader an opportunity to
build a coherent view of the entire subject at once—from the introduction of
governing equations to various field phenomena, observed in real lakes. Several
features, we believe, will make the series of especial interest for a wide range of
students and scientists of geophysical interest as well as specialists in physical
limnology. Before plunging into the main focus of lake physics we start with a
detailed introduction of the main mathematical rules and the basic laws of classical
physics; this makes further work with equations and their solutions much easier for
readers without solid knowledge in the common trade of the background of
mathematics and physics of continuous systems—biologists, chemists, ecologists.
These sciences are today the most active branches in limnology and are utterly
needed for the development of modern society; thus, an easily available physical
background for them cannot be overestimated. A feature of this treatise is a
consolidated view expressed in its three books of a wide panoramic overlook of
various lake phenomena, inherent in physical oceanography and a fairly thorough
theoretical treatment of fluid mechanics. This way, the reader will find here both
the mathematical background and general physical laws and considerations of
natural phenomena with their driving mechanisms (waves, turbulence, wind
action, convection, etc.), and also a zoo of field examples from many lakes on our
Globe. Special attention is devoted to the dynamic response of lakes on their free
surface and in their interior, perhaps best coined as the climatology in response to
external driving mechanisms—wind action and seasonal input of solar energy.
These subjects reflect the many years of professional interests of the authors.
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The content of the books and the manner of the presentation are, of course,
significantly influenced by the composition of the authors’ team. Being professionals of slightly different branches of the same science (limnology, fluid
dynamics, and oceanography), we tried to present lake physics in the most
coherent way, extracting important kernels from all the mentioned fields. The
differences in opinions, what procedures might be the optimal approach in presenting a certain topic have occasionally been quite extensive, requiring compromises, but we believe that the interference, rather than simple sum, of our
knowledge contributed to an enhancement of the present product than would have
been reached otherwise. An additional joy for us is the national composition of our
international team; translation of this Preface from the English into our native
languages can be directly understood by more than 70 % of the Earth population.
The subjects of this treatise on Physics of Lakes, divided into three volumes,
cover the following topics:

Volume 1: Physics of Lakes—Formulation of the Mathematical
and Physical Background
It commences in the introduction with a general, word-only motivation by
describing some striking phenomena, which characterize the motion of lake water
on the surface, in the interior of lakes and then relate these motions to the density
distribution. It lists a large number of lakes on Earth and describes their morphology and the causes of their response to the driving environment.
Because physics of lakes can not be described without the language used in
mathematics and only limited college knowledge calculus and classical Newtonian
physics is pre-assumed, these subjects are introduced first by using the most simple
approach with utmost care, and continuing with increasing complexity and elegance. This process leads to the presentation of the fundamental equations of Lake
Hydrodynamics in the form of ‘primitive equations’, to a detailed treatment of
angular momentum and vorticity. A chapter on linear water waves then opens the
forum to the dynamics in water bodies with free surface. Stratification is the cause
of large internal motions; this is demonstrated in a chapter discussing the role of
the distribution of mass in bounded water bodies. Stratification is chiefly governed
by the seasonal variation of the solar irradiation and its transformation by turbulence. The latter and the circulation dynamics are built on input of wind shear at
the surface. The early theory of circulation dynamics with and without the effect of
the rotation of the Earth rounds-off this first book into the dynamics of lakes. A
chapter on turbulence modelling and a further chapter collecting the phenomenological coefficients of water complete this book on the foundations of the
mathematics and physics of lakes.
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Volume 2: Physics of Lakes—Lakes as Oscillators
The overwhelming focus in this volume of the treatise is on linear waves in
homogeneous and stratified lakes on the rotating Earth. It comprises 11 chapters,
starting with rotating linear shallow-water waves and demonstrating their classification into gravity and ROSSBY waves for homogeneous and stratified water
bodies. This leads naturally to the analysis of gravity waves in unbounded, semibounded and bounded domains of constant depth: KELVIN, inertial and POINCARÈ
waves, reflection of such waves at the end of a gulf and their description in sealed
basins as so-called ‘inertial waves proper’. The particular application to gravity
waves in circular and elliptical basins of constant depth then builds further confidence towards the treatment of barotropic and baroclinic basin wide wave
dynamics affected by the rotation of the Earth. The classical analytical approach to
the baroclinic motion in lakes is done using the two layer approximation. Recent
observations have focused on higher order baroclinicity, a topic dealt with in two
chapters. Whole lake responses are illustrated in barotropic and baroclinic wave
analyses in Lake Onega1 and Lake Lugano, respectively, with detailed comparisons of field data. The final three chapters are then devoted to a detailed presentation of topographic ROSSBY waves and the generalized CHRYSTAL equations and
their identification by field observations.

Volume 3: Physics of Lakes—Methods of Understanding Lakes
as Components of the Geophysical Environment
Red line of this volume is the presentation of different methods of investigation of
processes taking place in real lakes.2 Part I is devoted to numerical modeling
approaches and techniques, applied to demonstrate the response of a lake to wind
1

In today’s Latin orthography from Russian, ‘Onega’ and ‘Onego’ are both in use. In this book
we use ‘Onega’.
2
This description of the contents of Volume 3 differs from the version stated in Volumes 1
and 2, which were written in June 2010. Since then, chapters on morphological dynamics
of lakes have been added and topics on nonlinear internal oscillations, wave transformation,
and meromixis have been published in a separate book [1]; also, investigations of convective
exchange flows in basins with sloping bottom have been published [2].

(in Russian).
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forcing. It commences with the presentation of the barotropic and baroclinic
current and temperature distributions due to different wind scenarios applied to
Lake Zurich. This shows that depth integrated models predict an adequate current
distribution only for extremely restricted situations. Moreover, multi-layered
simulation models require careful selection of the distribution of layer depths and
layer number as well as horizontal and vertical turbulent diffusivities to reach
trustworthy stable results for current and temperature distributions. This experience makes a thorough application of numerical implementation of the governing
equations compulsory. Numerical methods for convectively-dominated problems
are compared. Moreover, different numerical treatments of advection terms and
subgrid turbulence parameterization are studied, which indicate that shock capturing and total variation diminishing procedures are required, if metalimnion
dynamics is to be realistically reproduced, including possible meromixis
processes.
Traditional field measurement tools and methods of observation as well as
laboratory experimental procedures are laid down in Part II. It includes the presentation of principles of operation of commonly used current, temperature,
conductivity, pressure, and other sensors and devices applied in the field, as well as
the discussion of advantages and limitations of common measuring methods like
long-lasting registration using stationary or drifting buoys, sounding and profiling
from the boat, sampling, etc. This part aims to help the reader to develop a clear
understanding of what and how things are measured in lakes, to draw attention to
questions of data accuracy, quality, reliability, to emphasize that field experiments
should be carefully designed in accord with the researchers’ ideas—i.e., to
introduce to the science of field experimentation. The third chapter of this part
introduces the ideas of dimensional analysis and similarity solutions, later applied
to transport of sediment, which is suspended in the turbulent water and/or moves
as detritus3 at the lake bottom.
Part III is devoted to the dynamics of lakes as particle laden fluids and the
transport of the bottom sediments leading to morphodynamic changes of the
bathymetry in estuarine and possibly whole lake regions. The sediment may be
eroded from the ground and become suspended; or suspended non-buoyant particles may be deposited at the ground. The mixture type equations in the lake
domain are akin to those also describing the transport of species and nutrients in
the lake water. The equations of motion describing the sediment and water
transport on the curved basal bed are formulated relative to time-dependent curvilinear coordinates. Erosion and deposition of solid particles will contribute to
morphological changes of the bathymetry, especially in estuaries close to river
mouths. A simple one-dimensional theory explains the formation of hypo- and

3

The term ‘detritus’ used in this book is to mean solid material—gravel—transported at the
basal surface of a river or lake/ocean. This is the terminology used in geology and hydraulic
engineering.
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hyper-pycnal deltas, very well supported by laboratory experiments. The threedimensional general formulation is new and open for validation and verification.
Combined presentation of numerical, field, and laboratory approaches builds a
general view of present-day methods of physical investigations in limnology.

Final Remarks
There is one change in the structure of Volume 3 as compared to Volumes 1 and 2,
namely in Volume 3 each chapter has its own list of symbols. This was so made
because some libraries now allow downloading of book chapters. Providing lists of
symbols makes such documents more useful than otherwise.
With this third volume, this treatise on Physics of Lakes is declared to be
abandoned by us. However, the subject as such cannot be viewed as closed. There
are a wealth of topics that have not been treated at all or remain in an unfinished
state. Mention was already made of Non-linear internal waves in lakes [1], of
which their transformation or destruction through baroclinic instabilities with the
metalimnion is responsible for the meromixis, i.e., strong mingling of phosphate,
nitrate, oxygen, etc., from the epilimnion to the hypolimnion waters. Untouched
has also been any serious attempt of a description of bio-chemical interactions
with the physical processes. Quantification of the seasonal variation of the thermocline depends primarily on the interplay between the solar irradiation and the
penetration of the turbulence into the water body. The attenuation of the coefficients of extinction of irradiation is coupled with the concentrations of the species
(algies, nutrients etc.) through their bio-chemical reactions. An account on this in
the German language is Ein-dimensionales hydrodynamisches Modell in der
Limnophysik. Turbulenz-Meromixis-Sauerstoff [3]. These and a wealth of other
topics could fill further volumes and will hopefully appear in the literature by
experts of the younger generation.
Zürich, Switzerland, December 2012
Darmstadt, Germany
Kaliningrad, Russia

Kolumban Hutter
Yongqi Wang
Irina Chubarenko
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Vorwort zur Buchreihe

Eine übergeordnete Betrachtungsweise von Physik der Seen verlangt überdurchschnittliche Kenntnisse in unterschiedlichsten Spezialgebieten, die man kaum in
einer einzelnen Person vereinigt findet. Selbst innerhalb eines Teams muss das
übergeordnete Thema eingeschränkt werden; das ist auch hier getan worden, da
wir in diesen Bänden der Seenphysik nur geophysikalische Belange der Fluiddynamik behandeln. Dieses Gebiet der Strömungsmechnik, hier angewendet auf
ziemlich komplizierte natürliche Objekte und Phänomene, verwendet traditionell
drei unterschiedliche, aber komplementäre Vorgehensweisen: Theoretische
Beschreibungen, Feldbeobachtungen und (numerische, Labor oder anderweitige)
Modellierung. Das vorliegende Werk macht ausgedehnt Gebrauch von all diesen
Methoden und gibt dem Leser so die Gelegenheit, eine kohärente Sichtweise über
das gesamte Gebiet zu erarbeiten von einer Einführung in die Grundgleichungen
bis zu den unterschiedlichsten Phänomenen, die man in realen Seen beobachten
kann. Wir glauben, dass verschiedene Merkmale dieses Werk von speziellem
Interesse macht für eine breite Leserschaft von Studierenden und Wissenschaftlern
mit geophysikalischem Interesse, wie auch für Spezialisten der physikalischen
Limnologie. Bevor wir jedoch eintauchen in das Zentrum der Seenphysik, starten
wir mit einer detaillierten Einführung in die mathematischen Voraussetzungen und
die grundlegenden Gesetze der klassischen Physik; dieses Vorgehen macht das
Arbeiten mit Gleichungen und ihren Lösungen wesentlich leichter für all jene
Leser, welche keine gründlichen Kenntnisse in der üblichen Anwendung der
Mathematik und Physik von kontinuierlichen Systemen mitbringen, in der Regel
angewandte Biologen, Chemiker und Ökologen. Diese Wissensgebiete gehören
heute zu den aktivsten Gruppen der Limnologie und bilden daher die Spezialwissensgebiete, die für die Entwicklung der modernen Gesellschaft von großer
Bedeutung sind. Eine leicht zugängliche Darbietung des physikalischen Hintergrundes kann nicht überschätzt werden. Ein Hauptzug dieses Werkes ist eine über
drei Bände verteilte Betrachtungsweise, welche eine Übersicht über verschiedene
Phänomene in Seen schafft, welche der physikalischen Ozeanographie zugeordnet
sind und auf einer streng theoretischen Handhabung der Methoden der Fluidmechanik beruhen. So findet der Leser hier sowohl den mathematischen Hintergrund, die allgemeinen physikalischen Gesetze und deren Anwendung auf die
natürlichen Phänomeneder Seenphysik mit ihren Anregungsmechanismen
xiii
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(Wellen, Turbulenz, Windantrieb, Konvektion, etc.), wie auch eine ganze Palette
von Feldbeispielen vieler Seen dieser Erde. Spezielle Beachtung findet die dynamische Reaktion von Seen auf ihrer freien Oberfläche und in ihrem Innern, das
Klima des Sees als Antwort der äusseren Antriebsmechanismen Wind-Antrieb,
jahreszeitlicher Eintrag der Sonnenenergie. Diese Thematik umfasst die jahrelange
Erfahrung der beruflichen Interessen der Autoren.
Der Inhalt der Bücher und die Art und Weise der Darstellung des Stoffes sind
offensichtlich stark von der Zusammensetzung des Autorenteams beeinflust. Als
Repräsentanten von (leicht) unterschiedlichen Spezialgebieten derselbenWissenschaft (Limnologie, Fluiddynamik und Ozeanographie), haben wir uns bemüht, die
Seenphysik in kohärenter Weise darzustellen und wichtige Elemente aller oben
erwähnten Gebiete zu extrahieren. Meinungsunterschiede, wie ein Thema am
optimalsten darzustellen sei, waren gelegentlich recht heftig und verlangten
Kompromisse; wir glauben hingegen, dass die Interferenz unseres Wissens im
Gegensatz zu einer einfachen Summe mehr zur Qualität des gegenwärtigen
Produktes beigetragen hat als dies andernfalls der Fall gewesen wäre. Ein
zusätzlicher Gewinn für uns ist die internationale Zusammensetzung des Teams.
Die Übersetzung dieses Vorwortes aus dem Englischen in unsere Muttersprachen
kann direkt verstanden werden von mehr als 70 % der professionellen angesprochenen Bevölkerung dieser Erde.
Der Inhalt dieser Abhandlung über Seenphysik, aufgeteilt in drei Bände,
umfasst die folgenden Themen:

Band 1: Physik der Seen – Formulierung des mathematischen
und physikalischen Hintergrundes
Der Band beginnt in der Einführung mit einer allgemeinen, formelfreien
Motivation durch Beschreibung von gewissen, treffenden Phänomenen, welche die
Bewegung des Seewassers an der Oberfläche und im Seeinnern betreffen und
ordnen letztere der Verteilung der Dichte des Seewassers zu. Es wird zudem
eine große Zahl von Seen auf dieser Erde gelistet und ihre Morphometrie
charakterisiert, einschlieslich der Beschreibung ihrer Verhaltensweise auf Grund
der Reaktion auf die antreibenden Mechanismen.
Da die Physik von Seen nicht ohne die mathematische Sprache beschrieben
werden kann, und da nur gerade die einfachsten Kenntnisse der Hochschulanalysis
und der klassischen Physik vorausgesetzt werden, erfolgt eine Einführung in diese
Themen anfänglich in der einfachsten möglichen Art und mit gößter Sorgfalt; mit
wachsender Gewöhnung und fortschreitender Komplexität wird dann aber
schrittweise auf eine elegantere Schreibweise übergegangen. Dieser Prozess führt
so (i) zur Darstellung der Grundgleichungen der Seen-Hydrodynamik in Form
der primitiven Gleichungen, die direkt den physikalischen Bilanzen entsprechen,
und (ii) zu einer detaillierten Behandlung des Drehimpulssatzes und der
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Wirbelbilanzgleichungen. Ein Kapitel über lineare Wasserwellen öffnet danach das
Forum für die Dynamik von wassergefüllten Becken mit freier Oberfläche. Die
Dichteschichtung ist Ursache für große interne Bewegungen, was in einem Kapitel
demonstriert wird, in welchem die Rolle der Verteilung der Masse in endlichen
Becken untersucht wird. Schichtung wird hauptsächlich durch die jahreszeitliche
Variation der Sonneneinstrahlung und deren Umformung durch Turbulenz gesteuert.
Letztere sowie die Zirkulationsdynamik werden durch den Eintrag von Windschub an
der Seeoberfläche gesteuert. Die frühe Theorie der Zirkulationsdynamik mit dem,
bzw. ohne den, Einfluß der Erdrotation schließen dann den Themenkreis dieses ersten
Bandes der Seendynamik. Ein Kapitel über turbulente Modellierung und ein weiteres
Kapitel, das die phänomenologischen Koeffizienten von Wasser behandelt,
vervollkommnen diesen ersten Band über die Grundlagen der mathematischen und
physikalischen Behandlung der Physik von Seen.

Band 2: Physik der Seen – Seen als Oszillatoren
Das hauptsächliche Thema in diesem zweiten Band der Monographie Pysik der
Seen betrifft lineare Wellen in homogenen und geschichteten Seen auf der
rotierenden Erde. Er umfasst elf Kapitel und beginnt mit linearenWasserwellen auf
der rotierenden Erde. Es werden Klassifikationen eingeführt, welche die
Schwerewellen und ROSSBY-Wellen im begrenzten homogenen und im Schichtmedium charakterisieren. Dies führt in natürlicher Weise zur mathematischen
Analyse von Schwerewellen im unbegrenzten und endlichen Medium mit konstanter Tiefe: KELVIN, Inertial- und POINCARÈ Wellen, Reflektion solcher Wellen
am Ende eines Golfes und deren Beschreibung in vollkommen geschlossenen
Becken als sogenannte eigentliche Inertialwellen (inertial waves proper). Die
Anwendung von Gravitationswellen in kreisförmigen und elliptischen Becken
konstanter Tiefe führt in natürlicher Weise zur interpretationsgerechten Behandlung von barotroper und barokliner beckenweiter Wellendynamik auf der rotierenden Erde. Das klassische analytische Vorgehen zur Beschreibung der baroklinen
Bewegung in Seen wird mit der Zweischichten-Approximation gemacht. Neuere
Beobachtungen an Seen haben sich jedoch auf das Erfassen der höheren
Baroklinizität konzentriert. Diesem Thema werden zwei Kapitel gewidmet.
Beckenweite Dynamik wird anhand von barotropen und baroklinen Studien des
Onega Sees und Luganersees vorgenommen und mit ausgedehnten in-situ Messungen verglichen. Die letzten drei Kapitel werden der detaillierten Darstellung
topographischer ROSSBY Wellen und den verallgemeinerten CHRYSTAL Gleichungen
und deren Identifikation anhand von Feldmessungen gewidmet.

xvi
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Band 3: Physik der Seen – Methoden, die Seen als Komponenten
des Geophysikalischen Umfeldes Verstehen
Roter Faden dieses Bandes ist die Darstellung verschiedener Methoden zur
Beschreibung dynamischer Prozesse, die in realen Seen auftreten.4 Teil I ist der
numerischen Modellierung und Software-Varianten gewidmet, um aufzuzeigen,
wie Seen auf den Eintrag von Windkräften reagieren. Er beginnt mit der
Darstellung von barotropen und baroklinen Strömungs- und Temperaturverteilungen im Zürichsee, wie sie bei verschiedenen Windszenarien entstehen. Es wird
klar, dass tiefengemittelte Modelle nur unter extrem einschränkenden Bedingungen zutreffende Strömungsverteilungen erzeugen. Es zeigt sich auch, dass
Mehrschichten-Modelle nicht nur eine sorgfältige Auswahl der Verteilung der
einzelnen Schichten und deren Dicke und somit auch ihrer Gesamtzahl verlangen,
sondern ebenso sorgfältige Wahl der horizontalen und vertikalen turbulenten
Diffusivitäten, wenn vertrauenswürdige, stabile Resultate für die Strömungs- und
Temperaturverteilungen erhalten werden sollen. Diese Erfahrung macht eine
sorgfältige numerische Implementierung zu einer absoluten Notwendigkeit. Daher
werden verschiedenenumerische Approximationsmethoden untereinander
verglichen. Zu diesem Zwecke werden verschiedene Parametrisierungen der
advektiven Terme und der Turbulenz untereinander verglichen, was aufzeigt, dass
stoßerfassende und total variation diminishing (TVD) finite Differenzenverfahren
nötig sind, wenn die Strömungsdynamik im Metalimnion realistisch nachvollzogen
werden soll, einschließlich möglicher Meromixis Szenarien.
In Teil II werden klassische Messgeräte und Methoden der Feldbeobachtung
dargelegt. Darin sind die Darstellung von Funktionsweisen gewöhnlich verwendeter
Strömungs-, Temperatur-, elektrischer Leitfähigkeits-, Druck- und anderer
Sensoren, die im Feld zum Einsatz kommen, eingeschlossen. Desgleichen werden
die Vorteile und Einschränkungen verwendeter Messmethoden diskutiert; hierzu
gehören z. B. die lanzeitige Registrierung mit Hilfe von stationären, bzw. driftenden
Boyen sowie das Loten und Profilieren vom Boote aus. Dieser Teil soll dem Leser
helfen, ein klares Verständnis zu entwickeln, was und wie, welche physikalischen
Größen in einem See gemessen werden; es soll seine Aufmerksamkeit auf Fragen
der Genauigkeit von Daten, ihre Qualität und Verlässlichkeit gelenkt werden, um zu
betonen, dass Feldexperimente sorgfältig geplant werden sollen im Einklang mit den
Ideen der involvierten Forscher. Ein weiteres Kapitel dieses zweiten Teiles führt in
die Methoden der Dimensionsanalyse, Ählichkeit und Modelltheorie ein, mit der
Absicht, Seeströmungsprozesse der Natur auf Laborgrösse abzubilden.

4

Die folgende Beschreibung des Inhaltes von Band 3 unterscheidet sich von der Version, wie
sie in den Bänden 1 und 2 erschien und im Jahre 2010 verfasst wurde. In der Zwischenzeit
sind Kapitel über Morphodynamik von Seen hinzugekommen; zugleich ist zum Thema
nichtlineare interne Schwingungen, Transformation von Wellen und Meromixis ein Buch
herausgekommen [1]. Desgleichen ist ein Buch über Laboruntersuchungen zum konvektiven
Strömungsaustausch in Becken mit geneigtem Boden herausgekommen [2].
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Teil III ist dem Thema des Sedimenttransportes in Seen gewidmet, wie er als
suspendierte Partikel unterschiedlicher Größe im turbulenten Seewasser oder als
Schicht bewegten Granulates am Boden eines Sees auftreten kann. Das Sediment
kann vom Boden erodiert und im Seewasser suspendiert werden; oder
suspendiertes, vom Auftrieb reduziertes schweres Material kann am Seegrund
abgelagert werden. Die Mischungsgleichungen, die für dieses mit Partikeln
befrachtete Wasser zur Anwendung kommen, sind den Transportgleichungen von
Lösungsstoffen im Seewasser ähnlich. Die Bewegungsgleichungen, die den
Sediment- und Wasser-Transport entlang dem gekrümmten, aber bewegten
basalen Bett beschreiben, werden in, der Topographie folgenden, Koordinaten
geschrieben. Erosion und Absetzung von festen Partikeln tragen zur Veränderung
der Bodentopographie bei, insbesondere in Nähe von Flußmündungen. Die
einfachste ein-dimensionale Theorie erklärt die Bildung von hypo- und hyperpyknischen Deltas, die sehr genau in Laborexperimenten verifiziert werden.
Demgegenüber ist die volle drei-dimensionale Formulierung der Seeströmung
unter Einschluß der Bewegung von Detritus und suspendiertem Granulat neu und
offen gegenüber Validierung und Bestätigung.
Kombinierte Behandlung von numerischen Methoden und Feld- sowie Laborexperimenten bilden heutzutage das gewohnte Vorgehen bei Untersuchungen
physikalisch-limnologischer Fragestellungen.

Letzte Bemerkungen
Band 3 von Physics of Lakes unterscheidet sich in seiner Struktur von den Bänden
1 und 2 dadurch, dass in ihm jedes Kapitel seine eigene Symbolliste aufweist.
Diese Änderung ist durchgeführt worden, weil gewisse Bibliotheken einzelne
Kapitel der elektronischen Buchversion herunterzuladen gestatten. Mit der
Symbolliste sind solche Dokumente wertvoller.
Mit diesem dritten Band wollen wir die Reihe Physics of Lakes aufgeben und
schließen. Das Thema als solches kann jedoch nicht als abgeschlossen betrachtet
werden. Es gibt immer noch eine stattliche Zahl von Themen, die nicht berücksichtigt
werden konnten oder in unvollendetem Zustand verlassen wurden. Das Buch
‘Nonlinear internal waves in lakes’ [1], in welchem Umwandlung von Wellen oder
ihre Vernichtung durch barokline Instabilität, besonders im Metalimnion, behandelt
werden, ist für die Meromixis, d.h. für die Beständigkeit der hypolimnetische
Mischung aufgrund starker Vermischung von Inhaltsstoffen, z. B. Phosphat, Nitrat,
Sauerstoff, etc. vom Epilimnion ins Hypolimnion von Bedeutung. Unbehandelt blieb
auch eine eingehendere Beschreibung der Wechselwirkung von biochemischen und
physikalischen Prozessen. Die Quantifizierung der jahreszeitlichen Veränderung der
Thermokline hängt primär von den Wechselwirkungen zwischen Sonneneinstrahlung und Einwirkung der Turbulenz in den Wasserkörper ab. Die Abnahme der
Strahlung, ausgedrückt im Extinktionskoeffizienten, ist mit der Konzentration der
biochemischen Komponenten (Algen, Nährstoffe, etc.) und deren biochemischen
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Reaktionen verknüpft. Ein Werk in deutscher Sprache zu diesem Thema ist
Ein-dimensionales hydrodynamisches Modell in der Limnophysik. Turbulenz
Meromixis-Sauerstoff [3]. Diese und eine Vielzahl von Themen, könnten weitere
Bände füllen. Es ist zu hoffen, dass diese durch Experten der jüngeren Generation
angepackt werden.
Zürich, Switzerland, Dezember 2012
Darmstadt, Germany
Kaliningrad, Russia
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Yongqi Wang
Irina Chubarenko
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Preface to Volume III

This third volume of the treatise Physics of Lakes is devoted to ‘Methods of
Understanding Lakes as Components of the Geophysical Environment.’ This
means that the intention is not the presentation of an all-embracing concept (e.g.
oscillations, Volume 2) or of a sequence of intellectual steps leading to a clearly
specified goal (geophysical fluid mechanics for lakes, Volume 1), but an outline of
several methods or tools, which address either technicalities of a certain problem
of lake physics (numerical methods, observations, measurements) or center around
a particular question of concern (instabilities, sediment transport). The reader is
assumed to be well equipped with the general contents of Volumes 1 and 2.

Part I: Wind-Induced Three-Dimensional Currents and
Temperature Distribution: Numerical Models and Application
One central theme of this volume is the numerical modeling of wind-induced
three-dimensional currents (and temperature) in barotropic and baroclinic circulation dynamics. Chapters 23–27 are devoted to this topic under the assumption
that the free and bottom surfaces of the lake are material; this means that no
evapotranspiration or precipitation is accounted for at the free surface and no
erosion (deposition) of bottom sediment (wash load) or groundwater nourishment
(wastage) occur. This makes the kinematic boundary conditions particularly
simple. First, numerical software for barotropic and baroclinic circulation
dynamics for applied wind shear at the water surface and for a given initial current
field (generally an initial state of rest) and temperature distribution [constant
temperature throughout (barotropicity!) or a stably vertically stratified density
distribution (baroclinicity!)] was developed in the 1970s of the last century and is
explained in Chaps. 23 and 24. These ‘classical’ finite difference approximations
of the governing partial differential equations avoid numerical instability by
adding a sufficient amount of numerical diffusion. They do not enjoy the total
variation diminishing property by which incorporation of numerical diffusion is
minimized. Moreover, slopes of the variables in the elements are continuous across
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the element boundaries, so that numerical stability must be ascertained by using
sufficiently large values for the numerical viscosities and diffusivities, whose
values are generally larger than their physical counterparts.
The software is judiciously employed in Chap. 23 to answer the question,
whether barotropic wind-induced motions in shallow homogeneous Lake Zurich
could be reliably predicted by a depth integrated hydrodynamic model.
 The answer
is that the ratio R ¼ DDiff =DAdv of a diffusive time DDiff ¼ H02 ð4DÞ and an
advective time DAdv ¼ L=V0 , see Eqs. 23.16 and 23.17, must be small, R  1.
Here, fH0 ; V0 ; L0 ; Dg are a representative water depth, horizontal water velocity,
horizontal basin dimension and vertical turbulent diffusivity. Such conditions are
only seldom satisfied for large but extremely shallow lakes. This implies—and this
requirement is nowadays no longer a major difficulty—that for most situations
multi-layer models ought to be employed.
For baroclinic wind-induced circulating motions the vertical stratification naturally suggests the use of a layered model with small layer-depth resolution in the
metalimnion and selection of different momentum viscosities in the gradient
RICHARDSON number dependence of the vertical diffusivity. It is also found that the
horizontal diffusive momentum flux is a significant quantity for stability in the
metalimnion; this implies that the prerequisites of the shallow water assumption is
practically never justified, even though the hydrostatic pressure assumption may
hold true. Furthermore, whereas isotherm-depth-time series under direct wind
forcing follow qualitatively the expected behavior, the fundamental internal seiche
is computationally poorly reproduced because of excessively attenuated performance of the potential and kinetic energy after wind cessation, manifested in rapid
attenuation of isotherm-depth-time series after wind cessation. The reason is most
likely the use of second order central finite differences and the omission of the
horizontal slope of the temperature distribution where horizontal gradients are
steep. Boldly stated: numerical schemes which do not employ total variation
diminishing schemes and neither restrict the magnitude of the slopes of the temperature (and possibly other variables) are likely incapable to model the post-wind
seiche oscillations as observed in many lakes.
A fresh attempt in solving the governing equations of Lake Hydrodynamics is
needed, which scrutinizes the behavior of their discrete replacement with the use
of total variation diminishing (TVD) schemes, paired with the use of limiters in the
reconstruction of the solution within the discrete cells. Chapter 25 thoroughly
addresses this question with the use of the simplest one-dimensional timedependent advection-diffusion equation for a scalar quantity; it contains the
essential ingredients of momentum, heat and mass transfer of the equations of lake
dynamics. For zero diffusivity the simplest hyperbolic equation emerges, whilst for
vanishing convective speed the standard parabolic equation is obtained. By
varying the corresponding parameters, the relative roles of convection and diffusion can be estimated. Traditional finite difference methods for strong convection
problems are strongly dissipative and robust against numerical instabilities, while
corresponding high order schemes are less dissipative but prone to such
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instabilities, causing nonphysical oscillations in regions of large gradients of the
variables. The flux corrected transport (FCT) method and the total variation
diminishing (TVD) scheme ensure that no spurious numerical oscillations are
generated by adding just the correct amount of diffusion as required by the steep
gradients. The reconstruction of the solution within the numerical cells is of higher
order continuous, while discontinuities occur at the cell boundaries, and the corresponding slopes in the cells are kept limited to maintain numerical solutions
stable. Various finite difference schemes are combined with the most popular slope
limiters. Four standard problems, (i) propagation of a HEAVISIDE step, (ii) of a
sinusoidal hump, (iii) a diffusion-free but nonlinearly convected hump, and (iv) the
temporal variation of a typical temperature profile are solved; they show that the
modified TVD scheme MTVDLF with the so-called superbee slope limiter performs best among all tested schemes. It has never shown development of nonphysical oscillations behind steep gradients, produced nearly perfect propagation
of a step with the correct speed and showed proper variation of temperature
profiles in up- and down-welling scenarios.
This behavior is largely corroborated in Chap. 26, where different numerical
treatments of the advective terms for wind-induced circulation are applied to the
NAVIER-STOKES-FOURIER-FICK (NSFF) equations subjected to the hydrostatic pressure and Boussineseq assumptions. After a careful review of the existing software
models treating the primitive equations, it is declared that there exists no comparative analysis by which different finite difference schemes are tested in the spirit
of Chap. 25 as outlined above. This is done by first transforming the primitive
equations via a generalized vertical r-coordinate (called s-coordinate) [which
generates high net resolutions close to the free and bottom surfaces] and a conformal mapping, based on the lake shore geometry from the (x, y, z, t) region to the
(n, g, s, t) region of cuboid geometry. The emerging equations possess the structure
of balance laws, i.e., they have a three-dimensional convective term, a threedimensional flux term, and an additional source term, not present in the simple
example of Chap. 25. Therefore, analogous (higher order) finite difference
approximations can be applied to the convective flux and diffusive terms.
Explicitly, computations are presented for the low order upwind difference
schemes (UDS), the central difference scheme (CDS), and the high order Monotonic Upstream Scheme for Conservation Laws (MUSCL), which possesses the
TVD property. Explicit results are shown for computations in a homogeneous and
stratified rectangular basin and in Lake Constance, subjected to a spatially uniform
wind in the long direction of the basin, lasting a single day. This load corresponds
to a medium size storm and ought to generate strong seiche oscillations of KELVIN
and POINCARÉ type. It is shown that the TVD scheme generates the most reliable
results, free of the Gibbs amplification at the low end of the thermocline; this
scheme has the most stable performance, i.e., generates no spurious oscillations
and no overshooting at locations of steep gradients and has the least numerical
diffusion. On the other hand, UDS suffers from too much diffusion when steep
gradients occur, while CDS is fraught with oscillatory noise. TVD schemes also
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show the best performance in reproducing internal KELVIN and POINCARÉ type
waves. In other words, CDS and UDS should in software of lake circulation
systematically be replaced by TVD-MUSCL formulations.
Circulation dynamics in stratified medium-sized lakes under external timedependent wind forcing often excite internal wave motions, which have the tendency to last for a considerable time after wind cessation. On the other hand,
without the proper parameterization (TVD with minmod or superbee slope limiter
for finite difference schemes) the excited numerical internal waves are much faster
attenuated than observed in Nature. An improvement of the performance of the
existing software can be achieved in this regard by adjusting the viscosities/diffusivities to the evolving turbulence by adequate turbulent closure relations. A
brief review of the existing zeroth and higher order turbulence models and the
demand that CPU times of codes solving the NSFF (or somewhat simpler)
equations, which may quickly become exorbitantly large, are restricted, necessarily leads to restraints of numerical complexities. To keep computation times
within acceptable limits, Chap. 27 restricts subgrid-scale parameterization to the
level-2 turbulence closure model of MELLOR-YAMADA, since in the present application of geophysical fluid mechanics vertical grid sizes are much smaller than the
horizontal grid sizes, the vertical and horizontal turbulent viscosities/diffusivities
are differently parameterized. At the ð2 þ 12Þ-level of the MELLOR-YAMADA
parameterization the horizontal viscosity/diffusivity coefficients depend—apart
from the horizontal grid length—on the second invariant of the strain rate tensor
(in the shallow water approximation), while the vertical viscosity/diffusivity is
parameterized with the gradient Richardson number. Computations are performed
with the SPEM software of Chap. 26, but now using the MELLOR-YAMADA turbulent closure relations for the viscosities/diffusivities for (i) a rectangular basin of
constant depth and (ii) Lake Constance subject to an impulsively applied uniform
wind of 1 or 2 days duration in the long direction of the basin. It is shown that the
evolutions of the vertical viscosities/diffusivities make the internal wave response
(with KELVIN, POINCARÉ waves) at near-shore and mid-lake positions visible, as
physically expected. Moreover, the temperature profiles equally follow the
induced motion and show conspicuous dependences on the varying turbulent
viscosities/diffusivities. In particular, when comparing computational results performed with variable horizontal turbulent viscosities/diffusivities according to
MELLOR-YAMADA and those with constant values, respectively, no computed
KELVIN type wave response is seen at the western end of Lake Constance, in
evident conflict with measured data at that location. It follows that both, high order
TVD schemes with adequate slope limiters plus flexible turbulent closure relations
are needed to properly numerically model wind-induced circulation which also
makes the internal wave dynamics visible.
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Part II: Observations, Measurements, and Laboratory
Experiments
Traditional field measurement tools and methods of observations (Chaps. 28 and
29), as well as methods of laboratory experiments (Chap. 30) are laid down in this
second part of Volume 3 of Physics of Lakes.
First, in Chap. 28 an overview of the operation of instruments and sensors,
commonly used in field experiments is given. The water velocity is measured by
current meters. When operating mechanically, these generally convert the water
velocity into the rotation of a propeller, impeller, paddle wheel, or a screw; this
then restricts recordings to the projection of the water velocity to the plane perpendicular to the instrument axis of rotation (generally the horizontal plane). The
rotation unit of the instrument must be complemented by a paddle, which measures
the direction of this horizontal current relative to the direction of magnetic north.
Acoustic current meters record phase shift, frequency, travel time variation, or
amplitude modulation of acoustic signals propagating in moving water and correlate these to the water motion; these instruments measure two or three components of the water current. Pulse acoustic current meters measure the difference of
the travel times of an acoustic signal between emitter and receiver; from their
difference follows the speed of the water parallel to the direction of the positions
between emitter and receiver. The principle of operation of acoustic DOPPLER
current meters is based on the measurement of the phase shift between a base
sinusoidal signal and a signal, which passes through a volume of water under
investigation. Such Acoustic DOPPLER Current Profilers (ADCP) are presently
among the most popular current meter devices, even though mechanically-based
instruments (often using SAVONIUS rotors) are still in use, and electromagnetic
current meters have also been developed. The detailed construction depends on
their use in the fields. They can move as freely drifting buoys with the water, can
be floating as neutrally buoyant bodies within an assigned isopycnal surface of the
water, or they may operate as free fall and rope-attached velocity profilers, or they
may simply be fixed to the chain of a stationary mooring. The latter, Euclidean,
arrangement leads to point measurements, while the former follows partly or
entirely the trajectory of the water particles.
Temperature and electrical conductivity are in large parts measured to quantify
the density field in the water of the ocean and lakes. The electrical conductivity is
related to the mineralization or salinity of the water. However, the density field in
lakes shows a primary dependence on temperature. Consequently, for many
physical processes in limnology the water temperature is the most valuable water
parameter; e.g., in synoptic campaigns of moored thermistor chains isothermdepth-time series, constructed from the thermistor recordings provide detailed
knowledge of the internal wave dynamics. Early thermistors used a liquid with its
thermal expansion property (GALILEI’s thermometer, reversing thermometer).
Thermistors are wire-bound-type conducting resistance instruments, with
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extremely small response times. They constitute today’s temperature instruments
and are often also built into instruments measuring primarily other parameters.
The determination of salinity by conductivity measurements dates back to the
second half of the twentieth century and is incorporated in ConductivityTemperature-Depth (CTD)-probes. When these are equipped with a module
computing the density, then D in the acronym CTD stands for density. The
standard computation of q(T, s) has so far been done with the CHEN-MILLERO
formula, but will in future be replaced by the TEOS10 (International Thermodynamic Equation of Seawater, introduced in 2010) formula. It is based on a systematic GIBBS-free energy formulation, which is a function of absolute salinity and
conservative temperature, and from which the density can be obtained via
differentiation processes.
Systematic water level depth measurements go back to the nineteenth century
when surface seiches were systematically measured by F. A. FOREL. The standard
limnigraphs are shore-bound wells, connected with the lake by a tube of which the
small diameter filters short periodic (wind induced) waves. Within the well a
floating buoy transfers its vertical and filtered surface motion to a recording unit,
possibly digitized for later use. In modern versions the float is replaced by electrical resistivity sticks or pressure gauges. Measurements of water depth have been
made with point-poles and sounding lead, but are now done with echo-sounders
and satellite altimetry.
Limnologically relevant optical properties of lake water are the water color,
measured by the HUE scale or FOREL-UHL scale that is used for water of low
transparency. The SECCHI depth, determined by the SECCHI DISK, quantifies the
transparency of highly transparent lake water. In the former, the HUE scale consists
of a set of numbered tubes filled with well-defined colors, with which the lake
water is compared; in the latter a standard white disk of 25 cm diameter is lowered
in the lake water down to its invisibility depth (=SECCHI depth). Another transparency meter is the photo-pyrano-meter or photometer. The light absorption is
described by BEER’S law, which expresses it in terms of the light attenuation
coefficient, which can be related to the SECCHI depth. Modern optical instruments
are quite sophisticated, and some use laser technology such as lidar.
Turbulence in lakes is measured from time series of components of the velocity
in the three directions of the Cartesian coordinates or the water temperature and
decomposing these variables into average and fluctuating fields and subjecting the
decomposed fields to statistical analyses (FOURIER transforms). This allows
determination of the turbulent kinetic energy and dissipation, and other turbulent
correlation quantities, as well as spectral distributions for these and auto-correlation quantities for further use. These data analyses are treated in other fields of
geophysics and are not dealt with here. The chapter ends with the presentation of a
number of instruments and their use in limnophysics.
‘Measuring methods and techniques’ explain in Chap. 29 the procedures, how
instruments are used in the field to collect data on limnophysical quantities for
later analysis. The methods have largely been introduced and employed in physical
oceanography and have been adopted in physical limnology, often at somewhat
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smaller scale. Stationary instruments, i.e., anchored buoy stations or moorings are
ropes or chains, equipped with a ballast weight at the lake bottom, have current
meters, thermistors (usually arranged as chains) and buoys attached at preset
distances with or without a surface buoy, carrying meteorological instruments (at
several levels) and possibly data transmission features for in-house exploration.
On-board measuring methods comprise towing, profiling, and sounding techniques, e.g., with ADCP instruments. The trajectories of free fall and towed
instruments can vary, depending on the speed of the vessel and the program of the
tether performance. Such drifter-based measurements can be performed with
instrument arrangements involving various physical parameters, including temperature, conductivity, bottles for water, sediment, and other species sampling.
The application of these complex measuring units is primarily in the ocean and
may have to be accordingly modified for use in lakes.
Field measurements deliver data of processes in Nature (God’s model as Professor Mortimer used to say), which can be compared to results from mathematical
theory (which are only humans’ models and, thus, imperfect, again as he used to
say). Can we, perhaps, make a copy of Nature at smaller size and reproduce this in
a laboratory and then perform laboratory experiments and verify results from
mathematical theories with laboratory data? The answer to this question is the goal
of Chap. 30. ‘Dimensional Analysis, Similitude and Model Experiments’. The
study shows that there is virtually never an exact copy of God’s model at different
scale, at best an approximation to it, and differences are manifested as so-called
scale effects.
By dimensional analysis scientists generally mean the fact that mathematical
relations describing physical processes must be dimensionally homogeneous. This
means that all equations of physics can be written in dimensionless form. Originally arising parameters with physical dimensions are replaced by the so-called
independent dimensionless P-products. Their number is given by BUCKINGHAM’S
theorem and is determined by the rank of the dimensional matrix, which is formed
with
all physical
parameters arising in the problem formulation. If


f Py ; Px1 ; . . .Pxn ¼ 0, in which Py ; Pxi ði ¼ 1; . . .; nÞ are the independent
dimensionless P-products, describes the physical process in Nature—this is
commonly called the prototype—then any copy of it is exact, i. e., complete
similitude
of the processes is maintained, if all P-products in the equation

f Py ; Px1 ; . . .; Pxn ¼ 0 remain invariant in the downscaling mapping from the
prototype to the model size. If in the downscaling mapping not all the P-products
remain invariant, scale effects will enter and experimental processes performed in
the model are at best approximately similar to those in the prototype. Some typical
P-products in geophysical fluid mechanics are the REYNOLDS, FROUDE, MACH, and
ROSSBY numbers. A model, in which the Reynolds number is an invariant is called
a Reynolds model; similarly, in a Froude model the Froude number remains
invariant. A REYNOLDS-FROUDE model, in which both these P-products would
remain unchanged in the downscaling, however, does not exist. Complete similitude of such a model cannot be realized. Scale effects are inescapable in this case.
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We apply the procedures of dimensional analysis to hydrodynamic problems, in
particular (i), to the instability of shear flows—an important problem of lake
physics—and demonstrate that the gradient RICHARDSON number must be larger
than 14, if the shear flow in a vertically stratified viscous fluid should maintain
stability. Dimensional analysis delivers the result that the transition from stable to
unstable conditions is given by a constant; that the value of this stability constant
must be 14 follows from linear wave theory in stratified shear flows and is shown
explicitly. Other explicit applications of dimensional analysis are in the theory of
self-similar structures in turbulent boundary layers at large REYNOLDS numbers and
in the spreading of an oil spill on a still water surface.
The theory of models is based on the scales, chosen for the physical variables
thought to exert an influence on the processes under study. Let a and ā be the
values of the physical variable a in the prototype and the model, respectively.
Then, ka ¼ 
a=a is the scale of a in the downscaling operation.
For instance,


V

t L
g
L
V
kL ¼ ; k V ¼ ; kg ¼ ; kt ¼ ¼
L
V
t LV
g
are ratio of length-, velocity-, gravity-, and
 timescales, and it is obvious that
invariance of the FROUDE number Fr ¼ V2 ðgLÞ requires
2 g L
V
 ¼ 1;
V 2 g L

implying

kV ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃkg ¼1pﬃﬃﬃﬃﬃ
kL kg ¼ kL ;

while invariance of the REYNOLDS number R ¼ VL=m demands
L
m
V
¼1
V L m

implies

kV ¼

km
;
kL

where km is the viscosity scale. Requesting kFroude
¼ kReynolds
V
V
kg ¼1

k2m ¼ k3L ;
which means that the viscosity of the model fluid is given by the geometric scale, a
requirement which is generally not possible to fulfill; this demonstrates the
impossibility that the FROUDE and REYNOLDS numbers can be simultaneous
invariants of the downscaling operation.
We demonstrate how results from laboratory experiments on heat transfer by
forced convection and on subaquatic density currents can be used to deduce
inferences at the prototype scale, using invariance of the P-products describing
such problems. A popular method to obtain such downscaling rules is inspectional
analysis. It is based on the assumption that a set of functional equations (partial or
ordinary differential equations and initial and boundary conditions) describes the
process under study adequately. The laboratory copy of the process in Nature then
needs to keep the P-products, exhibited by the functional equations, invariant for
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complete similitude of the mapping. This procedure is demonstrated for the
NAVIER-STOKES-FOURIER-FICK equations, for the tidal equations in estuaries and for
a rotating laboratory study of circulation dynamics in Lake Constance. This last
example demonstrates how difficult it is to obtain reliable responses of the water
motion in a homogeneous or stratified water body subject to wind and/or inflows
from tributaries, for which the FROUDE and ROSSBY numbers are the minimum two
invariants of the downscaling operation, which must be observed to guarantee
approximate similitude.

Part III: Detritus and Particle Laden Transport in Lakes
Volumes 1 and 2, and the content of Volume 3 of Physics of Lakes were so far
devoted to pure hydrodynamics of lakes, treating the free and bottom surfaces as
material. Similarly, suspended sediment-matter, the so-called wash-load, which is
generally non-buoyant, was left untouched. In estuarine regions, especially the
vicinity of a river mouth, the sediment transport is responsible for deltaic formations on decadal timescales, and in very shallow lakes and lagoons, the basal
shear traction can erode detritus from the bottom surface and generate detritus
transport evidenced in drifting subaquatic dunes. The next two chapters are
devoted to such questions; they are technically advanced and typical topics of
Lake Hydraulics.
Chapter 31 concentrates on sediment transport from mountainous rivers into a
quiescent ambient with simultaneous formations of deltas. To focus on the principal physical processes attention is restricted to flows in vertical cross-sections
with no changes perpendicular to the flows. Attention is restricted to the formation
of deltas from steady sediment transport from rivers. The bed-load transport in the
river, derived from sediment mass balance and the MOHR-TERZAGHI shear tractionpressure relation, emerges as a diffusion equation for the upper surface of the
detritus layer, whose upstream steady sediment mass flux is prescribed as a
boundary condition. The diffusivity involves known flow quantities and an
adjustable parameter, expressing the slip of the difference of the tangential
velocities in the detritus and the river water. When this tributary flow enters
quiescent water, the river water velocity is suddenly reduced. This leads to a drop
of the sediment velocity and a concurrent reduction of the shear traction and thus
deposition of detritus to the non-moving bed, i.e., deltaic formation. Two different
classes of such deltas are formed.
When the entering water is neutrally buoyant or its density is higher than that of
the ambient water, the falling particles move as avalanches down the shore slope
and form the so-called GILBERT-type deltas with frontal slopes given by the subaqueous friction angle of the sediment. This constant inclination of the delta
forefront, paired with jump requirements for the sediment flux across the plunge
point (=transition point between river and quiet water) and possibly tectonic
subsidence of the basement determine the conditions for the motion of this moving
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diffusive boundary value problem. Solutions have similarity structure and are
analogous to the classical STEFAN problem of heat conduction.
When the inflowing tributary water is denser than the receiving ambient water,
the tributary water will dive down as a density under-current. The basal sediment
transport in this subaqueous regime is again a diffusion equation with given diffusivity for the sediment, which, far downstream in the bottomset, approaches zero
thickness, has equally zero thickness at the plunge point, where the sediment flux
suffers a jump which can be adjusted by validation of the theory. This tributary-lake
dual-diffusion problem is again a moving parabolic initial-boundary-value problem.
The theory is validated by laboratory experiments of sediment flow on a sloping
plane, proving quantitatively the progradation of hyper-pycnal deltas. The similarity of the sediment profiles for the different upstream sediment fluxes and four
different timeslices corroborate near perfect similarity and generate hypo as well
as hyper-pycnal deltaic profiles.
The one-dimensional theory is subsequently applied to the formation and
evolution of tributary dammed lakes. More specifically, sudden sediment deposits
at a localized restricted region of a valley from a side tributary may block the
continuous flow of sediments down the valley, while the water flow continues
when the water level has reached the crown of the dam of the sediment deposit.
For a steady sediment flow from the side tributary the main river sediment flow
above the side tributary dammed lake and below the dam are homogeneous diffusion equations with the same diffusivity. The formation of the tributary dammed
lake depends on the tributary infill rate. If it is larger than twice the sediment flux
far upstream, the sediment flow immediately above the dam stops and all upstream
sediments are deposited; a tributary channel lake is formed. The point of minimum
inclination at the downstream end of the upstream alluvial reach must retreat upvalley and a pool of time-dependent length is formed.
The approach to sediment transport in Chap. 31 has been kept simple, in order
to obtain a clear physical picture of the ongoing sediment dynamical processes and
of the principal deltaic features due to riverine input from a steady tributary load.
This picture is far too simple to be able to estimate how and why the suspended
solids have certain particle size distributions. In addition, both may interact, as
particles from the suspended load with certain (large) grain sizes may be deposited, while particles (of small) grain sizes from the detritus layer may be lifted and
entrained into the particle laden water of the lake. Moreover, with sufficient shear
traction at the basal surface, particles from the stagnant bottom may be torn off and
incorporated in the detritus layer and (perhaps later) into the slurry of the lake
basin. The lake currents, which are greatly affected by the stratification (due to
solar radiation and river water admixture of its own density) and by the turbulence
(due to wind induced shear at the free surface). All these processes affect the
deltaic formations and, under stratified conditions and in medium sized lakes, are
equally influenced by the rotation of the Earth via the CORIOLIS acceleration. It
transpires that a careful analysis is required.
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Chapter 32 addresses the sediment transport problem in this complexity. It will
be seen that new territory will be explored, but no claim of completeness will be
made. The lake domain is made of the particle laden fluid, bounded by a material
free upper surface and a very thin detritus region. The slurry in this lake domain is
described as a turbulent NAVIER-STOKES-FOURIER-FICK fluid with balances of mass
for a countable number of non-buoyant solid constituents (other tracers are
ignored) plus the mass, momentum, and energy balances for the mixture as a
whole. Each constituent is by itself a mixture of particles with a narrow size range
such that all of the constituents embrace the entire size range of all grains of the
sediment sample. The detritus layer is the second domain comprising the lake
region. It is conjectured to be so thin that it can be modeled as a singular surface,
which is equipped with mass, momentum, etc., of a mixture of surficial solid
granules and a surficial fluid, and the surface is assumed to be curved. Because of
the deposition of grains from the suspended load to the ground and of erosion of
grains into the slurry, this surface is non-material; its displacement speed (normal
to the surface) is a significant parameter as it determines its evolution in space and
time, which, hydraulically, delivers the true sedimentation distributed in space and
time.
The phenomenological properties of the slurry are those of a NAVIER-STOKESFOURIER-FICK fluid with the special parameterization that the constituent mass
fluxes are additively decomposed into a FICKian contribution for the particles
within the size range of its own class plus a mass flux determined by the constituent
density, multiplied with the constituent free fall velocity. This requires separate
parameterization of the FICKian contribution and of the free fall velocity. The
deduced field equations are subject to a turbulent REYNOLDS averaging procedure
and simplified by the assumption that the turbulent density fluctuations are negligibly small, justifying the neglect of any correlation product involving the density
fluctuations. This implies that the acoustic waves survive the averaging process in
the REYNOLDS averaged equations and allows otherwise the familiar turbulent
closures of zeroth or higher order. The free fall velocity is determined for an
isolated particle in still water. This requires equating the weight of the particle
minus its Archmedian buoyancy force to the viscous resistive force, which is
proportional to the fall velocity squared. The drag coefficients known for STOKESian
flow and fully developed turbulence are linearly combined and the free parameter
then optimized by experiments following SONG et al. [1]. By scaling the REYNOLDS
averaged turbulent equations and writing them in dimensionless form, the simplified equations in the shallow water assumption, the hydrostatic pressure
approximation and in the BOUSSINESQ approximation are derived.
Boundary conditions at the free surface, which follows the barycentric motion
of the slurry are standard and follow, apart from the kinematic condition, from the
classical jump condition via the ‘pillbox argument.’ Less straightforward are the
corresponding boundary conditions for the basal surface. Here, balance laws following the motion of the curved surface are formulated for the masses and
momenta of the constituent a, but the surface mixture is treated as a NAVIER-STOKES
fluid on a two-dimensional non-Euclidean manifold whose mass is nourished by
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deposition of solid grains from the wash load of the slurry and by erosion of the
bed. Erosion inception is formulated with a SHIELDS type equation and a parameterization due to VAN RIJN. Similarly, the erosion amount is parameterized
according to the proposition of van Rijn. In this model for the surface granular–
fluid mixture, the mass balance laws are formulated for the solid constituents and
the mixture as a whole, while surface tangential momentum balance is restricted to
the momentum balance for the mixture. Different, more detailed, formulations are
possible and left for further research.
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Part I

Wind-Induced Three-Dimensional
Currents: Numerical Models and
Applications

Preamble to Part I
One third of this Vol. III of Physics of Lakes is devoted to the construction of
numerical solutions to the equations of circulation dynamics of lakes due to the
driving mechanisms, wind and solar irradiation. Future activity of physical
limnologists will increasingly be focused on computational methods when
observational data, equally electronically processed, are to be interpreted within
the context of mathematical–physical models, which are numerically realized. In
this process, properties of continuous media are defined in discrete space and time;
differential equations describing the process are replaced by their numerical
discretization. This way, mathematical (initial) boundary value problems are
replaced by their numerical analogs, and, in general, solutions of the discretized
equations are not necessarily the same as the solutions of the original continuous
functional equations. Thus, it must be ascertained that the solutions of the
discretized equations (1) converge when the grid size and the time step are reduced
and (2) they converge to the solutions of the original equations. The corroboration
of these convergence properties is mathematically the most significant and most
difficult step and left to the numerical analysts. Engineers and natural scientists
generally employ learned rules of discretization and corroborate solutions of
approximate equations by comparing them with exact solutions of the original
equations or with approximate solutions obtained by a different method. Close
agreement of such solutions with one another is then taken as the basis to declare
the discretized equations as suitable replacement of the original equations.
These steps of numerical preparation of a set of functional equations are
performed by specialists, and they are taken by limnologists almost as a necessary
evil, which one has to borrow from these specialists. However, hard numerical
work ensues as immediate next step, when, say, current, temperature, and species
mass distributions are measured in a lake at selected spatial points as functions of
time subject to equally measured atmospheric conditions. Proper reproduction of
the current, temperature, and species mass distributions with the discretized
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governing equations (here the NAVIER-STOKES-FOURIER-FICK-equations) subject to a
discretized version of the atmospheric driving conditions is actually all, which the
limnologist is interested in when comparing measured and computed values. This
step is known as validation of the numerical model. This validation is achieved
when time and space variations of the measured and simulated fields are close to
each other, what is sometimes expressed in terms of a sum of squared distances,
but more often by simply looking at graphs of the investigated variables.
There are several weaknesses or peculiarities in this procedure, of which one
may not be aware. First, collected synoptic data are often sparse to the extent that a
trustworthy validation of the discretized model can hardly be claimed. In such
cases a comparison between observational and discretized model output is often at
most qualitative. The computational model may then suggest a higher resolution of
experimental data (which incidentally is almost always the case). Or variation of
the grid size of the discretized model may delineate the applicability of the model
only under sufficient resolution by the numerical grid. Chapter 23, for instance,
demonstrates that depth integrated models for circulation dynamics predicts the
wind-induced circulation dynamics in lakes only for extremely shallow lakes (of
less than 5 m depth). This is important information as classical physical limnology
(and oceanography) prior to the 1980s hardly used more than one or two layer
models. Computations show that barotropic (and even more so baroclinic) circulation dynamics require n layer representations with n [ 2 (generally n [ 10 or
more) to reproduce realistic current distributions.
Second, our experience with observations and computations of wind-induced
current and temperature distributions has shown us that internal wave modes are
triggered by relatively short and strong storm events. Measurements in Lakes Zurich
and Constance disclosed large-scale oscillations, which, after wind cessation generally
exist during several periods and are only subject to relatively small attenuation.
Incidentally, this is much less so in ocean basins. Moreover, a large number of software
packets produce a rapid attenuation to such oscillations, seldom beyond a single period.
This fact is demonstrated in Chap. 24 with classical numerical methods with painstaking treatment of turbulent viscosities and diffusivities. This analysis demonstrates
the partial failure of the classical numerical method: Agreement of the computed
currents and temperature distributions with those measured was only obtained with
sufficient accuracy as long as strong wind was acting. The post-wind computed internal
wave dynamics was far too quickly attenuated.
This experience implies, third, that the discretization methods in which the field
quantities are by and large approximated by shape functions which are continuous
across the grid boundaries, must be replaced by modern numerical techniques, in
which Total Variation Diminishing (TVD) techniques avoid unphysical oscillations (which occur with the classical discretization schemes) and the use of ‘slope
limiters’1 stabilize the numerical technique. These modern numerical methods

1

In the finite element literature this is implemented e.g., by the so-called Discontinuous Galerkin
method
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apply to all physical situations described by balance equations. The spatially onedimensional advection-diffusion equation is the simplest equation of this class. In
Chap. 25 it is shown how this equation can optimally be solved numerically, when
steep gradients of the internal water particle motion are present; the focus is such
that internal solitary waves can best be approximated. Chapter. 26 then generalizes
the numerics discussed in Chap. 25 to higher space dimensions and applies it to a
rectangular lake of constant depth and to Lake Constance. These computations
showed that with these modern shock-capturing finite difference techniques the
post-wind internal oscillations of the internal vertical water displacements are less
attenuated than with the classical methods. However, this attenuation is still
(considerably) larger than the measured values.
A further possible improvement of the performance is suspected to be reachable
by improved parameterization of the turbulent closure, by which the turbulent
viscosities and diffusivities are better resolved. This is shown in Chap. 27, using
the MELLOR-YAMADA parameterization of class 2; it further reduces the post-wind
attenuation of the internal oscillations, however, still not sufficiently. So, our
present knowledge seems to indicate that computation of post-storm events of the
baroclinic motion can still not sufficiently accurately be computationally predicted. Higher spatial and temporal resolution and still better turbulent parameterization and (much) higher grid size reduction need be employed which probably
will require parallelization of the electronic computations in order to reach this
goal.

Chapter 23

Barotropic Wind-Induced Motions
in a Shallow Lake

List of Symbols
Roman Symbols
A, A0

Mean horizontal momentum Austausch coefficient
Boundary loop of the lake surface
Wind drag coefficient
Coriolis parameter
Gravity constant
Water depth of the lake at rest
(Constant) thickness of layer k
Identifier of layers
Atmospheric pressure at lake surface
Volume flux through the side boundary of layer k

C (x, y)

cD
f
g
H
hk
k
p atm
Q kC (x, y, t)
R=

ΔDiff
ΔAdv

=

H02 V0
4DL 0

r ≈ 2 × 10−3
R (x) , R (y)
(Tx y , Tyz )k+1/2
txb , t yb
U, V
u, v
u wind , v wind
u k , vk , wk
W (x) , W (y)

Parameter estimating, whether depth integrated barotropic models can be
applied
Basal friction drag coefficient
Basal friction stress components in (x, y) directions
Horizontal shear stresses at the interface between layers k and k + 1
Bottom friction tractions in (x, y) directions
Horizontal volume flux in (x, y) directions
Depth averaged horizontal velocity components in (x, y) directions
Horizontal wind velocity components in (x, y) directions
Cartesian velocity components in layer k
Wind shear stress components in (x, y) directions at the lake surface

Greek Symbols
ΔAdv =
ΔDiff =
ΔH
ζ
ζ = Hz
νk+1/2
ρ
Ψ

L
V0
H02
4D

Advective time scale
Diffusive time scale
Horizontal Laplace operator
Free surface displacement
Dimensionless vertical coordinate
Vertical kinematic viscosity at the interface between layers k and k + 1
(Constant) water density
Volume transport stream function
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23.1 Introduction
In this chapter the intention is to describe the horizontal velocity distribution in a
homogeneous lake by the spatially three dimensional dynamical equations, based
on the hydrostatic pressure assumption on the one hand, and their spatially two
dimensional depth integrated reduction on the other hand. Comparison of the two
sets of solutions for wind forcing, uniform in space and Heaviside in time, from
various directions discloses the conditions when the depth averaged equations likely
yield valid approximations of the three dimensional situation. Lake Zurich is used
as an example.
Water motions in lakes are primarily generated by the wind, which through
the shear stress at the free water surface establishes a persistent momentum flux
from the atmosphere to the lake interior. For homogeneous water these movements can often mathematically sufficiently accurately be described by equations
which are close to the shallow water equations and can be deduced from the
Navier–Stokes (NS) equations by imposing the simplifying hydrostatic pressure
assumption. Because under homogeneous conditions the water density is constant,
the Boussinesq assumption is automatically satisfied. Such situations prevail approximately in many lakes in the Alpes during the winter months. These equations
are often further simplified by depth integrating the continuity and momentum equations subject to the kinematic and dynamic boundary conditions at the free surface
and at the bottom surface, which is generally assumed to be immobile. The result
is a reduction of the spatial dimension of the mathematical problem from three to
two, a considerable simplification in analytical complexity and a corresponding gain
of computational speed. However, what are the conditions that such an approximation is permissible without undue loss of accuracy? It is suspected that the relatively
complex bathymetry of a lake may exert a significant influence on the wind induced
water motion. This motion is expressed mathematically by the depth integrated horizontal transport, i.e., the depth-integrated horizontal velocity components or the
corresponding depth averaged horizontal velocity components. These can only be
representative for the regions of shallow depth in which the horizontal velocity components do hardly vary with depth. But when is this approximately the case? One
may argue that the vertical distribution of the horizontal velocity components can be
computed a posteriori in a second step by solving the Ekman problem, see Vol. I,
Chap. 9 [4]. However, important assumptions in the handling of the various generalizations of the Ekman problem are that the nonlinear advective terms in the
momentum equations are ignored and that the water depth must be constant for its
use.
It transpires that the problem of approximate determination of the barotropic velocity distribution in a homogeneous lake needs careful scrutiny. We shall analyze
this problem by applying layered versions of the equations of motion in the hydrostatic pressure assumption to Lake Zurich and comparing the wind-induced current
distribution obtained for a number of wind scenarios of a one layer and a N (= 8)-
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layer model. The basis of this analysis are the two reports [3, 5] of which a brief
summary is given in [2].
Lake Zurich is of narrow longitudinal form with a thalweg length of approximately
28 km and a maximum width of about 4 km. It is naturally separated into two basins by
a glacially formed sill, the ‘lower lake’ and the ‘upper lake’ (Obersee), see Fig. 23.1.
The two basins are connected by an opening of the dam at Rapperswil (situated at the
upper end of the lower lake), which is so small that the two basins are dynamically
uncoupled. Subsequently, we shall restrict considerations to the lower lake and will
refer to it as Lake Zurich. The deeper and more narrow part of this basin has a
maximum depth of 136 m and extends to northwest, with the upper end approximately
between Meilen and Stäfa and the lower end at Zurich. The more shallow and broader,
eastern part extends from there towards west; with its depth of 22 m it connects the
deeper part of the basin by a relatively steep transition zone of 3 % mean inclination
between Meilen and Stäfa and the upper and at Rapperswil.
The mean depth and mean width of the lake are 51 m and 2.4 km, respectively, and
the free surface of the lower lake relative to 406 m a.s.l. is 67 km3 . The main tributary
to the lake is the river Lindt (entering the upper lake) with approximately 50 m3 s−1

Zürich

Lake Zurich
Bathymetric contour map
Depths in m
Depth levels relative to mean lake surface level 406m

Kilchberg

Küsnacht

Meilen
Horgen
Stäfa
Rapperswil

N
0

1

2 3 km

Wollerau

Fig. 23.1 Lake Zurich map, showing 12 positions where current meters and thermistor chains were
moored in a field experiment in August/September 1978. The two islands in the upper portion of
the lower lake are called Ufenau and Lützelau, they will subsequently often be referred to, from
[3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced
with permission
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discharge. Other, smaller, tributaries contribute approximately the same amount.
The exit is the river Limmat at Zurich with a mean discharge of approximately 100
m3 s−1 . The mean residence time of the water is therefore between 1 and 2 years. The
outflow is monitored by a weir, a few 100 m below the exit cross section; long-term
fluctuations of the water level are therefore small, in general.

23.2 Mathematical Prerequisites
23.2.1 Boundary Value Problem of the One-Layer Model for the
Water Transport and the Free Surface Displacements
The governing equations, which describe the dynamics of wind-induced currents in
lakes (and ocean basins) are often given as the following depth integrated balance
laws of mass and horizontal momentum equations,
∂ζ
∂
∂
+
(H u) +
(H v) = 0
∂t
∂x
∂y

∂u
∂u
1  (x)
∂ζ
∂u
+
u+
v− fv =
+ AΔ H u,
W − R (x) − g
∂t
∂x
∂y
H
∂x

∂v
∂v
1  (y)
∂v
∂ζ
+
u+
v+ fu =
+ AΔ H v.
W − R (y) − g
∂t
∂x
∂y
H
∂y

(23.1)

These equations are referred to a horizontal Cartesian coordinate system (x, y);
u, v, ζ are the depth averaged horizontal velocity components and the vertical free
surface displacement; f is the Coriolis parameter, f = 2Ω sin φ, where Ω is the
angular velocity of the Earth and φ is the angle of geographical latitude, g is the
acceleration due to gravity, H the water depth for the lake at rest, and Δ H is the
horizontal Laplace operator,
ΔH =

∂2
∂2
+
.
∂x 2
∂ y2

(23.2)

Moreover, (W (x) , W (y) ) are the wind shear stresses and, (R (x) , R (y) ) the frictional
stresses at the basal surface in the x- and y-directions, respectively. Note that
Eq. (23.1) are approximate in several respects as follows:
• H is the water depth exclusive ζ. This means that | ζ |√ H is assumed.
• The third momentum equation in the z-direction has been applied in the hydrostatic
pressure approximation, p = ρ g(−z + ζ), in which z is the coordinate against
gravity; so, (∂ p/∂x, ∂ p/∂ y) give rise to the second to the last terms on the righthand sides of (23.1)2,3 .
• The advective terms on the left-hand sides of (23.1)2,3 emerge from terms of the
form

23.2 Mathematical Prerequisites

1
H

ζ
−H
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1
∂u
udz ≈
∂x
H

0
−H

∂u
udz
∂x

(u=
| u(z))

=

∂u
u, etc.
∂x

So, the advective terms on the left-hand side of (23.1)2,3 only take the form as
stated, if the depth is constant and the velocity does not vary with z. In comparison
to the vertically sheared profiles, this generally underestimates the role of the
advective terms.1
• The shear tractions at the free surface (W (x) , W (y) ) and at the base (R (x) , R (y) )
are interpreted to operate on virtual surfaces which are locally horizontal. These
are conditions, which are reminiscent of the shallow water approximation.
• The momentum equations (23.1)2,3 do not contain a horizontal gradient of the
external atmospheric pressure


1 ∂ patm
1 ∂ patm
, −
.
−
ρ ∂x
ρ ∂y
These terms could easily be incorporated; they are, however, generally ignored,
since horizontal atmospheric pressure variations are inefficient, except when a
storm front crosses the lake.
A consistent derivation of these equations from the three-dimensional equations is
given already by Simons in 1980 [8] and Hutter in 1984 [1]. The last terms on
the right-hand sides of (23.1)2,3 , AΔ H u, AΔ H v model the horizontal momentum
diffusion. A is called exchange or Austausch coefficient.
Equation (23.1)1 is often further simplified by introducing the so-called rigid lid
assumption, which holds for many lakes and estuarine zones, but not for lagoons
(e. g. Vistola and Kuronia Lagoons in the Baltic Sea). The balance of mass is then
written as
∂
∂
(23.3)
(H u) +
(H v) = 0.
∂x
∂y
So, the longitudinal volume transport H (u, v) is solenoidal in this case. It implies
that (23.1)1 can be identically satisfied by the volume transport stream function Ψ if
1

For a parabolic velocity profile in the interval 0  z  H of the form
3
ū(2ζ − ζ 2 ) ζ := z/H
2
H
we have u(0) = 0, u  (H ) = 0 and ū = H1 0 u(z)dz and obtain after an easy computation
u=

1
H


0

H




∂u
∂ ū
∂ ū
u (z)dz = 1.20 ū >
ū,
∂x
∂x
∂x

which shows that the convective term for the parabolic velocity profile is larger by a factor of 1.20
than the corresponding term for a uniform velocity profile.
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Hu =

∂Ψ
∂x

Hv = −

∂Ψ
.
∂y

(23.4)

This assumption, however, also entails either negation of the pressure gradient terms
(−g∂ζ/∂x, −g∂ζ/∂ y) [which is not appropriate] in (23.1)2,3 , or elimination of ζ
from (23.1)2,3 by introducing the corresponding vorticity equation.2
Equations (23.1) are complemented by relations for W and R. These quantities
are generally parameterized as

2
(u wind , vwind ),
(W (x) , W (y) ) = c D u 2wind + vwind
(R (x) , R (y) ) = r

u 2 + v 2 (u, v),

(23.5)

where (u wind , vwind )3 are the horizontal Cartesian components of the wind velocity,
which are generally measured at 10 m above the lake surface or reduced to this
position when measured at a different height. Similarly, (u, v) are the depth averaged
horizontal water velocity components. The dimensionless drag coefficient c D and
the analogous dimensionless friction coefficient r are given by
c D = 2 × 10−3 , r ∈ [1.6 − 21.6] × 10−3

(23.6)

and we use r = 2.5 × 10−3 . The parameterizations (23.5) are well established
functional forms of the frictional tractions, see e.g. Taylor 1919 [9]. Ramming and
Kowalik 1980 [7]; however, recall that (23.5)2 is only one possible form of possible
functional relations between R and u, see in particular Platzman’s parameterization
[6], treated in detail in Vol. I, Chap. 9, pp. 372–376.
Equations (23.1) must also be complemented by boundary and initial conditions.
We shall choose these as follows:
IC: (u(x, y, 0), v(x, y, 0)) = (0, 0), Start from rest
BC: u n x + v n y = 0, ∀t, on C(x, y) = 0,

(23.7)

where C(x, y) = 0 denotes the mathematical shore line and (n x , n y ) are the components in the (x, y)-plane of the unit vector perpendicular to the shore line. C(x, y) = 0
denotes a closed line, perhaps the bathymetric level line of 2 m water depth, where
the shore zone is very flat and the real shore line where the depth is larger than 2 m.
2

Substitute (23.4) into (23.1)2,3 , differentiate (23.1)2 with respect to y and (23.1)3 with respect to
x and subtract the emerging equations. The resulting equation will be a nonlinear partial differential
equation for Ψ subject to the no-flux condition along the shore,
Ψ = 0 along C (x, y) = 0.

Note that in (23.5)1 u wind should actually be (u wind −u water )surface , etc., but since the wind velocity
is generally much larger than the water velocity at the surface, the latter is ignored.

3
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In the computations the mathematical shore line will be kept fixed, i. e., it is assumed
that it does not move.

23.2.2 The Barotropic Multi-Layer Model
One disadvantage of the one-layer model of the last section is the fact that only the
vertically integrated water transport can be computed but not the vertical distribution
of the velocity as well. However, in a three-dimensional multi-layer model division
of the lake into a number of layers allows deduction of a number of coupled twodimensional equations for each layer. Solving this coupled system of equations then
determines the velocity distributions in all layers. With the choice of index notation
shown in Fig. 23.2 the mass and momentum balance laws, integrated over the depth
of the kth layer then take the following form:
∂
∂
(h k u k ) +
(h k vk ) + (wk−1/2 − wk+1/2 ) = 0
∂x
∂y

∂
∂
∂ 
h k u 2k +
(h k u k ) +
(h k u k vk ) + (u k−1/2 wk−1/2 − u k+1/2 wk+1/2 )
∂t
∂x
∂y
atm
1 ∂p
∂η
− hk
+ f h k vk
= −g h k
∂x
ρ
∂x
1
∂2
∂2
+ A0
(Tx z )k−1/2 − (Tx z )k+1/2 ,
(h k u k ) + 2 (h k u k ) +
2
∂x
∂y
ρ0
(23.8)

∂
∂
∂ 
2
h k vk + (vk−1/2 wk−1/2 − vk+1/2 wk+1/2 )
(h k vk ) +
(h k u k vk ) +
∂t
∂x
∂y
atm
1 ∂p
∂η
− hk
− f h k uk
= −g h k
∂y
ρ
∂y
2
2
1
∂
∂
(Tyz )k−1/2 − (Tyz )k+1/2 .
+ A0
(h k vk ) + 2 (h k vk ) ,
2
∂x
∂y
ρ0
In these equations the various symbols have the following meanings

Metalimnion

hk

z k - 1/2
k

z k +1/2

k - 1/2
k + 1/2

Fig. 23.2 Division of a lake domain into fixed horizontal layers. The interfaces between the layers
are identified as k + 21 (k = 1, 2, . . .) and the layers are characterized by k
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h k Constant thickness of layer k,
u k , vk , wk Cartesian velocity components in layer k,
ζ Vertical displacement of the free surface,
patm Atmospheric pressure,
A0 Horizontal exchange or Austausch coefficient,
Tx z , Tyz Horizontal shear stresses at the interface between two layers.

Note that (23.8)1 is the continuity equation in layer k, div v k = 0. It takes this form,
which is simpler than (23.1)1 because in (23.8) the interfaces do not move. Equations
(23.8)2,3 are analogous to (23.1)2,3 , except that the atmospheric pressure gradient is
now incorporated.
In Eqs. (23.8)2,3 the transition conditions at the layer interfaces and the free and
bottom boundary conditions are incorporated by the shear tractions (Tx z , Tyz )k±1/2 .
These quantities only need to be parameterized. For the interfaces 1  k < N the
following diffusive-like proposition is made,
−u k

(Tx z )|k+1/2 = νk+1/2 1 u k+1
x
x ,
2

h k+1 +h k

−vk
(Tyz )|k+1/2 = νk+1/2 1 vk+1
y
y ,
2

1k<N

(23.9)

h k+1 +h k

in which the superscripts x and y indicate that for h a mean value of the finite
difference approximation of the h-values of equations (23.8) is to be substituted.4
ν is a vertical kinematic viscosity for which the expression


ν = 25[cm2 s−1 ] + 100[sec]× | t wind | exp(−z/d) d = 20 m

(23.10)

has been used; t is the vector of the wind shear stress, see below. At the free surface,
k − 21 = 21 , the boundary conditions are given as
∂ζ
,
∂t
(Tx z , Tyz )1/2 = (W (x) , W (y) )
(23.11)

2
= c D u 2wind + vwind
(u wind , vwind ), c D = 2. × 10−3 .
w1/2 =

At the basal surface, k +

1
2

= N + 21 , we set

x,y

x,y

Note that the mean layer thicknesses 21 (h k+1 + h k ) are in the lake interior the same constant.
x,y
x,y
Only close to the shore h k+1 and/or h k may be smaller than their corresponding layer thicknesses,
so that a non-constant mean layer thickness results.

4
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w N +1/2 = 0,
(Tx z , Tyz ) N +1/2 = (R (x) , R (y) ) = r



(23.12)
u 2b + vb2 (u b , vb ), r = 2.5 × 10−3 .

Conditions (23.11)1 , (23.12)1 are linearized expressions of the kinematic surface
equations, suggested by the small slope approximation, and (23.11)2 , (23.12)2 , are
formally analogous to (23.5), but (u b , vb ) is here the lowest layer horizontal velocity
field and not the depth averaged counterpart as in the one-layer model.
There remain the boundary conditions which, in each layer, are expressed as flux
conditions
(23.13)
(un x + vn y ) = Q kc , k = 1, . . . , N , at C(x, y) = 0.
Here, Q kC (x, y, t) are inflow and outflow rates [m3 s−1 ] in layer k along the boundary
from tributaries. Except for very small lakes with small residence time of the water
within the lake, it is justified to set Q kC = 0, for all layers along all boundary points.
This condition is certainly satisfied for Lake Zurich.
Equations (23.8) and closure relations and boundary conditions (23.9)–(23.13)
constitute still an approximate set of equations of the original three-dimensional
barotropic, wind-induced water motion. For infinitely many, infinitely thin layers the
equations correspond to the original initial boundary value problem. The approximation of the current distribution, determined by the N -layer equations is, however,
better than with the one-layer equations, because the error in the advective terms
N

∂u k
k=1

∂x

u k dz ≈

z
k−1/2
N

∂u
k=1z k−1/2

∂x

udz, etc.

(23.14)

is now smaller than for the depth-integrated one-layer equations. Moreover, the bottom friction coefficient, r , now adjusted in (23.12) to the velocity values in the lowest
layer is better and better adjusted to the local frictional law of the form (23.12), if the
number of layers is increased. The mathematical problem of the N -layer equations on
the other hand allows also a better approximate determination of the horizontal transport or the depth averaged velocities. Comparison of the horizontal depth-averaged
transports of the one-layer model and the vertical summation then allows direct evaluation of the accuracy of the one-layer model or any M-layer model against the
N -layer model, M < N .
The method consists in the a posteriori summation of the N -layer equations over
all layers. Summation of the equations (23.8)2,3 yields with
H :=

N

k=1

h k , U :=

N

k=1

h k u k , V :=

N


h k vk ,

k=1

for the depth-integrated horizontal momentum equations the following equations:
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Table 23.1 Depths and layer
thicknesses for an 8-layer
model of Lake Zurich

∂U
∂t

 

N 
∂
∂ζ
∂
2
=
+ −g H
−
(h k u k ) + ( (h k u k vk ))

∂x
∂x
∂y
k=1


 




txwind

[(2)]

[(1)]



∂V
∂t

Depth
0
5
10 15 20 25
35
55
140
Thickness
5
5
5
5
5
10
20
85
Layer Nr
1
2
3
4
5
6
7
8



[(3)]


N  2

∂
∂2
(h k u k ),
+ f
h k vk + −txb + A0
+
∂x 2
∂ y2
  
k=1
k=1






[(4)]
[(6)]
[(5)]




N 

∂
∂ζ
∂
(h k u k vk ) + ( (kk vk v 2 ))
= t ywind + −g H
−
∂y
∂x
∂y


  k=1



[(2)]
[(1)]
[(3)]



N  2
N




∂
∂2
b
+ −f
h k u k + −t y + A0
+ 2 (h k vk ),
∂x 2
∂y
  
k=1
k=1






N


[(4)]





[(5)]

(23.15)

[(6)]

The time rate of change of the transport (U, V ) is thus given by six terms, which can
be interpreted as follows:
[(1)]
[(2)]
[(3)]
[(4)]
[(5)]
[(6)]

Wind shear stress,
Pressure gradient due to spatial variations of the free surface,
Advection of momentum,
Coriolis force,
Bottom friction,
Horizontal exchange of horizontal momentum.

If the velocities due to these separate terms are individually represented, it is
possible to estimate their influence on the whole current.
The multi-layer model was applied in the computations by Oman [3] for 8 layers
according to Table 23.1. The choice of different layer thicknesses accounts for the
fact that the largest velocities are expected in the upper layers; similarly, in the upper
layers (25 m) the largest vertical gradients of the horizontal velocities arise.
In the FD approximation of the multi-layer model the discretization net of
Fig. 23.3 was chosen; it is rotated by 45◦ from NE-SW, has quadratic grids of length
Δ x = Δ y = 250 m. A detailed discussion of the numerical approximation of the
multi-layer model due to Oman 1982 is given in [5]. Here, we only mention that the
topographic data (shore and bathymetric maps) were taken from files of the Bureau of
Geodesy of Canton Zurich. Moreover, we note that the vertical diffusive terms of momentum, the continuity equation and the pressure terms in the momentum equations
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Lake Zurich

Zürich

Finite difference net
Δx = Δy = 250m

Kilchberg

Küsnacht

Meilen
Ufenau

Horgen

Lützelau
Stäfa

Rapperswil

Richterswil

N
0 1

2

3 km

Wollerau

Fig. 23.3 Lake Zurich overlain by a quadratic net of elements oriented 45◦ from the E-W direction.
Note the islands Ufenau and Lützelau in the eastern part of the basin, from [3] © Versuchsanstalt
für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

were integrated by implicit schemes in order to have better stability. This allowed
taking considerably larger time steps, namely 80 s, than in an explicit scheme, for
which the time steps would be 20–25 times smaller. The Coriolis acceleration terms
are integrated by a stable iterative method and the diffusive terms by a momentum
conserving procedure. For the horizontal exchange coefficient a value A = 1 m s−1
was chosen, and the advective terms were discretized with an energy conserving
representation [5].

23.3 The Water Transport in the Homogeneous Lake Zurich:
Results of the 8-Layer Model
Computations have been conducted for Lake Zurich under homogeneous water conditions [3]. We studied the global current distributions under a steady wind, impulsively
started at time t = 0, uniform in space but of constant magnitude and unidirectional
from N, E, S, W, NE, SE, SW and NW. Its strength was chosen to be 20 m s−1 ,
which is extraordinarily large (maximum hourly averages during storms are about
10 m s−1 ); with this choice one expects, however, strong currents and, consequently,
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a relatively large influence of the advection, of which the significance is better set
in evidence this way. At wind inception the water in the lake is assumed to be at
rest; we are interested, how the motion of the water is established during the time
which follows the onset and how long it takes until a stationary field of circulation
is established. Moreover, it is also of some interest, whether the circulation fields in
the water, which belong to different discretizations of the winds, exhibit structures,
which are common to all wind events.

23.3.1 West-Wind
Figures 23.4 and 23.5 summarize graphically the averaged distributions of the horizontal velocity distributions in Fig. 23.4 for 20, 40, 60 and 80 min. At 20 min, only
some near-shore currents are clearly discernible, and more conspicuously, a relatively
strong eastward flow east of the island Lützelau. This near-shore flow is directed with
the wind. The corresponding compensating currents in the interior (away from shore),
are not discernible, except in the far east bight of the shallow part of the basin. After
40 min the currents are somewhat enlarged; the near-shore wind-parallel transport is
somewhat intensified and the wind-counter-parallel currents distant from the shores
are now discernible in large parts of the eastern most bay. In the bay of Wollerau (see
Fig. 23.4), southwest of the bathymetric sill and at the northern shore between Stäfa
and Rapperswil relatively strong gyres are discernible.
After 60 min the near-shore wind-parallel currents have further increased. The
cyclonic rotation of the water masses at the slope between the deep and shallow parts
of the lake and around the two islands have somewhat intensified, whilst the far-shore
currents in the upper part of the basin are now a bit smaller. The mid-lake mean
velocities in the western basin remain small. After 80 min the current distribution is
again similar to that at 40 min, with the only difference that the mean velocities are
larger. This oscillation could be further observed (see [3]). Its period was identified
to be 45 min and is undoubtedly the period of the fundamental barotropic seiche of
Lake Zurich. At larger times, this oscillation diminishes and was no longer visible
for t = 160 and 180 min (Fig. 23.5). Incidentally, the currents at these times hardly
differ from one another; it has indeed computationally been demonstrated that the
panel in Fig. 23.5, drawn for 180 min after wind set-up illustrates the steady water
transport; it has the following properties.
• The circulation flow is characterized by a number of spatially fixed rotating gyres.
In the lower, western part of the basin between Zurich and Kilchberg, these gyres
are barely discernible from the panel of Fig. 23.5 but are clearly visible at the
slope between the deep and small parts and the flat broad eastern part of the basin.
In the shallow basin such gyres are also seen at the bay of Wollerau (rotating
cyclonically) and east of Stäfa (rotating anti-cyclonically).
• The near-shore mean current is parallel to and with the wind. Except for the region
south of the islands Ufenau and Lützelau the mean velocities at the northern
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Zürich
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8-Layer model
Depth averaged velocities
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Fig. 23.4 Vertically averaged distribution of the horizontal velocity 20, 40, 60 and 80 min after
the onset of a spatially uniform west-wind of constant strength of 20 m s−1 . The arrows are scaled
according to the inset to the figure. The panels show the velocities averaged over an 8-layer model.
For the scales of the currents, see inset, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und
Glaziologie an der ETH Zürich, reproduced with permission
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Zürich

Lake Zurich
Wind from WEST
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w
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Fig. 23.5 Vertically averaged distribution of the horizontal velocity, 160 and 180 min after the onset
of a spatially uniform west-wind of constant strength of 20 m s−1 . The arrows are scaled according
to the inset to the figure. The panels show the velocities averaged over an 8-layer model, from [3] ©
Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with
permission

up-wind shore are larger than those at the southern down-wind shore. Therefore,
the back current in the western smaller basin is concentrated to about three quarters
of the southern width.

23.3.2 Wind From East, South, North and South-East
The response of Lake Zurich to spatially uniform wind from east, Heaviside in
time, is very similar to that from west. At early time after wind set-up the growing
circulating motion is again accompanied by a temporally decaying oscillation, which
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can be attributed to the fundamental barotropic seiche. Steady conditions are again
approximately reached after 3 h (180 min). The near-shore transport of the water
is essentially with the wind and that distant to the shore against it, as would be
expected. As it was the case for west wind, the transition region from the deep to the
shallow part of the lake exerts a conspicuous influence to the near steady circulation
transport. In this region the mean current is from north to south, basically following
the bathymetric level lines, much as would also be expected from theory.5
For wind from north or south steady conditions for otherwise the same scenario
are reached already after two hours. The mean current distributions 180 min after
wind set-up are shown in Fig. 23.6 (top panel for wind from south, bottom panel for
wind from north). The graphs of this figure suggest the following inferences:
Wind from south: (Fig. 23.6a)
• Gyres are formed in both the deep and shallow parts of the lake with fixed positions
and distinct orientations of the rotations. The largest of them embraces the bay
of Rapperswil and includes the islands Ufenau and Lützelau. South-east of these
islands the mean velocities within this gyre are very large. The second largest of
these gyres is positioned at the sill between the deep and shallow parts of the lake.
At the north-western end of the deep basin circulating gyres can be discerned near
Zurich, Kilchberg and Küsnacht.
• Regarding the steady circulation dynamics, the deep and shallow basins are essentially separated. The current distribution in both parts of the lake is basically
circulatory.
• In the deep part of the basin the near-shore mean velocities are directed with the
wind; the return flow occurs in the off-shore region. The (northern) shore at the
down-wind side shows more intensive mean currents than the (southern) shore at
the up-wind side, however, this difference is by far smaller than for wind from
west (Figs. 23.4, 23.5) and east.
Wind from north: (Fig. 23.6b)
• Both parts of the lake show again gyres of the mean current with fixed positions
and orientation of rotation; however, these gyres between Küsnacht and Horgen
and close to Meilen are rather weak. In the transition region between the deep and
shallow parts of the basin three gyres exist; the two smaller ones are close to the
southern shore and rotate cyclonically (anticlockwise), the third and largest, on
the other hand, rotates anti-cyclonically. Conspicuous gyres in the shallow part of
the lake occur in the bay of Wollerau, west of the island Ufenau and in the bay of
Rapperswil.
• The mean currents in the shallow part of the lake are dominated by relatively strong
east-west currents along the southern shore and a west-east current in the vicinity
of the northern shore, east of Stäfa, which occupies there most of the lake width.
5

Recall that the steady solutions of the topographic wave operator lead to stream lines which follow
lines of constant H/ f , where H is the water depth and f is the constant Coriolis parameter. We
shall not show graphs here; for details see [3].
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Fig. 23.6 a Distributions of vertically averaged, horizontal velocity, 180 min after set-up of a
spatially uniform wind from south, Heaviside in time, of 20 m s−1 strength for the 8-layer model
by Oman [3]. For the scales of the currents, see inset. b Same as a, but for a wind from north from
[3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced
with permission

These currents are “bounded” along a line between Pfäffikon and Stäfa. To the
west of this line primarily westerly currents prevail.
Wind from south-east: (Fig. 23.7)
Winds from south-east are scenarios for which the onset of strong currents in Lake
Zurich is likely easiest. Figure 23.7 displays the depth averaged mean currents from
south-east for the same wind scenario as in the previous cases for a uniform wind,
Heaviside in time and of 20 m s−1 strength. The panels (from top to bottom) display
the currents 60, 120, 180 and 360 min after wind set-up. They show that steady state
conditions are not reached after 3 hours, but continuation of computations has shown
that a near steady current distribution is reached somewhat before 360 min after wind
set-up. Other inferences are as follows:
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Fig. 23.7 Distributions of the vertically averaged, horizontal velocity, 60, 120, 180 and 360 min
after wind set-up of a spatially uniform wind from south-east, Heaviside in time and of 20 m s−1
strength for the 8-layer model by Oman [3]. For the scale of the arrows, see inset. © Versuchsanstalt
für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission
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Fig. 23.8 Steady state mean velocities averaged over the individual layers for a spatially uniform
wind from south-east of strength 20 m s−1 . The panels are shown for the layer velocities, 360 min
after wind set-up. The layer thicknesses and the depths of the interfaces are also shown. The scales
of the arrows are indicated in the inset, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und
Glaziologie an der ETH Zürich, reproduced with permission

23.3 The Water Transport in the Homogeneous Lake Zurich

23

Lake Zurich

Zürich

Wind from SOUTH-WEST
8-Layer model
Depth averaged velocities
w

20ms-1w
t

Küsnacht

Depth
20
Meilen

25

Stäfa

Thickness
5

25
Rapperswil

35

10

35

Kilchberg

55

20

55

Horgen

140
85

10 cm/s

Richterswil

20 cm/s
40 cm/s

Fig. 23.8 (continued)

Wollerau

24

23 Barotropic Wind-Induced Motions in a Shallow Lake

• In both parts of the lake basin, spatially fixed gyres occur with equally fixed
orientation. These gyres arise at several positions within the lake; in the deep,
narrow basin they are weaker than the near-shore wind-parallel currents, but can
be easily discerned west of Kilchberg and several times between Küsnacht and
Meilen. In the shallow eastern part of the lake gyres arise, in the transition zone
between the deep and flat part of the basin near Stäfa, in the bays of Wollerau
and Rapperswil and west of it. All, except the gyre in the bay of Wollerau rotate
cyclonically.
• The near-shore currents move with the wind, however, only very close to shore.
Further off-shore the mean current is generally against the wind, and the sizes of
the mean velocities are in both parts of the lake rather large.

23.3.3 Delineation of the Validity of One-Layer Models
The averaged velocities, determined by the single-layer model provide information
of the total transport but are not able to determine the local velocities through depth.
However, the multi-layer model allows determination of the velocity fields averaged
over the individual layers. This gives a more detailed view of the local velocities.
Beyond this, the depth averaged velocities or the transport determined by the multilayered model can also be computed with the corresponding transport of a one-layer
model. If the results are close, then depth averaging is physically meaningful and
computed mean velocities of the one-layer model are representative of nearly local
velocities, which are then constant with depth. Moreover, individual computation of
the terms [(1)]–[(6)] in Eq. (23.15) in a multi-layer model provides us with a method
to identify the dominant terms of the right-hand sides of (23.15).
The result suggests a criterion from which the likely validity of a one-layer model
can be estimated.
(α) Layer velocities in the 8-layers of Lake Zurich subject to wind from southeast. In Fig. 23.8 we display the velocities averaged over the individual layers as
selected by Table 23.1 and computed by Oman [3] for a spatially uniform wind,
Heaviside in time from south-east with strength 20 m s−1 . The following inferences
can be drawn:
• In none of the eight layers the distribution of the ‘local’ velocity is similar to the
velocity computed by averaging over all layers (compare with Fig. 23.7, bottom
panel). The magnitudes of the layer velocities are sometimes considerably larger
than those of the depth averaged transport.
• Discounting individual motions in the direction of the velocity field (those in
particular between Kilchberg and Horgen, where the current orientations are not
well constrained), it is seen that the water movement in the upper most 5 m of the
deep basin is with the wind towards Zurich; alternatively, and with the exception
of the east-west velocities along the corresponding motion in the shallow basin
is rather complex. Vortices and gyres, which were so typical for the vertically
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Fig. 23.9 Steady, depth averaged velocities computed for a spatially uniform wind from east,
Heaviside in time and of strength 20 m s−1 . The top panel shows the results for the 8-layer model;
the panel in the bottom displays results for the one-layer model. The scales of the arrows are
indicated in the inset, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an
der ETH Zürich, reproduced with permission

integrated motion, can, in the top 5 m, only be seen in the bay of Wollerau, west
of the island Ufenau and, perhaps, between Kilchberg and Horgen.
• In the second layer (5–10 m) of the deep part of the lake the prevalent current is
from south-east to north-west, but somewhat smaller than in the top layer. In the
shallow part of the lake the gyre in the bay of Wollerau is somewhat enhanced as
is the motion in the remaining shallow basin.
• In the third (10–15 m) and fourth (15–20 m) layers the currents parallel to the
wind in the deeper part of the lake decrease further. This wind-parallel motion is
here essentially restricted to a stripe near the northern shore. Else, the directions
of the velocity vectors are here poorly defined. Obviously, this is due to the fact
that the currents in the upper layer are with the wind, whilst they are against the
wind in the lower layers. This reversal of the current takes place at the depth of
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Fig. 23.10 Results from the 8-layer model. Distribution of the individual components [(1)]–[(6)] of
the transport for an impulsively started, spatially uniform wind from west and of strength 20 m s−1 ,
180 min after wind set-up. The individual components are: [(1)] Wind shear stress, [(2)] Pressure
gradient due to spatial variation of the free surface displacement, [(3)] Advection of horizontal
momentum, [(4)] Coriolis effect, [(5)] Basal friction, [(6)] Horizontal exchange of momentum.
Note, the scaling of the vector symbols in the components [(1)] and [(2)] differs from that of the
other components, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der
ETH Zürich, reproduced with permission

approximately 15–25 m; it is accompanied by a relatively poor determination of
the current orientation. In the shallow part of the lake the water motion against the
wind in the third layer is enhanced. Yet, the rotation in the bay of Wollerau can
still be recognized.
• In the fifth layer (20–25 m), and all layers below it (not shown here), the layeraveraged velocities are against the wind except for the currents close to the northern
shore; yet the extent of the width of this layer covers nearly half of the total width
of the basin; it is also particularly strong in the lowest most 50 m.
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(β) Comparison of the transports between the one-layer and the 8-layer models.
A first test whether the results of the one-layer equations (23.1) yield physically
acceptable results, is obtained, if these results are compared with corresponding
results from (23.8). These comparisons were conducted for winds from east, south,
west, north and south-east [3]. We restrict considerations here to demonstrating this
comparison for winds from east. The inferences drawn for the other wind directions
are analogous.
Figure 23.9 shows results for wind from east. In the flat eastern part of the lake the
two panels show a considerable coincidence of the current distributions, including
close agreement even in details. West of Meilen, in the deep part of the lake, the
transport of the 8-layer model is, however, considerably larger than for the one-layer
model. This result suggests the surmise that advection may be the reason for this
result, compare the first footnote of this chapter. The results equally suggest that
results of the one-layer model may be physically acceptable in the shallow part of
the lake, but not in the deep part of it.
(γ) Division of the transport into individual components. Let us return to Eqs.
(23.15), in which the terms on the right-hand sides are underbraced as [(1)] ‘wind
shear stress’ . . . to [(6)] ‘exchange of horizontal momentum’. In the software of
Oman [5] each term is separately integrated and stored, and U and V are computed
by adding these terms. Since each member was separately stored, its relative importance to the whole transport can be estimated. For instance, many models ignore the
advective terms of momentum. A separate storage of the terms [(1)]–[(6)] allows
estimating whether such an omission is justified.
Figure 23.10 displays for an impulsively started, spatially uniform west wind of
20 m s−1 strength the six components of the current, inferred from the right-hand side
of (23.15). Note that the scaling of the wind shear stress and the pressure gradient
is different from that of the remaining components. The order of magnitude of the
scaling of the two first components is at least five times larger than of the others.
Note, moreover, that (1) the basal friction [(5)] is only of appreciable magnitude south
of the islands Ufenau and Lützelau (and to a lesser extent also at some near-shore
points) and (2) the effect of the horizontal momentum exchange [(6)] is negligible in
comparison to all the other terms. In addition the current distributions due to wind
shear stress [(1)] and pressure gradient [(2)] are approximately equal in magnitude
but different in direction. If one forms the sum [(1)] + [(2)], one sees that the order
of magnitude of the mean current is about the same as the contributions due to [(3)]
and [(4)], see Fig. 23.11. This figure shows that in the shallow part of the lake the
mean currents of the two panels basically agree with one another, whilst there are
considerable differences in the deep part of the lake. The difference must be attributed
to advection, whereas the Coriolis forces are particularly active in the shallow part
of the lake and close to shore. These results document that the advective terms and
partly also the Coriolis forces should not be ignored in wind-induced transports, as
unfortunately so often done.
In order to grasp the difference between the solutions of the 8-layer model and the
one-layer model, the division into the individual contributions [(1)]–[(6)] has also
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Fig. 23.11 Results of the 8-layer model. Distribution of the sum [(1)]+· · ·+[(6)] of all components
of the transport listed in the caption to Fig. 23.10 (top panel) and due to the sum [(1)] + [(2)] of
the components of the transport due to wind shear stress [(1)] and pressure gradient [(2)] (set-up
difference, bottom panel) for the same west wind of 20 m s−1 strength. The time in both panels is
180 min after wind set-up, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie
an der ETH Zürich, reproduced with permission

been made for the one-layer model. Figure 23.12 displays for the one-layer model
the graphs of the currents due to the mean currents [(1)] + · · · + [(6)] as well as
[(1) + [(2)], [(3)] and [(4)]. It is evident that the vector plots for the mean currents
and for the sum [(1)] + [(2)] are very similar. The current contribution due to the
Coriolis effects [(4)] is almost the same as in Fig. 23.10 (which is for the 8-layer
model); those due to advection, however, are much different from one another. In
particular, the contribution of the advection in the deep basin of the lake is much
smaller for the one layer model (Fig. 23.12)6 than for the 8-layer model (Fig. 23.10).
6

Note, for the 8-layer model the analogous figure can be composed from panels of Figs. 23.10 and
23.11.
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The reason for this behavior has been explained already in footnote 1. This implies
that, at least for west wind of this strength, application of the one-layer model is
inappropriate; a three-dimensional model is compulsory. This result has also been
corroborated for the same wind scenario under wind from east, south and north, [3].
(δ) Implications. The comparative computation of wind induced circulations for
Lake Zurich have demonstrated that the results obtained with the two-dimensional,
vertically integrated model generate current distributions, which are physically only
realistic in the shallow part of the lake. Principal causes for the failure of the spatially two-dimensional model in the deep part of the lake are the non-linear advective
acceleration terms, which are evidently massively underestimated with the depth
averaged model equations. This fact can be explained with a dimensionless characteristic parameter, which is a ratio R of two characteristic times, one measuring the
time it takes for wind shear stress to diffuse to the bottom of the lake, ΔTDiff , and
a second, which measures how long it takes for a water particle to travel a typical
horizontal distance within the lake ΔAdv . Defining these parameters as
ΔDiff =

H02
4D

ΔAdv =

L
.
V0

(23.16)

the dimensionless parameter R will be formed as
R=

H 2 V0
ΔDiff
= 0
.
ΔAdv
4DL 0

(23.17)

In the above, H0 is a typical water depth (say the mean depth of a lake subdomain),
and D is a typical vertical diffusivity of momentum. L 0 is a horizontal length, e.
g. a lake width or basin length and V0 a typical magnitude of a horizontal water
velocity. If R √ 1, then the advective terms are large in comparison to those due
to diffusion. The vertical velocity profiles are flat with small shearing and a depth
averaged model is able to adequately reproduce the real current distribution. On the
other hand, if R is of the order of unity or larger, the vertical diffusive processes of
momentum are important, and non-negligible shearing takes place. For the deep and
shallow parts of the Lake Zurich basin, the typical quantities for (23.16) and (23.17)
and Lake Zurich are given in Table 23.2. With R = O(10−1 ) and R = O(1) for
the shallow and deep parts of Lake Zurich, respectively, it is demonstrated that R is
the dimensionless product providing an estimate whether a depth integrated model
is judiciously applicable.
It ought to be mentioned that the numerical values which have been selected in
Table 23.2 and led to the values R = 2.5 (deep basin) and R = 0.1 (shallow basin)
have to a certain extent been chosen at will. The reader may play with numbers
assigned to H0 , V0 , L 0 and D to see that R-values may ensue, which are not so
distinctly different for the deep and shallow basins to justify the use of the depth
integrated equations for the shallow basin of Lake Zurich. In fact, the result is based
on computations with 20 m s−1 wind speed, which was mentioned to be far too large,
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Fig. 23.12 Results of the one-layer model: Distribution of the mean transport, [(1)] + · · · + [(6)],
its contribution due to wind shear stress and pressure gradient [(1)] + [(2)], due to advection [(3)]
and Coriolis forces [(4)] for a spatially uniform wind from west of strength 20 m s−1 , 180 min
after wind set-up, from [3] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der
ETH Zürich, reproduced with permission
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Table 23.2 Characteristic parameters for the evaluation of R for Lake Zurich
Deep basin

Shallow basin

Depth
Char. horizontal vel.
Char. horizontal Length
Diffusivity

H0
V0
L0
D

100 m
0.1 m s−1
104 m
10−2 m2 s−1

20 m
1 m s−1
104 m
10−1 m2 s−1

Char. dim.less par.

R

0.1

2.5

Remark The larger value of D in the shallow than in the deep region of the lake is based on the
considerably larger turbulent intensity in this region

Table 23.3 Values for
R = (H02 V0 )/(4DL 0 ) for
V0 = 1 m s−1 , L 0 = 104 m
and D = 10−1 m2 s−1

H0 (m)

R

20
15
10
7.5
5

1 × 10−1
5.6 × 10−2
2.5 × 10−2
1.4 × 10−2
6.25 × 10−3

so far not supported by wind measurements. Realistic wind forcing would lead to
smaller differences of R in the deep and shallow parts of Lake Zurich, a result against
the application of depth integrated equations.
On the other hand, for excessively shallow basins (e.g. Neusiedler See, AustriaHungary; Lake Taihu, China; lagoons in the Baltic Sea, etc.) the R-criterion is amply
applicable. Values for R for various different water depths are given in Table 23.3.

23.4 Concluding Discussion
In this chapter a software model due to Oman [5], developed in the 1980s and based on
the hydrostatic approximation of the dynamical equations describing wind-induced
circulating motion in homogeneous lakes was used to study the response of Lake
Zurich to impulsively applied, spatially uniform winds from various orientations.
The differential equations were discretized by dividing the lake domain into N inflexible layers of constant thicknesses and transforming the governing equations into
a system of equations which are obtained by depth averaging over the individual layers and properly accounting for the mass and momentum exchanges across the fixed
layer interfaces. The momentum transfer across these interfaces is implemented by
parameterizing the interface-parallel shear tractions in terms of a viscous sliding law,
see (23.9). The analogous wind and basal shear tractions are similarly parameterized as viscous frictional expressions, see (23.11) and (23.12). These multi-layered
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equations can be applied to an arbitrary number of layers and here results for the
circulating motion of Lake Zurich of one-layer and 8-layer models were studied.
The goal was to find a criterion by which it could be decided with reasonable
certainty, under which conditions a single layer version would deliver physically
accurate results in the sense that multi-layer models would not substantially improve
the steady circulation flow. An 8-layer model was taken to reproduce the true circulation flow sufficiently accurately. The decisive formula, which serves as a guide line
to decide whether a one-layer model can reliably be used, is (23.17). It is the ratio
between two characteristic times, which are times of the diffusive flux of momentum from the free surface to the bottom, ΔTDiff . This time is a measure of vertical
shearing. If it is small, i.e., if the momentum diffusivity D is very large, then vertical
velocity profiles are near uniformity. The second characteristic time is the time of
horizontal advection; it measures how long it takes for a water particle to travel a
horizontal distance across or along the lake; it measures the significance of advection:
ΔTAdv = L/V0 . It was demonstrated that R = ΔTDiff /ΔTAdv √ 1 characterizes
situations where advection is significant. It is obvious from (23.17) that small water
depth is an efficient variable to make R small because R depends quadratically on it.
Beyond this basic result the various wind scenarios analyzed in this chapter have
led to other results, which are worth to recall here.
• By separating the various terms describing the depth integrated transport (see
Eqs. (23.11), (23.12)), it was found that the advective terms generally contribute
dominantly to the transport and should be taken into account whenever possible.
• In circulating barotropic wind-induced motions the influence of the Coriolis
forces is non-negligible even when barotropic Rossby radii are much larger than
the width of the basin, which is analyzed. The reason is that Ekman-type spiraling
rotations have an influence on the circulating motion even if the horizontal extent
of the basin is smaller than the barotropic Rossby radius, provided the basins are
deeper than the Ekman depth.
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Chapter 24

Response of a Stratified Alpine Lake
to External Wind Fields: Numerical Prediction
and Comparison with Field Observations

List of Symbols
Roman Symbols
A0
A1
b(x, y) = z
C(|v|)
c
cp
cw
D
div
E
f = 2|Ψ| sin φ
f˜ = 2|Ψ| cos φ
g, g
grad
h
h1, h2
hk
k
KE
M
p
PE

Constant momentum Austausch coefficient, horizontal
momentum diffusivity
Bennett’s areal diffusivity A1 = 14 ΔxΔy f
Equation for the lake bottom
Basal drag coefficient
Phase velocity
Specific heat at constant pressure
Wind drag coefficient
Strain rate tensor, stretching tensor D = 21 (grad v +
grad v)T
Divergence operator
Total energy E = P E + K E
First Coriolis parameter
Second Coriolis parameter
Gravity vector, gravity constant
Gradient operator
Specific enthalpy
Epilimnion thickness, hypolimnion thickness
Thickness of the kth horizontal layer
Counting index
Kinetic energy
Fourth order viscosity tensor
Pressure
Potential energy

This chapter is greatly inspired by the report of Gordon Oman [19] who, in 1981/1982 worked
under the supervision of K.H. and wrote the referenced report in just one year’s time. The
concept of the report and all sweat which is connected with it is G.O’s, but the German version
of the text was designed by K.H. In this chapter we heavily draw from this report and quote often
from it, now in the English language. The text is newly arranged and considerably shortened
and where translated the interpretation is free and not word-by-word. We omit quotation marks
and simply state that G.O’s article is the source.

K. Hutter et al., Physics of Lakes, Volume 3: Methods of Understanding Lakes as Components of the
Geophysical Environment, Advances in Geophysical and Environmental Mechanics and Mathematics,
DOI: 10.1007/978-3-319-00473-0_24, © Springer International Publishing Switzerland 2014
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Q
Q atm
Q lam
Q turb
(Q z )k+1/2
R
Ri
s
Ŝk
T
T∀
Tk
T atm
Tbase
T
TE
T√
T turb
E
T lam
E
Ti j
wind
tx , t ywind
tr
t|
u, v, w
u k , vk
v
v√
v|
W
wk+1/2
x, y, z
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Heat flux vector
Atmospheric heat flow at the lake surface
Laminar heat flux vector Q lam = −κgrad T
Mean turbulent heat flux vector Q turb = −ρ≈ c p T √ v √ 
z component of the heat flux vector at the interface between layer
k and k + 1
Rossby radius (of deformation)
(Gradient) Richardson number
Salinity, mineralization
Buoyancy weight of the column above z = z k+1/2 Ŝk ∈
0
g z k+1/2 σ(z)dz
Temperature (Celsius or Kelvin)
Reference temperature (4 ◦ C)
Average temperature in layer k
Atmospheric temperature at the lake surface
Temperature at the bottom of the lake
Cauchy stress tensor
Extra Cauchy stress tensor (deviator)
Fluctuation of T
Mean turbulent Cauchy stress deviator T turb
≡ ≈ρv √ ⊗ v √ −
E
1
√ ⊗ v √ )1
tr(ρv
3
Laminar Cauchy stress
Components of T ((i, j = 1, 2, 3))
Shear traction components of the wind stress at the lake surface
Trace operator
Tangential shear traction at the bottom surface
Cartesian components of the velocity vector
Average horizontal velocity components in layer k
Velocity vector
Turbulent velocity fluctuation
Tangential water velocity vector at the bottom surface
Wind velocity
Vertical velocity at the interface between layers k and k + 1
Cartesian coordinates

Greek Symbols
Δρ
Δ x, Δ y, Δ z
ϕ
κ, κ
κv
ν
νv
ρ
ρ0
σ = (ρ/ρ0 − 1)
ζ(x, y, t) = z
Ω

Density difference ρ2 − ρ1 , ρ2 > ρ1
Side lengths of the finite difference grid
Angle of geographical latitude
Tensor of heat conductivity, heat conductivity
Vertical heat conductivity
Kinematic viscosity
Vertical kinematic viscosity
Density of water ρ = ρ(T, p, s)
Reference density (ρ = ρ(T ∈ 30 ◦ C))
Density anomaly
Free surface displacement
Angular velocity of the Earth
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The water motion in lakes during summer stratification is primarily generated by
wind. It is chiefly influenced by the vertical density distribution, which leads to a
strong interplay between the direct circulation dynamics and internal oscillations.
In a storm-type wind set-up from rest the on-setting circulation flow also causes the
formation of internal seiches, which, according to observations in numerous mountainous lakes [12], persist for several periods after wind cessation. On the basis of
the hydrostatic and Boussinesq-approximated baroclinic non-linear hydrodynamic
model, which is discretized by a multi-layered finite difference description, the baroclinic response of Lake Zurich to such a stormy scenario is predicted and compared
with an episode, which was observed in Lake Zurich in a summer field campaign in
1978. A careful parameter study shows that the model appears to predict direct wind
driven response in a qualitatively correct manner. It also correctly predicts the formation and propagation of internal temperature surges characterized by an extremely
fast falling thermocline. However, it seems to suffer from an excessive dissipation
of energy, which causes the internal seiche to oscillate too slowly and die out too
quickly. This loss of energy can be attributed to numerical diffusion of the temperature, which is needed to prevent convective instability in the model and avoid large
dissipation of kinetic energy caused by the horizontal smoothing of the velocity
field needed to control unrealistically large oscillations of the vertical component
of velocity. Decreasing vertical eddy viscosity and increasing the vertical resolution
near the thermocline reduces but does not eliminate this energy dissipation, some of
which appears necessary to assure model stability.

24.1 The Problem Setting
The water motion in lakes is primarily caused by wind, which by its shear stresses at
the free surface provides a persistent momentum flow from the atmosphere into the
lake. These motions can mathematically be described by field equations, which are
deduced from the Navier–Stokes equations by imposing the simplifying assumptions of Boussinesq and hydrostatic pressure. Under stratified conditions two classes
of dynamic behavior exist, the barotropic and baroclinic responses, of which the second comprises the dominant motion during the summer months and in autumn when
strong vertical density gradients prevail. Barotropic current distributions have been
studied for Lake Zurich in Chap. 23; the baroclinic response of Lake Zurich to impulsive wind scenarios is the focus of this chapter. We study the response of the Lake
Zurich currents and fathom the conditions how observed behavior can best be reproduced by model computations. This scrutinizing analysis follows a remote report by
Oman of 1982 [19].
Lake Zurich is of narrow longitudinal form with a thalweg length of approximately
28 km and a maximum width of about 4 km. It is naturally separated into two basins by
a glacially formed sill, the ‘lower lake’ and the ‘upper lake’ (Obersee), see Fig. 24.1.
The two basins are connected by an opening of the dam at Rapperswil (situated at the
upper end of the lower lake), which is so small that the two basins are dynamically
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Fig. 24.1 Lake Zurich map, showing 12 positions, labeled [(1)] to [(12)], where current meters,
thermistor chains and meteorological buoys [(4)], [(6)], [(11)], were moored in a field experiment
in August/September 1978. The two islands in the upper portion of the lower lake are called Ufenau
and Lützelau © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich,
reproduced with permission

uncoupled. Subsequently, we shall restrict considerations to the lower lake and will
refer to it as Lake Zurich. The deeper and larger part of this basin has a maximum
depth of 136 m and extends to northwest, with the upper end at Rapperswil and
the lower end at Zurich. The more shallow and broader, eastern part extends towards
west; with its depth of 22 m it connects the deeper part of the basin by a relatively steep
transition zone of 3 % mean inclination between Meilen and Stäfa. The mean depth
and mean width of the lake are 51 m and 2.4 km, respectively, and the free surface
area of the lower lake relative to 406 m a.s.l. is 67 km3 . The main tributary to the lake
is the river Lindt (entering the upper lake) with approximately 50 m3 s−1 discharge.
Other, smaller, tributaries contribute approximately the same amount. The exit is
the river Limmat at Zurich with a mean discharge of approximately 100 m3 s−1 . The
mean residence time of the water is therefore between 1 and 2 years. The outflow is
monitored by a weir, a few 100 m below the exit cross section; long-term fluctuations
of the water level are therefore small, in general.
It is suspected that the relatively complex form and bathymetry of the lake exerts
a decisive influence to the wind-induced motion of Lake Zurich. To clarify this,
and in particular to correlate the current and density fields, which the driving forces
(wind, atmospheric pressure) induce, a field experiment was conducted in 1978 by
the Laboratory of Hydraulics, Hydrology and Glaciology at ETH Zurich, in which
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at 11 positions current meters and thermistor chains (with 11 thermistors, generally
at 2 meters distances) were mounted, see Fig. 24.1; a single current meter was also
deployed at positions [1] and [12], and at positions [4], [6] and [11] meteorological
buoys were erected, which measured wind, atmospheric pressure and solar radiation.1
We refer to this exploratory work insofar as its results are necessary for the verification of the numerical model. The persistent oscillations of the water temperature,
particularly in the metalimnion, can be viewed as a typical sign of the temperature
registrations. These oscillations in the measurements of Lake Zurich manifest themselves mainly with periods of approximately 45 and 24 h and last, once induced by
the wind, in many episodes over several periods, see [3, 4, 17]. The existence of these
internal oscillations can first be traced back to the fact that relevant wind episodes
are of shorter duration than the period of the fundamental internal seiche and, second, that they are sufficiently strong to trigger the internal oscillations. It is a typical
characteristic behavior of stratified Lake Zurich that after wind cessation both the
current and temperature fields oscillate with only relatively small attenuation.
If a numerical software package is expected to model current and temperature evolutions in a lake correctly for time intervals which lie within the temporal scale of the
periods of internal oscillations and encompass several days to weeks, then we must
request that this model generates not only the water velocity and temperature distributions during simultaneous wind action with sufficient accuracy, but also reproduces
these ensuing fields after wind cessation. We shall see that with the present numerical
model the processes after wind cessation can hardly be adequately reproduced. This
result is unique, because comparison of numerical models focusing on baroclinic
processes in lakes with whole lake synoptic field campaigns other than this one are
not known to us.
The fundamental equations of the atmospherically driven currents in stratified
lakes or oceans are the balance laws of mass, momentum and energy, which we shall
use in the Boussinesq and hydrostatic pressure approximations. These equations
will be integrated by exploring a discretization based on finite differences. Explicitly, the region of integration, i.e., the lake domain will be divided into layers with
spatially fixed horizontal interfaces. In each layer, depth averaging is performed; this
transforms the original three-dimensional problem for the entire lake into a system
of two-dimensional problems for the layers, which are being solved by the finite
difference method. Exchange of momentum and heat (i.e., Reynolds stresses and
heat fluxes) are parameterized by ‘gradient-type relations’ involving viscosity and
diffusion coefficients in the horizontal and vertical directions. However, because of
reasons of numerical stability these coefficients need on occasion be enlarged, and the
amount of this numerical diffusion depends on the spatial and temporal discretization
steps. The smaller these discretization increments are, the smaller will be the necessary numerical diffusion for stable performance of the integration procedure of the
equations. The addition of artificial numerical diffusion also distorts the numerical
results of the physical processes and, if it is excessively large, mechanical energy
will be destroyed and, as a consequence, oscillations will be strongly attenuated.
1

This campaign has been scientifically explored by the following reports: [4–7, 16, 17, 19].
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If the numerical diffusion is not large enough, unphysical instabilities may develop,
which trigger (mostly other) unwanted oscillations or generate strong unphysical
growth of some variables. The difficulty is to find the conditions under which numerical stability prevails and the physics is not unduly falsified. This mostly leads to
statements of constraints of physical processes for which the numerical scheme can
be judiciously applied.
The above text outlines the focus of the present chapter. In ensuing sections the
basic three-dimensional boundary value problem will be formulated, transformed
into a set of layered equations, and the numerical discretization will briefly be outlined. Test runs concern the stratified Lake Zurich subject to an impulsively applied
wind from west, spatially uniform and constant in time for one day with instant
inception and equally abrupt cessation. We search for conditions under which the
current and temperature fields are quantitatively correctly reproduced during the
24 h of active wind and during the days after wind cessation. Somewhat simplified,
the result is: As long as the relatively uniform wind is exerted, the computation
delivers reliable distributions of the water currents and temperature. However, the
water motion after wind cessation is not satisfactorily reproduced. Using the optimal
parameterizations for numerical diffusion and a discretization with 18 layers, a post
Föhn-storm event is computed which compares reasonably but still not completely
satisfactorily with the data from the 1978 field campaign.

24.2 Governing Equations
24.2.1 Field Equations for a Boussinesq Fluid
The governing equations for the fluid transport and temperature distributions in a
lake under summer stratification are the turbulent equations of balances of mass,
momentum and energy subject to laminar viscous, heat conducting and corresponding turbulent closure conditions. In the Boussinesq approximation density variations
are ignored everywhere except in the gravity force. When the turbulent fluctuating
motion is taken into account these Reynolds averaged equations are as follows:
mass balance div v = 0,
dv
= −grad p + div T E + ρ g − ρ(2Ψ × v),
momemtum balance ρ
dt
dp
dh
−
= −div Q + tr(T E · D),
energy balance ρ
dt
dt

(24.1)

in which ρ, v, p, T E , g, h, Q are the mass density, velocity vector, pressure, Cauchy
stress deviator, gravity acceleration vector, specific enthalpy and heat flux vector,
respectively. Moreover,


D = sym grad v = 21 grad v + grad T v ,
(24.2)
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in which AT is the transpose of the matrix A and tr(·) is the trace operator. For not
too deep lakes of less than 500 m depth the term −d p/d t is generally ignored; this
will also be done here.
The last term in (24.1)2 is the contribution of the Coriolis force; Ω is the angular
velocity of the Earth with the components Ω = (0, Ω cos ϕ, Ω sin ϕ) in a
Cartesian coordinate system, x (east), y (north) and z (zenith) and ϕ the geographical
latitude, implying
2Ω × v =




f˜w − f v, f u, − f˜u ,

f ≡ 2 Ω sin ϕ,

f˜ ≡ 2 Ω cos ϕ. (24.3)

Closure relations are formulated for T E , Q, h and are given here as
lam
√
√
1
√
√
T E = T turb
E + T E = −≈ρ(v ⊗ v − 3 (trv ⊗ v )1) + ρν D,

Q = Q turb + Q lam = −ρ≈c p T √ v √  − κ grad T,
h = c p (T − T ∀ ).

(24.4)

T is the Kelvin or Celsius temperature and primes indicate turbulent fluctuations,
whilst ≈· signifies turbulent averages of the turbulent correlation terms. On the other
hand, ν, κ, c p are the kinematic viscosity, the heat conductivity and the specific heat
at constant pressure for water. In writing down (24.4) it was further assumed that
the water behaves as a linearly viscous fluid (attributed to Navier-Stokes with
kinematic viscosity ν, that the heat flux vector is given by the Fourier relation
Q Ω = −κgrad T with constant heat conductivity and that the enthalpy function is
a linear function of the temperature with specific heat c p and T ∀ = 273.15 K. This
linear representation is sufficiently accurate for T ⇒ [273.15, 305] K. The parameterizations (24.4)1,2 represent compositions of turbulent and laminar contributions
turb
lam
+ Q lam . The former have not yet been parameterized.
T E = T turb
E +T E , Q = Q
2
This will be done later.
The above equations do not explicitly make visible that the Boussinesq assumption is imposed. This has been done implicitly by replacing the exact balance of mass
equation
dρ
+ ρdiv v = 0 by div v = 0,
(24.5)
dt
even though ρ may vary with temperature and pressure. Moreover, everywhere in
(24.1)–(24.4) ρ is interpreted as a constant ρ∀ = ρ(T ∀ ), which is the density at
normal pressure and at 277.15 K (4 ◦ C), except in the gravity term ρg. This means
that, kinematically, the mathematical fluid is density preserving (and the velocity field
is solenoidal), but the buoyancy effects of the gravity force are taken into account.
Strictly, in the terms on the left-hand side of (24.1)2,3 ρ is replaced by ρ∀ ; however,
1
√
√
Note that T turb
E consists of two contributions, of which the second, − 3 tr(≈(v ⊗ v )1) ≡ k is the
√
√
turbulent kinetic energy, which we have subtracted from ≈(v ⊗ v ) to make T turb
E a deviator. The
contribution of the turbulent kinetic energy is absorbed in the pressure term!

2
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in a loose interpretation of the Boussinesq approximation the variability of ρ in the
sense that ρ = ρ(T, p) may only be dropped in the continuity equation. This then
means that the essential assumption of the Boussinesq approximation is to make the
water-velocity field solenoidal or to eliminate acoustic wave signals. Subsequently,
we will use the strong Boussinesq approximation.

24.2.2 The Hydrostatic Approximation of the Boussinesq-Type
Field Equations
If internal wave breaking and strong up- and downwelling are ignored and inversions of the density stratification can be excluded as possible processes, then the
shallowness assumption can be supposed to be valid. In this assumption the horizontal length and velocity scales are large in comparison to their vertical counterparts. It
then follows that the vertical momentum balance reduces to ∂ p/∂z = −ρ g or after
an integration in z
 z̄=ζ
ρ gdz̄ + p atm (x, y, t).
(24.6)
p(z) =
z̄=z

Here, z = ζ(x, y, t) is the vertical displacement of the free surface from its equilibrium position. Physically interpreted, this says that the pressure at depth z (below
the undeformed free surface) is the sum of the atmospheric pressure, p atm at the free
surface plus the weight of the water column above z. If we now write ρ = ρ+ρ0 −ρ0 ,
where ρ0 ∈ ρ(300K ), (i.e., the highest temperature in the lake water), then (24.6)
can, alternatively be written as

 z̄=ζ
ρ
p(z) = ρ0 g(z − ζ) + ρ0 g
σdz̄, σ =
−1 .
(24.7)
ρ
0
z̄=z
σ is called the density anomaly, which is generally a function of temperature and
(for deep lakes) the pressure σ = σ(T, p).
The pressure function (24.7) can be differentiated with respect to x and y, and
the result can then be substituted into the horizontal components of the momentum
equations. When in the energy equation also the power of working of the stress
deviator, tr(T E D) is ignored, the approximate field equations take the forms
∂u
∂v
∂w
+
+
= 0,
∂x
∂y
∂z

∂u
∂u 2
∂uv
∂uw
+
+
+
∂t
∂x
∂y
∂z

 ζ
1 ∂ p atm
∂
∂ζ
−
−
g σ dζ̄,
∂x
ρ0 ∂x
∂x z

∂Tx y
∂Tx z
1 ∂Tx x
+
+
+ f v, (24.8)
+
ρ0
∂x
∂y
∂z

= −g
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 ζ
1 ∂ p atm
∂
∂ζ
g σ dζ̄,
−
−
= −g
∂y
ρ0 ∂ y
∂y z

∂Tyy
∂Tyz
1 ∂Tx y
+
+
− f u,
+
ρ0
∂x
∂y
∂z


∂Qy
∂T
∂ Qx
∂uT
∂vT
∂wT
∂ Qz
1
+
+
+
+
+
=
,
∂t
∂x
∂y
∂z
ρ0 c p
∂x
∂y
∂z
∂v
∂vu
∂v 2
∂vw
+
+
+
∂t
∂x
∂y
∂z

in which the shallow water approximation of the Coriolis force is reduced to the
contributions 2Ω × v ∈ (− f v, f u, 0), see Vol. I, Chap. 4, Sect. 4.7, pp. 150–152.
We have also dropped the index (·) E in the stress deviator components Tx x , ..., Tyz
and will do this henceforth consistently.

24.2.3 Turbulent Closure Conditions
Equations (24.8) need to be complemented by closure relations for the stress components Tx x , ..., Tyz and the turbulent heat flux components Q x , Q y , Q z . This has been
done by Oman [19] in the most simple way by assuming that T is linearly related to
D and Q is linearly related to grad T as
T = M D,

Q = −κ grad T,

(24.9)

in which T , D, Q and T are averaged turbulent fields, M is a fourth order viscosity
tensor and κ a second order tensor of heat conduction. It is assumed that turbulent
diffusion of momentum and heat are different in distinct directions of the space;
in limnology, meteorology and oceanography it is supposed that the dominant differences of turbulent diffusion are in the horizontal and vertical directions. This
transversely isotropic turbulence assumption, first postulated by Munk in 1950 [18]
and when expressed in the stress and heat flux divergence terms take the forms
∂Tx y
∂Tx z
∂Tx x
+
= ρ0 A0 Δ u,
∂x
∂y
∂z
∂Tyy
∂Tyx
∂Tyz
+
= ρ0 A0 Δ v,
∂x
∂y
∂z

∂Qy
1
∂ Qx
1
+
= κh Δ T,
ρ0 c p
∂x
∂y
ρ0 c p
in which
Δ=


∂
∂u
=
ρ0 ν(z)
,
∂z
∂z

∂
∂v
=
ρ0 ν(z)
,
∂z
∂z

∂
∂ Qz
∂T
=
κv (z)
∂z
∂z
∂z

(24.10)
,

∂2
∂2
+
∂x 2
∂ y2

is the horizontal Laplace operator and A0 and κh are horizontal exchange coefficients which can be treated as constants; ν(z) and κv (z) are the vertical exchange
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coefficients of momentum and heat, both with dimensions [m2 s−1 ]. Their values in
the epilimnion and hypolimnion are considerably different from one another, see e.g.
[10, 19].
A justification of the closure relations (24.10) is not easy, in fact, based on strict
objectivity arguments, it is not possible. An attempt of delineating the near correctness of (24.10) has been given by Wang [28] and is reproduced in Vol. I, Chap. 6,
pp. 212–219.

24.2.4 Boundary Conditions
Integration of the field Eqs. (24.8), (24.10) requires formulation of boundary conditions at the free surface and the bed.
• At the free surface, defined by the equation z = ζ(x, y, t), the kinematic boundary
condition
∂ζ
∂ζ
∂ζ
+
u+
v−w =0
(24.11)
∂t
∂x
∂y
forms an evolution equation for the free surface displacement ζ. This equation is
complemented by the dynamic requirement that the surface traction is continuous
across the material interface. This condition says that p = p atm and (T −(n·T n)1)
n = t wind . Since the length scales of atmospheric pressure variations are generally
much larger than the horizontal extent of the lake, p atm can be treated as a constant,
which without loss of generality can be set to zero. On the other hand, continuity
of the shear traction across the surface implies Tx z = txwind and Tyz = t ywind . With
(24.10) the stress boundary conditions at the free surface are thus given by
p = p atm , ρ0 ν(0)

∂u
∂v
= txwind ρ0 ν(0)
= t ywind .
∂z
∂z

(24.12)

Strictly, these conditions apply at the deformed free surface, however, because
free surface displacements are small, they hold with sufficient accuracy on the
undeformed surface z = 0. This simplifies their incorporation in the computational
scheme.
Finally, we must add a parameterization of the wind shear stress t wind , which will
be given here as [27, 28]
(24.13)
t wind = ρ cw W W ,
where W is the wind velocity, generally measured 10 m above the water surface.
The drag coefficient cw depends on the height at which W is measured and also
on the surface roughness and the fetch. Numerical values are given by Laska
(1981) [13]
• As was done for the free surface the basal surface is material but it is also immobile.
So, z = b(x, y) is known once and for all. Of course, this assumes that no sediment
transport occurs. As for the dynamic boundary condition a sliding law is employed.
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It relates the tangential traction to the tangential velocity
(T − (n · T n)1) n = ρ0 C( v ) (v − (n · v)n) = ρ0 C( v )v ,

(24.14)

v

t

in which C( v ) is a sliding speed-dependent drag coefficient. The limit values C → 0 and C → ∞ correspond to a frictionless boundary (t = 0) and
no-slip condition (v = 0). Because v · n = 0 at the rigid bed, the expression on
the far right-hand side of (24.14) is equally valid. In Cartesian coordinates and
with the shallowness assumption ∂ H/∂ x , ∂ H/∂ y  1, (24.14) can also
be written as
b
= ρ0 C( v )v,
Txbz = ρ0 C( v )u, Tyz

at z = b(x, y).

(24.15)

Usual parameterizations for C are linear in v , so, see [1, 2, 13, 25]
C( v ) = cb v , cb = 0.002.

(24.16)

To summarize, the boundary value problem is described by the field Eqs. (24.8),
(24.10), the free surface boundary conditions (24.11), (24.13) and the basal boundary
conditions at the basal surface (24.15) and (24.16).

24.3 Approximate Treatments of the Model Equations
24.3.1 Discretization Procedure
The governing equations for the determination of the velocity and temperature distributions in stratified lakes are prepared in this chapter for the application of their
numerical integration. We shall employ the finite difference method (FDM); its formulation was laid down by Simons [21–25] and Leendertse et al. [14, 15] and was
adopted to Lake Zurich by Oman [19].
The finite difference grid follows a Cartesian coordinate system x, y, z, where
x, y are 45 ◦ C rotated from the east-west and south-north directions and z is vertical
against gravity. The net is adjusted to optimally approximate the lake shore by line
segments parallel to the x- and y-axes; its choice also depends on the selection of the
side lengths Δ x, Δ y, Δ z, of the quadrilateral elements, Fig. 24.3. The unknown
field variables are determined at the grid points of the net. The initial boundary
value problem, expressed by differential equations and boundary conditions is then
transformed into an algebraic system of equations; the integration is thus replaced by
solving algebraic equations. There are several possibilities to define nodal values of
the unknown variables—at the intersections of the grid, the midpoints of the element
surfaces and of the element centres. The choice influences the accuracy and numerical
stability of the numerical scheme, but, optimal choices are well known.
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(a)

(b)

Fig. 24.2. a Lewis Fry Richardson, D. Sc. FRS, ∀ 11. 11. 1881, New Castle upon Tyne, †
30. 09 1953 Kilmun, Argyll and Bute. b Verse published in Weather Prediction by Numerical
Process (p. 66)
L. F. Richardson was a famous mathematician, physicist, mete orologist, psychologist and
pacifist, who pioneered modern mathematical techniques of weather forecasting and the
application of similar techniques to studying the causes of wars and how to prevent them.
He is also known for pioneering work on fractals and a method of solving linear equations,
known as modified Richardson iteration.
As a Quaker, Richardson’s beliefs entailed an ardent pacifism that made him a conscientious objector of any war and war related work. This disqualified him from having any
academic post throughout his life and forced him several times to change his positions and
research foci. Richardson’s interest in meteorology caused him to propose a scheme for
weather forecasting by solution of differential equations, nowadays routinely used by electronic computing, but not yet available during 1922. He was also interested in atmospheric
turbulence and performed many terrestrial experiments. The Richardson number, a measure of stability/instability transition from laminar to turbulent stratified flows is named after
him. He famously summarized turbulence in the rhyming verse (stated above).
Richardson’s most celebrated achievement is his retroactive attempt to forecast the weather
during a single day—20 May 2910—by direct computation. His prediction failed miserably,
but it was found out much later, that the cause was a failure to apply smoothing techniques to
the data, which in this case rules out unphysical surges of pressure. When these are applied,
the forecast was accurate. Richardson also performed work on the length of the border line
between neighbouring countries and the echolocation of ice bergs, thus anticipating modern
studies on fractals and the invention of sonars.
Figure and text based on: http://en.wikipedia.org/wiki/Lewis_Fry_Richardson
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Fig. 24.3 Isolated element from a finite difference net. In the centre, density ρ, temperature, T
and pressure, p, identified by •, are defined, in the mid points of the side surfaces those velocity
components which are orthogonal to the respective surface are defined as indicated by the coloured
segments

Most finite difference methods applied to the above system of equations employ a
so-called Richardson3 net as indicated in Fig. 24.3. Density ρ, temperature T and
pressure p are defined in the element centres, whilst the midpoints of the six side
surfaces are reserved for the representation of the velocity components normal to
them. This net allows second order approximation of spatial derivatives of unknown
variables in the side lengths Δ x, Δ y, Δ z. Second order approximations in time are
achieved here by iterative and implicit integration techniques.

24.3.2 The Baroclinic Multi-Layer Model
A first step in the development of a discretized version of Eq. (24.8) is the division
of the lake into a number of horizontal layers with immobile interfaces. A schematic
sketch is given in Fig. 24.4. Density, velocity and temperature within single layers are
assumed to be uniform in depth but variable in the horizontal direction. Equations
(24.8), (24.10) are integrated over the depths of the layers by accounting for the
transition conditions at the interfaces. This integration is straightforward if somewhat
long. A detailed derivation can be made by the reader himself/herself or [25] may
be consulted. With the definitions of the mean velocity components (u k , vk ) and
temperature Tk of the kth layer

3

For a short biography of Richardson see Fig. 24.2.
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Metalimnion

z k - 1/2
hk

k - 1/2

k

k + 1/2

z k +1/2

Fig. 24.4 Division of a lake into fixed horizontal layers. The interfaces between the layers are
identified as k + 1/2 (k = 1, 2, . . .) and the layers are identified by the index k



−z k−1/2

−z k+1/2
 −z k−1/2

u(z)dz = h k u k ,
h k = z k+1/2 − z k−1/2 ,

(24.17)

∂
∂
(h k u k ) +
(h k vk ) + (wk−1/2 − wk+1/2 ) = 0,
∂x
∂y

(24.18)

−z k+1/2
 −z k−1/2
−z k+1/2

v(z)dz = h k vk ,
T (z)dz = h k Tk ,

the continuity equation reads

and the horizontal momentum equations become

∂
∂
∂ 
h k u 2k +
(h k u k ) +
(h k u k vk ) + (u k−1/2 wk−1/2 − u k+1/2 wk+1/2 )
∂t
∂x
∂y
1 ∂ p atm
∂ζ
∂ Ŝk
− hk
− hk
+ f h k vk
∂x
ρ0
∂x
∂x

 2
1
∂
1
∂2
+
+ A0
u
u
+
(h
)
(h
)
(Tx z )k−1/2 −
(Tx z )k+1/2 ,
k k
k k
2
2
∂x
∂y
ρ0
ρ0
(24.19)

∂
∂
∂ 
h k vk2 + (vk−1/2 wk−1/2 − vk+1/2 wk+1/2 )
(h k vk ) +
(h k u k vk ) +
∂t
∂x
∂y

= −gh k

1 ∂ p atm
∂ζ
∂ Ŝk
− hk
− hk
− f hk uk
∂y
ρ0
∂y
∂y

 2
1  
∂
1  
∂2
Tyz k−1/2 −
Tyz k+1/2 ,
+ A0
v
+
(h
)
(h k vk ) +
k
k
∂x 2
∂ y2
ρ0
ρ0

= −gh k
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whilst the energy (heat) equation takes the form
∂
∂
∂
(h k Tk ) +
(h k u k Tk ) +
(h k vk Tk ) + Tk−1/2 wk−1/2 − Tk+1/2 wk+1/2
∂t
∂x
∂y

 2

∂
∂2
1 
(Q z )k−1/2 − (Q z )k+1/2 . (24.20)
= κh
T
+
(h
)
(h k Tk ) +
k
k
2
2
∂x
∂y
ρ0 c p
In these equations the interior pressure is defined as
 ζ
 0
Ŝk = g
σ(z)dz ∈ g
z k+1/2

σ(z)dz,

(24.21)

z k+1/2

in which the density anomaly in layer k is given with sufficient accuracy by
(see [25])
ρk − ρ0
σk =
= 0.68 × 10−5 Tk2 .
ρ0
Therefore,



⎛
0

σ(z)dz = 0.68 × 10−5 ⎝

z k+1/2

k
⎟

⎞
T j2 h j ⎠.

(24.22)

j=1

In Eqs. (24.18)–(24.20) the transition conditions at the interfaces between two
layers are thought to be incorporated. For instance, (Tx z , Tyz )1/2 are the wind shear
stresses (txwind , t ywind ) in the x- and y-directions, and for w1/2 in Eq. (24.18), ∂ ζ/∂ t
is substituted, which is the linearized version of (24.11). Similarly, (Tx z , Tyz ) N +1/2
are the basal shear stresses for which the sliding law (24.15), (24.16) are substituted,
and in the shallowness assumption w N +1/2 = 0 since v · n = 0 at the basal surface.
The transition conditions at interior layer interfaces for the stress components
Tx z , Tyz are parameterized as
Tx z |k+1/2 = ρ0 νv| k+1/2

Tyz |k+1/2 = ρ0 νv| k+1/2

1
2

u k+1 − u k
 x
,
h k+1 + h kx

u k+1 − u k
 y
y ,
1
2 h k+1 + h k

(24.23)

in which the superscripts x and y indicate that for h a value of the finite difference
approximation of the h-values of Eqs. (24.9) is to be substituted, see footnote 4 in
Chap. 23.
Analogously, the vertical component of the heat flux vector at the kth interior
interface (k  1) is givenby
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Q z |k+1/2 = (ρ0 c p κv )k+1/2 1
2

Tk+1 − Tk
(h k+1 + h k )

.

(24.24)

At the free surface one either prescribes the air temperature (= surface water temperature) or the atmospheric heat input,
T1 = T atm or Q z |1/2 = Q atm ,

(24.25)

whereas at the basal surface the temperature is prescribed
T = Tbase .

(24.26)

The replacement of the original three-dimensional Eqs. (24.8), (24.10) by the
layer-depth averaged Eqs. (24.18)–(24.20) has led to a new system of spatially twodimensional coupled partial differential equations. Boundary conditions in the system
must be fulfilled at the bounding (vertical side) walls of each layer. The common
statements are the requirement of impermeability (no flow through the wall) and/or
the prescription of the temperature in the ground at that depth. Of course, other
options are equally possible, see [25].
The layered equations governing the baroclinic motion are differential equations
for the velocity and temperature fields within the lake; they contain phenomenological
coefficients, namely
•
•
•
•

the horizontal (A0 ) and vertical (νv ) momentum exchange coefficients,
the horizontal (κh ) and vertical (κv ) thermal diffusion coefficients,
the drag coefficient (cw ) of the wind shear stress and
the drag coefficient (cb ) of the basal friction law (24.16).

Experimentally determined values for A0 and κh are of the order of 1 m2 s−1 , those
in the vertical direction depend considerably upon the stratification, whereby values
within the metalimnion are much smaller than those in the epi- and hypolimnion.
Diffusion of momentum and energy is therefore blocked at the thermocline. The drag
coefficient cb at the basal surface will be assigned the value cb = 0.002 [27].
The wind drag coefficient cw , to be used for evaluation of the wind shear stresses
(24.13) was parameterized according to
⎧
1.5 × 10−3 ,
W < 5.2 ms−1 ,
⎪
⎪

⎨
π W − 1.5
cw = 1.5 + 1.5 × 10−3 sin
, 5.2  W  15.1 ms−1 ,
(24.27)
⎪
2 10.1
⎪
⎩
W > 15.1 ms−1 ,
3.0 × 10−3 ,
and is dimensionless in this form. This formula, however, was not calibrated with
data from Lake Zurich, but it was calibrated by a fit of Lake Ontario data, originally
due to Schwab (1981) [20]. It also has been successfully used for Lake Superior by
Sydor and Oman [26].
We emphasize that in finite difference integration schemes of differential equations
of the transport-type [Eqs. (24.18)–(24.20)] numerical instabilities and false wave

24.3 Approximate Treatments of the Model Equations

51

propagation may arise. These can and must be avoided by adding artificial numerical
diffusion. The amount of this additional numerical diffusion depends, among other
things, chiefly upon the number of layers, N , and the grid size, Δ s, of the finite
difference representation. It decreases both with an increase of N and a decrease of
the grid size Δ s.
Now, the necessary numerical diffusion that maintains the computational stability
is so large that its diffusivities surpass their physical counterparts. As a consequence,
experimental values for κh and κv need not be known, since their values are overshadowed by the numerical diffusion. Depending upon the discretization one has
A0 ⇒ [1, 10] m2 s−1 (the physical value is about 1 m2 s−1 ); moreover, for the vertical
momentum diffusivity the formula


F ν0 , ρ10 ν1 t wind
νv =

1/2 ,
1 + 10
3 Ri

g ∂ρ
ρ ∂z
Ri ≡ 
∂v H
∂z

2

(24.28)

has proved to be adequate. Ri is the Richardson number, t wind the wind shear
traction at the free surface, and ν0 and ν1 are coefficients such that
ν0 ⇒ [0, 0.0025] m2 s−1

ν1 ⇒ [25, 100] s

with specific values depending upon discretization. Formula (24.28) has been used
by Simons [24] and Bennett [1] with F(x, y) = x + y. Oman [19] also tested the
case F(x, y) = Max(x, y). Formula (24.28) accounts for the fact that (i) νv grows
with the strength of the wind, (ii) that even for t wind = 0 the diffusivity νv does
not vanish and (iii) that νv decreases with increasing Richardson number. Clearly,
since Ri assumes its maximum in the thermocline, νv assumes there its minimum.
It is also clear that the false numerical diffusion can contribute to the distortions of
the numerical solutions of the integrated equations, of which the size can be so large
that the numerical model may reproduce the physical processes rather unrealistically.
Such situations must be avoided. By reduction of the finite difference net size and
increase of the number of layers, this can often be achieved.
Finally, mention must be made that, owing to rapid pulsations which are often
observed in the computed horizontal velocity components, Bennett [1] proposed
to replace in (24.19) the horizontal momentum diffusion terms
A0 Δ H (h k u k )
by
A1

∂
(div H (hv H )k )
∂x

and

A0 Δ H (h k vk )

and

A1

∂
(div H (hv H )k ) .
∂y

(24.29)

(24.30)
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This replacement improved the numerical performance by reducing the unphysical
pulsations in the horizontal and vertical velocities. Bennett also selected the diffusivity A1 as A1 = 41 Δ xΔ y f , where Δ xΔ y is the area of the horizontal grid and
f is the Coriolis parameter. We shall return to this in the next section.

24.4 An Almanac of Tests
24.4.1 Selection of the Standard Test Conditions
The validity and accuracy of the numerical model has been tested by conducting a
great number of computations under a standard wind scenario but varied parameters
which are characteristic for the physics of Lake Zurich on the one hand and the
discretization of its geometry and the construction of the layered equations on the
other hand. The Lake Zurich measurements of the 1978 field campaign have amply
indicated that the water velocities and temperature are subject to relatively conspicuous appearances of oscillations with approximate periods of 45, 24–25 h, and 18 h;
these results are based on a stratification due to the temperature profile displayed in
Fig. 24.5.4
Because these oscillations constitute a sizeable imprint of the observations for
durations of several days, it is only natural to request that the model is capable of
reproducing oscillations of current and temperature with these periodicities. ObserTemperature in °C
0
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4

Seiches in enclosed lakes or ocean basins are eigensolutions of the barotropic or baroclinic water
wave equations. The eigenvalues are expressed as the seiche periods and eigenfunctions as the
modes of the vertical thermocline displacements associated to the eigenvalues. For many situations
it is sufficient to express the stratification by a two-layer system, a light epilimnion and a dense
hypolimnion, whose interface mimics the thermocline. For Lake Zurich the internal (baroclinic)
seiche has been analyzed by Horn et al . [4] for the stratification of Lake Zurich during the field
campaign of 1978. The eigenperiods of the fundamental and first two higher order modes of the
two-layered Lake Zurich have been determined as approximately 45, 25 and 18 h, respectively. For
an extensive treatment of seiches, see [12].
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vations in a number of Alpine lakes (Lake Constance, Lake Geneva, Lake of Lugano,
Lake Zug, Lake Zurich, …) have in fact indicated that post-storm lake dynamics
during summer stratification, more often than not, trigger some modes of the internal
seiches, which accompany the circulating motion due to direct wind forcing and
persist after wind cessation. The following conditions were used as standard set-up
for all test computations:
• At t < 0 the lake is assumed at rest (no motion) and subject to a stable stratification
with a temperature profile as shown in Fig. 24.5.
• At t = 0 a wind from west sets suddenly in, uniform in space, Heaviside in
time and of strength 7.5 m s−1 . This is a rather strong wind for Lake Zurich, but
occurring generally more than once during summer months. Its duration is taken
to last 24 h (1 day) when it stops abruptly. The computations are continued after
wind cessation for a total of 96 h (4 days).
• Because the artificial numerical diffusion of the finite difference approximation
overshadows the size of the physical diffusion of the temperature, only numerical
diffusion is taken into account.
Table 24.1 lists the conditions for which computations have been performed. The
15 tests comprise a summary of many and are discussed below with focus on a comparison of computed results with observations, deduced from the field campaign in
August-September 1978. The intention is, to reproduce the variations of the current
and temperature distributions in the aftermath of a strong Föhn storm on 12–14 September 1978 and lasting (in its strong phase) approximately 24 h. The water motion
reacted with a growing circulation flow which was accompanied by an additional
internal surge, which initiated an internal seiche of approximately 44 h period lasting for several days. According to Tables 24.1 and 24.2 the number and distribution
of layers, time step and grid size were varied as were various parameterizations of
the diffusivity of momentum in the vertical, (24.28), and in the horizontal, (24.29),
(24.30), directions. We give here only an epitome of the more detailed presentation
[19].

24.4.2 Inferences From Tests 1 to 4
All tests conditions are collected in Tables 24.1 and 24.2. The analysis began with
an 8 layer model of 5 m thickness each in the top 7 layers and a net of spatial
grids of 500 m side length. With the numerical diffusivities as stated for test Runs
1 & 2, computations were performed with time steps of 10 and 5 min to see that the
results (selected isotherm-depth-time series, horizontal layer velocity distributions
at various time slices and time series for vertical velocities, generally at 15 m depth)
were not much altered with the finer resolution. So, subsequent computations were
all performed with a 10 min time step.
Consider now Fig. 24.6. Because the region between the 8- and 12 ◦ C-isotherms
corresponds to the metalimnion, and since the motion of the isotherms accurately
mimics the vertical displacement of the water particles, Fig. 24.6 provides reliable
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Table 24.1 List of the 15 test runs performed in [19]


Run Nr. Number Timestep Grid size F ν0 , ρ10 ν1 t wind
ν0
of layers [min]

ν1

[m]

= F(x, y)

[m2 s−1 ] [s]

A0

A1

[m2 s−1 ] [m2 s−1 ]

1

8

10

500

y

0

100 10

–

2

8

5

500

y

0

100 10

–

3

10

10

500

y

0

100 10

–

4

13

10

500

y

0

100 10

–

5

8

10

500

y

0

100 1

–

6

8

10

500

y

0

100 –
100 –

1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f
1
4 ΔxΔy f

7

8

5

250

y

0

8

18

10

500

x+y

0.0025

9

18

10

500

y

0

100 –

10

18

10

500

y

0

25 –

11

18

10

500

Max(x, y)

0.0004

25 –

12∀

18

10

500

Max(x, y)

0.0004

25 –

13×

18

10

500

Max(x, y)

0.0004

25 –

14†

18

10

500

Max(x, y)

0.0004

25 –

15‡

18

10

500

Max(x, y)

0.0004

25 –

25 –

The vertical diffusivity νv is given by (24.28) and A1 arises in (24.29)
∀ f = 0 in the momentum equations
× No advection in the momentum equations
† Maximum epilimnion temperature reduced to 16 ◦ C
‡ Maximum epilimnion temperature reduced to 14 ◦ C

information about the computed vertical motion within the metalimnion. This is
shown in Fig. 24.6 for models with 8, 10 and 13 layers (see Table 24.2 for interface
depths and layer thicknesses). Under the action of wind stress from west, the equilibrium water is pushed towards east, and that in the hypolimnion towards west. This
generates a set-up with downwelling in the eastern part of the lake and upwelling
in the deep part of the lake near Zurich. This can be observed in the graphs of
Fig. 24.6 during slightly more than 24 h. Only about half a day after wind cessation
the isotherm motion is reversed as downwelling at station 4 and upwelling at station
10. No oscillatory motion can be observed. The corresponding isotherm-depth-time
series of the 10 and 13 layer model computations are very similar to those of the 8
layer model. No essential differences are visible except those which can be traced
back to the differences of the initial temperature distribution. The panels of Fig. 24.6
show that a computational forecast of internal waves by increasing the number of
layers alone cannot be achieved. However, the induced motion of the water masses
in the 10 and 13 layer runs are very similar to the results for Run 1 (8 layers). In this
sense the layer model is considered consistent, but it is not sufficiently accurate.
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Table 24.2 Depths of interfaces (Roman) and layer thicknesses (italic) in meters for runs with 8,
10, 13 and 18 layers
8

10

0

13

0
5

5

0
5

5
5

10

5

5
15
5
5
5
5

2

5

105

2

10

2

20

2
5
10

1

14

1

12

1

10

1

9

2

8

2

7

2

7

2

6.5

4

6

7

5

20

4

30

4

55

4

20
20

55

22
85

←− Layer thickness

15

18

35

←− Interface depths

2

16

25

140

17

15

20
85

140

2

14

18

55

18

13

16

35

2

12

14

25

140

2

5

19

10

12

20

35

2

5

2

8

10

17

30

2

5

19

6

8

14

25

2

5

4
4

6

11

20

0
4

4

8

Temp. Run 18 in ◦ C

18

24
28
35
55
85
140

The last column lists the initial temperatures in ◦ C of the layers for the 18 layer model

The attenuation of the on-setting oscillation before the second oscillation period
was formed could also be observed in other computational results of the three different
layer models, e.g., the vertical and horizontal velocities within a particular layer
at the measuring stations (Fig. 24.1) and the temperature and horizontal velocity
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distributions in the various layers at time slices 1, 2, 3, 4 days. Figure 24.7 shows the
vertical velocities at 15 m depth (approximately the thermocline depth) at the stations
4, 6, 11, 12 for Run 1 (8 layers). In coincidence with the graphs of the isotherm-depthtime series one sees during the first day of wind action an upward velocity in the deep
western lake part (stations 4 and 6) but in the shallow eastern lake part (stations 11
and 12) a downward velocity. After wind cessation these velocities change; they turn
into a downwelling in the western part of the basin and an upwelling in the eastern
part. These motions, however, die out almost entirely after the second day.
Even though the response of the lake to the prescribed wind load is qualitatively
correctly reproduced during direct wind action—the isotherms rise in the western
part of the lake (stations 4 and 6) and fall in the eastern part (stations 11 and 12)—one
expects after wind cessation after one day a somewhat faster and stronger reaction
of the isotherms than shown in Figs. 24.6 and 24.7. In particular, the isotherm displacements (rising in the western and falling in the eastern part of the lake) from
equilibrium levels should have led to an eigenoscillation with a period of approximately 45 h. Instead, a relatively fast decay ensues into the rest position without any
sign of oscillation.
The attenuation of the motion must be related to the annihilation of energy. Internal
waves are created by an exchange of kinetic and potential energy. For an analytical
two-layer model Heaps and Ramsbottom in 1966 [2] proved that annihilation
of energy by friction at the lake bottom can impede internal waves. Destruction of
potential energy can have the same effect. Now, the numerical diffusion, which is
necessary for computational stability, destroys the potential energy, whilst the too
large (but equally needed) horizontal momentum exchange ( A0 ) destroys the kinetic
energy. A better understanding of the ‘failure’ of the model in this respect can be
obtained from the time series of the energies, which are shown for Run 1 and Run 4
(8 and 13 layers) in Fig. 24.8.5
5

Here, the energies of the total water masses are meant. The potential and kinetic energies are
defined as follows:

  
ζ

PE =
  
=
=

−H
ζ
−H


[ρ0 + (ρ − ρ0 )] zdz dxdy





⎟
⎟ 
2
2
− z k+1/2
z k−1/2
σk ,
ζ 2 − H 2 ρ0 g + ρ0
ij

  
KE =
=

ρ(z)gz dz dxdy

ζ
−H


⎟ ⎟
ij



k

ρ(u 2 + v 2 )dz dxdy




ρ0 h k u 2k + h k vk2 ,

k

E = P E + K E.
The double integral has to be performed over the surface of the lake.
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Fig. 24.6 Time series of the isotherm depths for the 8-, 10- and 12 ◦ C-isotherms in stations 4
(left panels) and 10 (right panels), see Fig. 24.1, as functions of time (during 4 days). Results
are computed for an 8 layer (top row), 10 layer (middle row) and 13 layer (bottom row) model.
Modeling conditions are given in Tables 24.1 and 24.2. The wind load was impulsively applied at
t = 0, blowing from west, uniform in space and Heaviside in time and with strength of 7.5 ms−1 ,
and lasting for 24 h after which it suddenly stopped. The horizontal line in the panels of station 10
identifies the lake depth at that station, from [19] © Versuchsanstalt für Wasserbau, Hydrologie und
Glaziologie an der ETH Zürich, reproduced with permission
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Fig. 24.7 Vertical velocities in 15 m depth (upper interface of the fourth layer), computed for Run 1,
corresponding approximately to the thermocline depth at the stations 4, 6, 11, 12 for the same wind
as in Fig. 24.5, from [19] © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der
ETH Zürich, reproduced with permission

In the plots one expects a slow attenuation of the total energy E = P E + K E
after one day, whereby the kinetic and potential energies oscillate rhythmically
in an out-of-phase fashion and with a period of 22.5 h (corresponding to half the
period of the fundamental seiche mode). However, this is not seen in the two graphs
of Fig. 24.8, where the energy dies out far too quickly. After one day the decay of
the potential energy is by far larger than the gain of potential energy. In this process the
destruction of the potential energy by numerical diffusion and the destruction of the
kinetic energy by excessive horizontal exchange of momentum play a decisive role.
The numerical diffusion is an inescapable fact of the finite difference approximation
and cannot be removed. But the size of this numerical diffusion has been reduced in
Runs 3 and 4 by better vertical resolution with an increase of the number of layers.
However, essentially hardly any sizeable improvement of the results was achieved.
As the only other possibility we have at our disposal the reduction of the size of the
horizontal momentum exchange.
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Fig. 24.8 Time series of the total energy, E, the potential energy, PE and the kinetic energy (KE)
for Run 1 (8 layers) and Run 4 (13 layers). One would expect a rhythmic alteration between kinetic
and potential energy paired with a slow attenuation of the total energy with time, from [19] ©
Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with
permission

24.4.3 The Role of the Horizontal Momentum Exchange
In Run 5 the exchange coefficient of horizontal momentum was reduced to the more
realistic value of A0 = 1 m2 s−1 ; all other initial conditions were left unchanged as
for Run 1. Figure 24.9 (top panels) shows the 8-, 10- and 12 ◦ C-isotherm-depthtime series for an impulsively applied wind from west of 7.5 m−1 strength as
before. In comparison to the results displayed in Fig. 24.6 conspicuous differences
are discerned. The isotherms at station 4 (and more generally in the deep western
part of the lake, not shown here) rise during the first day to higher levels. Correspondingly, the isotherms at station 10 (and generally in the entire eastern part
of the lake, not shown here) fall to deeper depths than in Run 1. At the end of
the second day the return of the isotherm depths to higher levels is somewhat faster.
However, subsequent expected oscillations do not occur; the isotherms return on
days 3 and 4 slowly and without any sign of oscillation to their rest positions. The
short periodic pulsations after wind cessation at station 4 (and 6 and 9, not shown
here) are not seen at stations (10, 11 and 12, not demonstrated here); so, the deep
lake part reacts more sensitively than the shallow part. The likely reason for this
behavior is an increased instability of the numerical scheme, in which the vertical
diffusivity in Run 1 is set to zero after wind cessation [see (24.28) with F(x, y) = y
for Run 1]. This lack of numerical momentum exchange leads to instabilities of
the vertical velocity components in the deep lake part, but not in the shallow basin.
Figure 24.10 (top panels) gives corroboration for this: As soon as the wind stops,
conspicuous short periodic pulsations set-in.
Oman [19] also demonstrates that the reduced value of the horizontal momentum
exchange affects the horizontal velocities at the measuring stations which are up
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Fig. 24.9 Time series of the isotherm depths for the 8-, 10- and 12 ◦ C-isotherms in stations 4
(left panels) and 10 (right panels) (see Fig. 24.1) as functions of time during 4 days. Results are
computed for an 8 layer model. Modeling conditions are given in Tables 24.1 and 24.2 as Runs
5 and 6. The wind load was impulsively applied at t = 0, blowing from west, uniform in space
and Heaviside in time and with strength of 7.5 m s−1 , and lasting for 24 h, after which the wind
suddenly stopped. Panels in the top display the results for the horizontal exchange according to
(24.29), those in the bottom row are based on (24.30) instead. Arrows show the internal surge, from
[19]. © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced
with permission

to 50 % larger when A0 = 1 m2 s−1 than when A0 = 10 m2 s−1 . Moreover, after
wind cessation, the velocity vector plots in the 8 layers after 2, 3, 4 days show some
orientation indeterminacies of the horizontal velocities which are more conspicuous
in the deep than in the shallow basin part and are, therefore, evidently related to the
instabilities of the isotherm-depth-time series and the vertical velocities.
To avoid these numerical difficulties requires some kind of smoothing, either in
the horizontal plane or in the vertical direction. Because the vertical momentum
exchange exerts a much greater influence on the horizontal velocities than the horizontal momentum exchange [23], a horizontal smoothing will now be introduced.
If this is done, the annihilation of kinetic energy that goes with it, must be kept as
small as possible; however, the smoothing operation should also dampen the pulsations in the vertical velocity components as far as possible, to avoid the destruction
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Fig. 24.10 Time series of the vertical velocities at the upper interface of the fourth layer in Runs 5
and 6. As soon as the explicit vertical momentum exchange vanishes, large short periodic pulsations
occur in the time series of the vertical velocity components. Top panels for Run 5 with the classical
momentum exchange F(x, y) = y, see (24.28), and the horizontal momentum exchange (24.29),
bottom panels for the horizontal momentum exchange due to Bennett, (24.30), from [19]. ©
Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with
permission

of the potential energy. One possibility to achieve this is to introduce a smoothing
which is proportional to the straining of the horizontal velocity field. The horizontal areal straining in layer k of thickness h k is given by (div H (hv H ))k and its
x- and y-derivatives have the same dimension as Δ H (h k u k ); therefore, Bennett [1]
proposed the replacement of the horizontal exchange terms (24.29) by (24.30), where
A1 is a coefficient with the same physical dimension as A0 . Its size likely depends on
the area of the surface element Δ xΔ y of the horizontal grid and is proportional to it.
A1 = aΔ xΔ y f has the correct physical dimension [m2 s−1 ] if a is dimensionless.
Bennett and Oman and chose A1 = 41 Δ xΔ y f .6
In Run 6 the horizontal diffusive momentum exchange was parameterized in this
way according to formula (24.30); else conditions of Run 1 were implemented. The
lower panels of Figs. 24.9 and 24.10 show the isotherm-depth-time series and ver6 On the f -plane, f is constant, on the β-plane, f is formed as the arithmetic mean of the four edge
points of the grid element.
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tical velocities for this run at stations 4 and 6 as described in the figure captions.
The short periodic pulsations of the isotherms, which were observed in Run 1
after wind cessation, are no longer observed with comparable intensity at station
4. Furthermore, as one can see from Fig. 24.10 in the lower left panel, the pulsation
of the vertical velocity components are equally much reduced; they are, however,
not completely removed. At the other stations of the deep basin part there are still
times, after wind cessation at which exaggeratedly large pulsations of the vertical
velocity components are not removed (see [19], large pulsations of the vertical
velocities not demonstrated here). These pulsations are regularly observed after a
rapid downwelling of the isotherms. Such a rapid sinking of the light water masses
must necessarily be accompanied by corresponding activation of buoyancy forces, a
fact which induces the overly large pulsations of the vertical velocities, which hardly
can be suppressed.
A sudden downwelling of the isotherms after cessation of the stormy wind from
west has been observed in Lake Zurich and can be connected with the passage of an
internal temperature front, which is comparable to a meteorological front [16]. Such
internal fronts manifest themselves always by a sudden lowering of the isotherms,
which propagate from one end of the lake to the other end. Figure 24.117 shows
7 Mortimer, in the unpublished report [16] describes this figure as follows: ‘On an expanded time
scale covering four days of record, 11–14 Sept., the depth fluctuations of the 10 and 8 ◦ C isotherms
are plotted over a 14 m (8–22 m) depth range for stations 4, 6 (supplemented by nearby station 5),
9, 10, 11, i.e. for a series arranged along the length of the basin. Also plotted are the u (i.e. EW)
and v (NS) components of wind speed squared (a measure of stress) at station 6. Because the depth
ranges within which temperatures were measured (by a chain of thermistors) varied from station to
station, some of the isotherms [in the figure] are discontinuous. For example, the station 6 isotherms
on Sept.12 exited (upwards) out of and re-entered (downwards) into the diagram at the 12 m level
(the top of the range for station 6). Part of the missing information is supplemented by the 9 to 12
m record from nearby station 5. During Sept. 12, a day of large depth fluctuations following the
storm, the station 10 and 11 isotherms exited (downwards) and re-entered (upwards) at 19 and 18
m, the respective lower limits of the ranges at those stations. Also, the upper edge [of the figure], at
8 m, is the upper limit for station 4, above which the isotherm depth was not recorded. In each case
the points of exit and re-entry are indicated by horizontal arrowheads. The station 9 isotherms, on
the other hand, always remained within the confines of the figure.
[Close examination of the figure] discloses the following sequence. Before the strong wind
impulse started on 11 September, the weather had remained relatively calm since September 9th.
During the morning of the 11th the isotherms at 4 and 6 were falling, while those at 9, 10 and 11
were rising, following the pattern of a preexisting internal first-mode seiche (44 h period) … That
pattern was evidently destroyed by the wind impulse, which started at about 14:00 h later. By that
time (22:00 h) the isotherm-depth trends had reversed, with 9, 10 and 11 falling rapidly and with
4 and 6 rising rapidly (near A) around midnight. The behavior (a strongly developing tilt of the
thermocline, upward in the NW and downward in the SE portion of the basin) is clearly consistent
with the strong east going component of the wind.
The wind’s strength fell somewhat just after midnight, but rose to a second maximum around
05:00 to 07:00 h. Sept. 12th, falling thereafter to much lower levels at about 14:00 h on that day.
The ensuing calm spell lasted for several days thereafter. As soon as the wind stress was removed,
the tilted thermocline began to swing back until (at about midnight 12/13 Sept.) the isotherms at all
stations were again near the pre-storm mean levels. The swing continued during the early morning of
Sept. 13th with upward isotherm motion at 9, 10 and 11 and downward motion at 4 and 6, initiating
the damped internal seiche oscillation […]. Although the first mode (44 h) component was dominant,
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Fig. 24.11 Time series of the 8- and 10 ◦ C-isotherms at stations 4, 6, 9, 10 from 11 to 14 September 1978. [Parts of measurements of station 5 are also shown to extend the upper cut-off of
the measurements at station 6.] Station numbers are shown encircled. Horizontal arrows indicate when an isotherm depth leaves or re-enters the measuring regime. The letters A to J indicate
when the internal front passes by the indicated station. In the top panel the u- (towards west) and
v-components (towards east) of the squared velocity of station 6, 3 meters above the water surface
are displayed, from [16]. © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH
Zürich, reproduced with permission
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the time series of the measured 8- and 10 ◦ C-isotherms after a strong wind from
west between 11 and 14 September 1978. As in the model, the wind approaching
from west lasted approximately one day and stopped almost abruptly afterwards.
The hourly mean wind-shear stress was, however, smaller than in the model. For
this reason, only a qualitative comparison of the measured and computed isotherm
depths is meaningful. The measured isotherms of station 4 reach their top level
shortly after wind cessation and fall quickly afterwards, compare Fig. 24.11. The
small pulsations of the isotherms, which are shown in the model at station 4 can also
be seen in the measured isotherms. The down-fall of the isotherms at station 6 and
the corresponding rise at station 9 occur also soon after wind cessation. Temperature
fronts can be recognized in the computed as well as measured time series; these
occur at times at which isotherms suddenly fall. At first, this is seen at station 4 at
the deep north-western end of the lake. A sudden fall of the isotherms occurs later at
station 6 and even somewhat later at stations 9 and 10. From the distances between
the stations and the times, at which the front passes these stations, the speed of the
front can be computed. This speed is 0.7 km h−1 in the model and 1.1 km h−1 in
nature.
The influence of the internal surge, in Fig. 24.9 indicated by the arrows, can also be
seen in vector plots of the horizontal velocities in the different layers. When this surge,
which started its motion at the north-western lake end (station 4) progresses along
the lake axis towards south-east, it leaves behind a (computed) horizontal velocity
field, which is not stably ordered, whereas the corresponding horizontal velocities in
front of the surge are robust in their orientation. This fact is corroborated by figures,
displaying the horizontal velocity distributions after two and three days, see [19].
As already remarked, the front of the computed isotherms moves too slowly. In
frequency space the model must be regarded as inaccurate. On the other hand, size
and form of the computed displacements of the isotherms out of their rest position are
essentially correct. In particular, the isotherm depths demonstrate inclinations across
the lake which rotate counter-clockwise around the lake with near shore velocity of
approximately 0.35 m s−1 , [16]. This behavior, which is visible in the isotherm plots,
is attributable to the effect of the Coriolis force and interpretable as the fundamental
Kelvin wave of a two-layer model. The spatial distribution of the isotherms after
wind cessation can therefore be regarded as reliable, however, the time at which this
distribution exists, occurs too late and the attenuation is too large as in earlier runs.
The computed internal seiche dies out too quickly.
The influence of the internal surge, indicated as arrows in Fig. 24.9, is also recognizable in the horizontal velocity distribution at the end of the second day as displayed
in Fig. 24.12, in which the horizontal velocity distribution is displayed in the 8 layers
that oscillation was evidently far from simple […]. A further complication is the presence of internal
surges. Compared with many lakes, in which the first modal oscillation generated by such a storm
would persist for many cycles, the Zurich oscillation appears to be relatively strongly damped.
Perhaps this may be a consequence of the shallow topography at the southeastern end of the basin,
forming a shelf upon which more of the internal wave energy is absorbed than is reflected. This
is in contrast to the steeper topography at the northwestern end, at which a greater portion of the
energy is reflected,’ from [16].
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for Run 6. It can be seen that the horizontal velocities in the shallow south-eastern
part of the lake are well ordered in their orientations; the velocities correspond here to
the expected return currents. In the deep north-western part of the lake, i.e. behind the
temperature front, however, the velocity field is distorted and not well constrained in
the orientation. Once the temperature surge has passed the entire lake, this orientation
fuzziness has reached the entire horizontal velocity field. This has been demonstrated
in [19] by showing the analogous figure for the end of the third day.
The spatial distribution of the 8 ◦ C-isotherm surface from 1 day 0 h to 2 days
8 h, in steps of 4 h, is displayed in Fig. 24.13. As evident from Fig. 24.12 after 2
days the water of the epilimnion flows from Rapperswil towards Zurich and that in
the hypolimnion in the opposite direction. During this period the Coriolis force
causes a deviation of the water motion to the right, transverse to the actual velocity
vector; in other words, the warm water of the epilimnion drifts towards the right
shore (e.g. Meilen, see Fig. 24.1), whilst the hypolimnion water of the epilimnion
drifts towards the left shore (e,g, Horgen). Because of the corresponding shift of
epilimnetic and hypolimnetic water masses, the isotherm depths along the right shore
must fall relative to their equilibrium positions; and along the left shore they must
rise instead. In other words, the isotherms are inclined across the lake. Figure 24.13,
which displays snapshots of the 8 ◦ C-isotherm surface every 4 h from 1 day 0 h and 2
days 8 h (after wind set-up) this transverse inclination is clearly seen. The isotherms at
Meilen are about 10 m deeper than at Horgen, however, only as long as the epilimnetic
water flows after wind cessation from east towards Zurich.
For the far too rapid attenuation of the oscillation after wind cessation a false
transformation of the potential and kinetic energy and vice versa is responsible. In
Fig. 24.14 time series of the total energy (E), the potential energy (PE) and the kinetic
energy (KE) are displayed for Run 5 (left panel, reduced horizontal momentum
exchange A0 = 1 m2 s−1 ) and for Run 6 (right panel, Bennett’s areal viscosity).
Compared to the corresponding plots for Runs 1 and 4, shown in Fig. 24.8 the
recovery of kinetic energy after wind cessation is improved, however, still too much
potential energy is destroyed. Incidentally, notice that in Run 5 at the end of the
second day the potential energy increases again. This growth is fairly monotonous and
possibly attributable to the excessively large pulsations of the vertical velocities. This
potential energy is no longer transformed into kinetic energy. Moreover, because of
the horizontal smoothing of the velocity field, kinetic energy is persistently destroyed;
this does not occur in Run 6 with Bennett’s viscosity where the kinetic energy is
larger. However, further oscillations after day 2 do neither occur in this run.

24.4.4 Influence of the Horizontal Grid Size
All previous computations were performed with horizontal square grids of 500 m
side length; this led frequently only to three grid points across the width of Lake
Zurich. Run 7 was performed with 250 m side length; the remaining conditions were
the same as in Run 6 except that the time increment is now 5 min (in order to fulfill
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Fig. 24.12 Distribution of the horizontal velocity in layers 1 to 8 after 2 days. Arrows with the
length of the grid size correspond to 15 cm s−1 in layers 1–5 and 3 cm s−1 in layers 6–8, from [19].
© Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with
permission
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Fig. 24.12 (continued)
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Fig. 24.13 (continued) Distribution of the 8 ◦ C-isotherm depths every 4 h after wind cessation
from 1 day 0 h to 2 days 8 h, computed with Bennett’s areal viscosity. The symbols ⊥ and top
indicate mean positive (upwards) and negative (downwards) deviation of the isotherm depth from
the equilibrium depth. The vertical bar of the length of the grid size corresponds to 6 m, from [19].
© Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with
permission
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Fig. 24.14 Time series of the total energy (E), the potential energy (PE) and the kinetic energy
(KE) for Runs 5 and 6. One expects with time a rhythmic attenuation between kinetic and potential
energies paired with a slow decay of the total energy, from [19]. © Versuchsanstalt für Wasserbau,
Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

the CFL condition); moreover, Bennett’s areal viscosity was used. These changes
increased the computational time by a factor of 8.
Figure 24.15 displays the isotherm depths and the vertical velocity in 15 m depth
at stations 4 (representative for the deep part of Lake Zurich) and 6 (representative
for the shallow part of Lake Zurich). Results look very similar to those of Run
6 (see Figs. 24.9 and 24.10). However, the unrealistically large pulsations of the
vertical velocities (panels (c), (d) in Fig. 24.15) are somewhat suppressed, since
the horizontal exchange coefficient is now four times smaller. The time slice, when
these pulsations arise, coincides with the passage of the surge and manifests itself as
oscillations around a mean value of the isotherm depths. Except for this numerical
noise the isotherm depth-time series are hardly different from those of Run 6. In
particular, the speed of the internal down-stroke surge moving towards south-east
did not change and is still too slow. After the passage of this front the isotherms
return slowly to their rest position without a sign of a continued 44 h oscillation. This
can also be seen in the plots of the energies which are nearly identical to those of
Run 6 and not shown here.

24.4.5 Influence of the Vertical Momentum Exchange
None of the further attempts to find better performance of the model and obtained
with other vertical diffusivities different from (24.28) was successful; so, additional
trial tests to reduce the turbulent diffusion were conducted with an additional increase
of the number of layers to 18 (see Table 24.2). The selection of the layer thicknesses
was such that four 1 m thin layers cover the metalimnion. The temperatures of the
upper most layers are also larger than for Runs 1 to 7 and closer to the temperatures
of the 1978-experiment; this leads also to a faster response of the model. With the
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Fig. 24.15 Isotherm-depth-time series for the 8-, 10- and 12 ◦ C isotherms at stations 4 and 10
(panels a, b). Time series of the vertical velocity components in 15 m depth (panels c, d). Bennett’s
exchange coefficient is used and a grid net of 250 m side length. Note, the pulsations at station 4 (deep
part of the lake), which are missing at station 10 (shallow lake part), from [19] © Versuchsanstalt
für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

distribution of the layers according to the choice of Table 24.2 a reduction of the
numerical diffusion is expected. Runs 8 to 11 are performed with this 18-layer model
and the temperature distribution of Table 24.2 and a vertical diffusivity shown in
(24.28), and with F(x, y) as listed in Table 24.1, and x = ν0 , y = ρ10 ν1 | t wind |. As
this table shows, Runs 9 and 10 were performed with ν= 0, so implying vanishing
diffusivity after wind cessation and thus expected large turbulent pulsations in the
isotherm depth and vertical velocity time series at and after the passage of the downstroke surge in the deep basin, but no such evidence in the shallow basin. Furthermore,
because ν1 is four times larger in Run 9 than in Run 10, this should lead to a higher
rise of the isotherms during wind and faster response of the model, i.e., a steeper
down-stroke of the surge in Run 10 than in Run 9. The disadvantage of relatively
strong pulsations is counter-balanced in Runs 8 and 11 by choosing ν0 = 0 and
selecting F(x, y) = x + y (Run 8) and F(x, y) = Max(x, y) (Run 11). Of these two,
Run 11 has been decided to be the better, even though the turbulent pulsations are
somewhat larger, since the speed of the internal surge is 0.9 km h−1 and thus closest
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Fig. 24.16 Time series of the isotherm depths (top panels a, b) and the vertical velocities (bottom
panels c, d) at stations 4 and 10 for the 18 layer model, computed with Bennett’s areal viscosity and
a vertical viscosity according to (24.28) with F(x, y) = Max(x, y), from [19]. © Versuchsanstalt
für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

to the measured speed of 1.1 km h−1 . Most of the above described results is educated
guessing based on knowledge gained from earlier results, but it is all documented in
[19] as solid numerical findings. Figure 24.16 collects the results of Run 11 for the
isotherm depth time series and vertical velocities at stations 4 and 10.
Corroboration that with Runs 8 to 11 a stepwise improvement of the seiche
response of Lake Zurich can be achieved, can particularly well be given by the
time series of the energy plots of Fig. 24.17, which also shows the employed vertical diffusivity formulae. As evident, the coefficient ν1 is responsible for a larger or
smaller value of the potential energy during wind action. The larger the maximum
value is (after about 1 day), the larger will also be the vertical velocities and displacements of the isotherm depths. Figure 24.17 discloses in the order of Runs 9, 8,
10, 11 a stepwise better and better transformation of the potential energy into kinetic
energy and vice versa. Oscillations of these energy forms are discernible over all
four days, and the time series of the potential and kinetic energies are approximately
in counter-phase. Even though the differences of the oscillation features between the
individual runs are not very conspicuous, Run 11 can be regarded as the best.
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Fig. 24.17 Time series of the total energy (E), potential energy (PE) and kinetic energy (KE) for
Runs 8, 9, 10, 11. The formulae give information, in which form the vertical momentum diffusivity
(24.28) was used for the respective run. The 18-layer model with Bennett’s areal viscosity was
used according to Tables 24.1 and 24.2, from [19]. © Versuchsanstalt für Wasserbau, Hydrologie
und Glaziologie an der ETH Zürich, reproduced with permission

If the exchange of vertical momentum during the active wind phase is small, then
the more kinetic and potential energies can develop, a fact which leads to larger
velocities and greater displacements of the isotherms. However, a smaller value for
the coefficients of vertical momentum exchange also leads to a larger distortion of
the velocity field, which is caused by the false pulsations of the vertical velocities.
This distortion seems to perturb the transformation of the kinetic into the potential
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energy. For instance the increase of the kinetic energy after wind cessation in Run 10
is smaller in Run 9 at the same time (and for which the vertical momentum exchange
during the active wind phase is smaller than in Run 10), even though the potential
energy in Run 10 is larger than in Run 9. This also explains, why the oscillations
in both runs appear as more conspicuous in Run 9 than in Run 10. Comparison
of Runs 9 and 10 in Fig. 24.17 also leads us to conclude that for non-vanishing
vertical momentum exchange after wind cessation the kinetic energy drops faster
than otherwise. Moreover, a small value of the exchange coefficient, which should be
maintained for stability reasons, affects the internal seiche response only marginally,
quite opposite to Run 8, for which the internal seiche response is hampered because
of a too large value of the exchange coefficient.

24.4.6 Effects of Coriolis Force, Momentum Advection
and Stratification
Effect of CORIOLIS forces. It is often argued that for dynamical processes the Rossby
radius of deformation is a measure for estimating whether effects of the Coriolis
force need to be accounted for or can be neglected. It is then claimed that for lakes
whose extent (width) L is small in comparison to the (internal) Rossby radius of
deformation,

Δ ρ h1h2
c
c≡ g
,
LR≡ ,
f
ρ h1 + h2
Coriolis forces can be dropped from the momentum equations. In the above formula, c is the phase speed of a wave and its value on the right-hand side is for a
two-layer model with top layer thickness h 1 and bottom layer thickness h 2 and corresponding densities ρ1 and ρ2 , Δ ρ = ρ2 − ρ1 > 0. This is a valid approximation
for the evaluation of the phase speed of Kelvin waves but not the identification of
their counter clockwise rotation on the northern Hemisphere. Poincaré-type wave
dynamics and topographic Rossby waves cannot be explained by dropping the Coriolis forces from the momentum equations, and neither can they be dropped in wind
induced circulation dynamics since variable topography activates gyration effects due
to the Coriolis forces. Mortimer [16] has shown that measured isotherm-depthtime series during and after the 11–14 September 1978 storm indicate Kelvin wave
effects, i.e., counter-clockwise motion of a selected isotherm ‘hump’ around Lake
Zurich. At mid-lake positions 5 and 7, see Fig. 24.1, 8 ◦ C-isotherm maxima occur
during a fundamental seiche period of 44 h in counter phase and this demonstrates
a transverse inclination of the isotherm depth, oscillating between station 5 and 7
with this period. This was corroborated by computations of Run 12 by performing
computations with and without Coriolis force [19]. This transverse inclination was
weak, but clearly discernible (approximately, differences in isotherm depth maxima
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of 1 m). In computations with f = 0 this difference was not seen, compare also
Figs. 24.12 and 24.13.
Effect of horizontal momentum advection. In early oceanographic circulation
models horizontal advection in the momentum equations is often ignored simply
because these terms are non-linear and therefore hardly accessible to analytical handling for the construction of analytical solutions even in simple wind forcing scenarios to basins of simple geometry. This was the major reason for dropping these
terms. Computations in Run 13 in which the advective terms are dropped, revealed
qualitatively that the isotherm-depth and vertical velocity time series are similar to
those of Run 11. The difference of the results with and without these terms, however,
is sufficiently significant that dropping these terms is not recommended. True, the
computational efforts are somewhat larger, but today’s computers can easily cope
with these effects.
Effects of stratification. It is well known that during a period of relatively calm
and sunny weather the temperature profile in the epilimnion reaches rather high
values close to the free surface as shown in Fig. 24.18 as the solid blue line. During a
storm even of relatively short duration the wind shear stress introduces high turbulent
activity, which mixes the epilimnion water, which then leads to a temperature profile
as shown in Fig. 24.18 in black and green lines. The black step-approximation shows
the temperature representation of the 18-layer model and the red and green versions
show the approximations used for Runs 14 and 15.
The time series of the computed isotherm depths at stations 4 and 10 for Runs 14
and 15 are shown in Fig. 24.19. As long as the wind lasts, the time series are very
similar to those of earlier runs (with 19 ◦ C epilimnion temperature). Generally, the
colder the epilimnion is, the larger are the isotherm displacements. Furthermore, the
internal seiche propagates slower and the amplitudes of the isotherm oscillations are
smaller and the seiche periods longer.
In summary, it may be concluded that of all tested variants the 18-layer model
with Bennett’s areal viscosity and the viscosity function F = Max(x, y) seems to
be the best suited version. With this model the currents which are exposed to direct
wind forcing can realistically be quantified; however, the motion which follows after
wind cessation is too dissipative. The post-storm continuing current distribution can
hardly realistically be reproduced, let alone be predicted. In spite of this, the model
remains meaningful insofar as it correctly predicts the water motion, which is directly
exposed to the wind. Improvements are to be sought in the use of non-hydrostatic
models, higher resolutions of the finite difference discretization and higher order
turbulence closure.
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Fig. 24.18 Lake Zurich mean
temperature profile (solid
smooth curve, blue) during
the Aug-Sept. 1978 field
campaign used for the 18 layer
model (black solid step-wise
approximation) and for Run
14 (red version) and Run 15
(green version) with reduced
epilimnion temperatures of 16
and 14 ◦ C, respectively
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24.5 Comparison of Model Output with Field Observations
of 1978 Lake Zurich Campaign
The reliability of the model has been tested by numerical simulations of current and
temperature distributions due to the stormy wind from west, which was blowing from
11 to 12 September 1978. The reaction of the lake during and after this wind event
has been described in detail by Mortimer [16] and in a brief epitome in connection with Fig. 24.11. Because this wind was blowing in near counter phase with the
already existing seiche in the lake, it caused a relatively abrupt return of the motion
of the isotherms. The consequences of this constellation manifest themselves, among
others, in larger amplitudes of the isotherm-time series, in the formation and propagation of an internal surge and in the generation of an internal seiche, which, however,
must be regarded as small in comparison to the original amplitudes of the isotherm
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Fig. 24.19 Time series of the isotherm depths at station 4 (left column) and 10 (right column) for
the 18-layer model with Bennett’s areal viscosity and epilimnion temperature of 16 ◦ C (top row)
and 14 ◦ C (bottom row), from [19]. © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie
an der ETH Zürich, reproduced with permission

depths. Not having details on the exact initial velocity and temperature distributions,
the initial conditions have been chosen as a state of rest for the velocity and a horizontally uniform temperature distribution according to the 18-layer model of Table
24.2 with the exception of the top layer (0–4 m), in which T = 20 ◦ C was selected.
A justification is given below. During the days of simulation this lack of exact knowledge of initial conditions alone must yield differences between the observed and
computed field quantities.
For this, the relatively realistic conditions of Run 11 with 18 layers were used,
however, with a quadratic grid of 375 m side length. This new choice of horizontal
discretization allows a relatively reliable computation of the current distribution in
the lake without the excessively large computational times that were involved with
the 18-layer model and 250 m small net. The 20 ◦ C initial epilimnion temperature was
selected in the top layer for the motion out of a state of rest because the 19 ◦ C choice
is appropriate for a profile measured immediately after the storm, when turbulent
mixing by the storm has already somewhat reduced the epilimnion temperature. The
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time series of the measured temperature profiles show in the upper most layers indeed
a temperature drop of this magnitude.
The wind shear stresses in the three meteorological stations 4, 6 and 11 have
been computed by using time series of wind speeds measured 3 m above the lake
surface according to Eq. (24.27). Because the direction of the wind at these stations
with a 10 min measuring interval could not be reliably obtained, the wind shear
tractions were averaged over 60 min intervals. Moreover, the distribution of the wind
shear tractions at the lake surface was determined by interpolation using the wind
shear tractions of these three stations.8 Figure 24.20 displays the wind shear traction
distribution just above the free surface of Lake Zurich at the time of the storm peak
(12 September 1978, ca 20:00 GMT) for the wind event displayed in the top panel
of Fig. 24.10. Because the wind is the only driving element in the model and of short
duration, the heat input by radiation and by sensible and latent heat at the free surface
and, correspondingly by the geothermal heat at the basal surface can be ignored.
The computations were started at midnight (00:00 GMT) of 8 September, three
days before the onset of the storm and continued until 17 September, 9 days later.
The computed time series of the 8-, 10- and 12 ◦ C-isotherm depths at the stations
4, 6, 9, 10, 11, 12 are displayed in Fig. 24.21. Qualitatively, the computed isotherms
are similar to those measured. Moderately strong winds of 5 ms−1 strength from
south-west on the first day (8 September) triggered on the following day (9. September) an internal surge with amplitudes of the 8- to 12 ◦ C-isotherms, which reached at
station 4 several meters, but were much smaller at the other stations. The south-west
storm started at the end of the third day (11 September) and was at that time in near
counter phase to the motion in the lake. This led in the model as well as in Nature to
a relatively rapid return of the motion and an equally rapid fall of the isotherms. This
fall of the isotherms arises at the four stations 9, 10, 11, 12 in the eastern portion of
the basin (i.e., down-wind) simultaneously with the peak of the wind shear traction
at the beginning of the fifth day (12 September). About 8 h later, the internal front
(shown in Fig. 24.21 by the arrows) reaches station 6 and after further 7 h station 4.
At least with regard to this internal surge the observed isotherm depths behave quite
similarly; in particular, a reversal of the direction of the internal front at the northwest lake end arises in Nature as well as in the model. Its speed of propagation in
the measured isotherm depths is, however, faster, and the down fall of the isotherms
at any station at the instant of the passage of the front is more abrupt and stronger
in Nature than in the model, in particular for the first return at Zurich. Before the
If f i is the value of f at point i and f α (α = 1, 2, . . .) are the values of f at the measuring stations
α, then we choose
3
⎟
fi =
wα f α (for three stations).

8

α=1

wα are weighting functions, which are chosen as follows:
"

−2 !
,
dα = (x − xα )2 + (y − yα )2 ,
wα = exp dα /dα0
where dα0 are constants with dimension [m].
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Fig. 24.20 Distribution of the wind shear tractions immediately above the free surface of Lake
Zurich at the time of the peak of the storm (12. September 1978, ca. 20.00 GMT), computed for the
wind event shown in Fig. 24.11). The grid size corresponds to wind shear traction of 5.6 Pa, from
[19]. © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced
with permission

front passes stations 9, 10, 11, 12 the time series of the isotherms rise in Nature and
in the model relatively slowly to a ‘large hump’. Its arrival agrees with the point of
culmination and the immediate ensuing fall of the isotherms. The slope of this flank
is, however, less steep than in Nature. After the passage of the front, a moderately
strong stimulation of the fundamental internal seiche sets in, but the clear return of
the internal front in Nature is not conspicuously recognizable in the model.
In the test runs the internal front was accompanied by a short but acutes pulse
of the vertical velocities; it was certainly caused by this strong down fall of the
isotherms. This peak or pulse arose first at station 4, but propagated along the lake
eastward to Rapperswil. In the model it was accompanied by pulsations of the vertical
velocities, which led to the numerical difficulties, were several times mentioned
already and could only be reduced by a smoothing of the horizontal velocity field.
Such a downward wave, though less conspicuous, can also be seen in the computed
time series of the vertical velocities of the last run, which was performed for the
actual (hourly averaged) wind event. This wave signal in Fig. 24.22, marked by
arrows, is initially hidden behind the pulsations, which probably has physical as well
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Fig. 24.21 Computed 8-, 10- and 12 ◦ C-isotherm-time series at the stations 4, 6, 9, 10, 11, 12 for
the wind event of Fig. 24.11. Arrows mark the times when the internal surge generated by the wind
passes the station. Computations have been started on 8 September 1978, 00:00 GMT and have
been continued for 9 days until 17. September 1978, 24:00 GMT, from [19]. © Versuchsanstalt für
Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

as numerical causes. However, the character of this wave is considerably different
from that of the test runs. As in Nature, it is generated at the south-eastern lake and
propagates towards Zurich where its return follows. Initially this down stroke wave
is rather sharp, but not as large as in the test runs and most likely neither as large as
in Nature; this is so, because the computed falls in the isotherm depths are smaller
than those observed. In this regard the cause for the unsatisfactory performance of the
model is perhaps the temporal smoothing of the wind, which was necessary because of
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Fig. 24.22 Time series of the vertical velocity at the stations 4, 6, 9, 10, 11, 12 for the wind event of
Fig. 24.12. Arrows mark the times when the internal surge generated by the wind passes the station.
Computations have been started on 8 September 1978, 00:00 GMT and have been continued for
9 days until 17 September 1978, 24:00 GMT, [19]. © Versuchsanstalt für Wasserbau, Hydrologie
und Glaziologie an der ETH Zürich, reproduced with permission

the inadequacies of the measured orientation of the wind.9 In the development of the
short-lived down stroke wave, the high-frequency pulsations, which were observed
9 Because the modulus of the wind was computed by averaging the ‘windweg’, its experimental
determination is more accurate than the determination of the direction (which is an instant quantity).
It may therefore be better to use the non-averaged modulus and to average the direction
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in the test runs, play certainly also a role. In spite of this, the model predicted the
formation of the internal surge correctly.
The ‘reflection’ of the front at Zurich is equally correctly reproduced by the
model. The isotherm down stroke at station 4 after this reflection possesses, however,
a broader and flatter wave form than in nature and, later, can hardly be recognized at
stations 6 and 9. Only at stations 10 and 11 this wave is again a bit more prominent.
That the down fall of the isotherm depths in the model computations takes place
only considerably slower than in the observations can also be traced back to the
broadening of this down fall regime of the isotherms. Shoaling of the internal surge
takes also place in Nature.
The above claims are obtained by a relatively cumbersome comparison of the
computed isotherm-depth-time series, subject to the real applied wind, and those
of the measurements, see Fig. 24.11. To facilitate this comparison and in order to
perform a more accurate comparison between model computations and the measurements in Nature, the computed and measured time series have been plotted in the
same graphs in Figs. 24.23 and 24.24 for the 8–14 ◦ C isotherm-depths at the stations
4, 6, 9, 10, 11. The time series start on 8 September and extend to 15 September 1978.
In the first days differences between measured and computed isotherm depths are
discernible; they can be traced back to the different initial conditions. Generally, the
measured isotherm depths lay above those computed; reason for this is most likely
an inaccurate temperature distribution at the beginning of the model computations.
In Nature the structure of the temperature in the vicinity of the different stations
is influenced by the local conditions, which were not, and could not, be taken into
account in the model because of lack of data. On the other hand, such local effects
should not affect the global response of the water motion in the entire lake.
During the four days before the storm the measured isotherm-depth-time series
indicate a far stronger generation of the first-mode internal seiche than is seen in the
results of the model computations; this may be so, because the moderately strong
wind on 8/9 September re-enforced an internal oscillation, which already existed
before. Initially, the modeled internal seiche is in near counter phase (phase shift
180◦ ) to that in Nature. This phase shift continues for a few days and only disappears
with the appearance of the strong wind on the fourth day (11 Sept.). Owing to this
wind the epilimnion is subject to a strong mixing, which leads to a small temperature reduction in the upper most layer and simultaneously to a corresponding small
temperature increase in the upper metalimnion. This explains why the measured
isotherms fall. At this time the measured and modeled isotherm depths are comparable, however, in the model this mixing in the upper most layer could not be properly
reproduced. The reason is that the numerical values of the thermal diffusivity close
to the thermocline are of the order of magnitude of the physical thermal diffusivity,
so that they considerably affect the variation of the temperature. For this reason the
explicit physical vertical diffusivity was set to zero, even though during the storm
this physical diffusion in the epilimnion is probably far greater than the numerical
diffusion.
With the onset of the strong wind at the end of the fourth day (11 Sept.) a relatively
rapid isotherm downfall occurs both in the model and in Nature. Because of the
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stronger stimulation of the internal seiche in Nature than in the model, this isotherm
downfall is more conspicuous in Nature than in the model. However, the instant when
this internal surge reaches stations 10 and 11 (this is at the end of the fourth day, 11
Sept.) is currently predicted by the model. As in Nature, the large and sudden downfall
is followed by an episode, during which relatively short-periodic oscillations are
superposed on the global motion; with time these oscillations experience, however, a
phase shift. Later, at station 9 the internal front is seen as a double downfall. The size
and the time of this fall is approximately correctly predicted by the model, but the
inclination of the time series in the model is a bit too flat. However, the isotherms in
Nature drop at lower depths, fall somewhat more than at upper depths, and the arrival
of the internal front at station 6 is in the model about two hours too early. Furthermore,
the measured isotherms fall after the passage of the front quicker to lower depths than
those computed. Afterwards, the measured isotherms remain relatively flat whereas
the computed ones continue to fall; moreover, in the model the front reaches station
4 too early and the slopes of the isotherm depths after the passage of the front are
again too small.
After the reflection of the internal wave near Zurich at the end of the fifth day
(12 Sept.) the downfall of the isotherms at station 4 is far more rapid in Nature
than in the model, whereas an approximate determination of the passage of the front
is possible, this is much more difficult for the modeled isotherm-depth-time series
because the slopes of the measured isotherms are much less inclined than in Nature.
However, once the front has further moved, the computed and measured isothermdepth-time series at station 4 are again in better coincidence. The formation of the
fundamental internal seiche is recognizable in both time series groups, whose period
can be estimated from each panel of Figs. 24.23 and 24.24 to be approximately
44 h. The speed of propagation can equally be determined. Because the measured
isotherm depths at station 6 are flat behind the front, but the computed ones still fall,
the computed isotherm downfall is much smaller than in Nature. However, if the
front has passed the station the second time, the isotherm-depth-time series of both
groups are very similar to one another, compare station 4.
At station 9, the front of both model and nature is established immediately after a
continuous rise of the isotherm depths. The subsequent down fall takes place in the
model a few hours before the abrupt drop of the observed isotherms; this downward
motion of the computed isotherms at the second passage of the surge is by far slower
than for the measured isotherm depths. However, with growing time, this difference
gets smaller. In stations 10 and 11 the situation is qualitatively very similar as in
station 9. As in Nature, the computed isotherm depths after the second passage of the
front are subject to a larger downfall in station 10 than station 11, an effect, which
can be traced back to the influence of the Coriolis force. Moreover, the fundamental
seiche after the second passage of the surge is in both, model and experiment, less
disturbed in station 11 than in station 10.
The measurements indicate a third return of the internal surge, which, however,
is no longer discernible in the computed isotherm-depth-time series. This front is
particularly conspicuous at the 7th day (14 Sept.) in the isotherm depths of station
11; somewhat later, it can also be seen at station 4. This continued internal front
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Fig. 24.23 Lake Zurich comparison of time series of the 8-, 10-, 12- and 14 ◦ C-isotherm depths,
obtained from measurements (solid curves) and model (dotted) at the stations 4, 6 and 9 from
8 September 00:00 GMT until 15 September, 24:00 GMT. The isotherm depths obtained from
temperature measurements were obtained with temperature recordings taken at 20 min intervals.
Full triangles identify the 44 h period of the fundamental seiche and arrows mark the beginning of
the calculated internal surge, which starts somewhat earlier than in nature. The measured isotherm
depths are constructed from unfiltered temperature time series, from [19]. © Versuchsanstalt für
Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

obviously exerts its imprint on the measured isotherm depths which is smeared in
the computations and actually only poorly reproduced.
A further comparison of the model output with observed data from Nature was
focused on comparisons of computed horizontal velocities and measured counterparts, now at stations, where current meters were moored. In this comparison the
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Fig. 24.24 Same as Fig. 24.23, but now for stations 10 and 11, [19]. © Versuchsanstalt für
Wasserbau, Hydrologie und Glaziologie an der ETH Zürich, reproduced with permission

computed horizontal velocities in the third and fourth layers were depth averaged.
They were compared with an estimation of the currents at 6 to 10 m depth. In order to
smooth the short periodic pulsations, the measured horizontal velocities within this
layer at stations 1, 4, 5, 6, 8, 10, 11, and 12 were averaged over 4 h. A comparison
of the measurements with the computed velocity field is only reasonable, if a point
measurement is representative for the entire layer at the 6-10 m depth, i.e., at times
when no great shearing affects the currents. Time series of the computed horizontal
velocities indicate, see [19], that large shearing of the horizontal velocities only arises
within the epilimnion during the period of strong wind input. The exact position of
this maximum shearing cannot be inferred from the velocities, because only a single
current meter was moored within the epilimnion at all measuring stations of the 1978
field campaign.
OMAN [19] constructed plots of a comparison of the horizontal velocities at 18
time slices from 12 September 00: 00 GMT until 14. September 08:00 GMT at every
4 h. This obviously conceptually short but also elaborate study led him to conclude
that, qualitatively, an analogous behavior of the measured and computed velocities can be identified with only loose agreement. However, a quantitative agreement
between observed velocities and the averaged velocities between 6-10 m is only possible under strong winds which trigger strong advection within the lake. Figure 24.25
shows velocity plots from 12 September 08:00 GMT, computed as described above.
The positions where a current meter was moored between 6 and 10 m are encircled.
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Fig. 24.25 Lake Zurich mean horizontal velocity field in 6–10 m depth for the episode from 12
September 1978, 12:00 GMT until 13 September 08:00 GMT. Solid arrows show the calculated
current, hollow arrows 4 h averages of the measured current for the same times at the stations 1,
4, 5, 6, 8, 9, 10, 11, 12. Arrows with length corresponding to 375 m correspond to velocities of
15 m s−1 , from [19]. © Versuchsanstalt für Wasserbau, Hydrologie und Glaziologie an der ETH
Zürich, reproduced with permission

Oman concludes that ‘the agreement between the measured current and the computed field is at all measuring stations fairly good’, and these are the best results
among all 18 cases that were explicitly explored.
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We add to this our own critical remark, that point measurements of velocities,
when used for judging the accuracy of a numerical model require careful elaboration
by taking averages of both the measured quantities and of the computed fields to the
extent that commensurability of the averaged data and computed fields seems rather
doubtful.

24.6 Discussions and Conclusion
The preceding comparison between the model computations and natural observations
of the wind induced circulating motion and temperature variations in Lake Zurich
subject to summer stratification suggest a better agreement of the two than was
anticipated after the accumulated knowledge of the extensive test runs. In these it
was recognized that numerical stability required smoothing of the horizontal velocity
field and led to ‘false’ numerical diffusion of the temperature. However, because these
two processes cause destruction of mechanical (kinetic and potential) energy and
consequential suppression of the internal seiche response, the influence of these two
terms was as far as possible constrained by use of the ‘areal viscosity’ of Bennett
and by application of the ‘flux corrected’ transport approach in the integration of the
energy equation. In spite of this, the suppression of the internal seiche was bigger
than expected, as the internal seiche had died out after a single oscillation. Instead,
the linear theory suggests only a slow attenuation of the internal oscillations. By
refined vertical discretization and simultaneous reduction of the vertical momentum
exchange the internal seiche could much better be predicted than expected. The
test runs also proved that the effects of the Coriolis force and the advection of
momentum onto the internal seiche were recognizable in the results if not dominant.
Their finite difference approximation, however, did not cause any difficulties.
The model was also capable to correctly predict the observed manifestation of
the internal surge. The velocity of propagation of this surge—as that of the internal
seiche—is, however, strongly influenced by the stratification of the lake water. In
fact, in the first test runs, the internal surge was propagating too slowly, probably
because of a too low equilibrium temperature used in the model. The origin of the
internal front was a large, steep downfall, which is generated at the lower lake end at
Zurich and then propagates towards Rapperswil; a return of this wave at Rapperswil
could not be discerned in the test runs.
All test runs also demonstrated a too rapid attenuation of the internal seiches.
Since the corresponding ‘failure’ of the model can probably be traced back to the false
numerical diffusion of the temperature, the explicit physical vertical heat exchange
coefficient was set to zero. Alternatively, it is clear for the computation with the
true actual wind, that in the epilimnion during the peak of the storm, the physical
exchange coefficient must be larger than the value used in the model. This leads in
Nature to a mixing of the epilimnion, which was not correctly reproduced in the
model. Similar is the situation with the diffusion in the vicinity of the thermocline.
Here, the physical heat exchange coefficient nearly vanishes completely, whereas
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the numerical diffusion reaches a maximum. Generally, the simple representation of
the vertical turbulent momentum and heat exchange, which were used in the model,
must be regarded as unsatisfactory. Massive improvements of turbulent closure seem
to be the necessary approach for progress.
Given the experience with the test runs, the relative successful agreement between
model and Nature for the factual wind scenario and the nearly perfect stimulation of
the fundamental internal seiche during and after the storm is surprising (and pleasing),
in particular since the linear theory would predict a multifold forth and back swing
of the internal seiche. The cause of the suppression of this swing in the model and in
Nature is not clear: destruction of energy by turbulent exchange or non-linear effects
as e.g. the development of the internal surge are possible candidates, which would
need deeper scrutiny. Such analyses could perhaps explain, why a pure stimulation
of the internal seiche in the test runs did not occur.
Unfortunately, none of such ideas has been tried in the last approximately 30
years. In fact, the worldwide unique electronic data collection with simultaneous
measurements of temperature by 12 thermistor chains and with a total of 40 current meters has not been preserved by those who were responsible in 1978 and the
ensuing years. Paper versions of drawings do exist and may help a bit. However, the
results in this chapter have clearly shown that validation of numerical models for
mountainous lakes in general and Lake Zurich, in particular, require observations
from synoptic whole lake field campaigns. Unfortunately, even though such global
synoptic campaigns have been and are being performed, their focus is generally too
narrow for validation of software of baroclinic circulation dynamics during wind
action and its aftermaths.
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Chapter 25

Comparing Numerical Methods
for Convectively-Dominated Problems

List of Symbols
Roman Symbols
a(u) =

Anj+1/2
D j+1/2

ζ f (u)
ζu

f (u)
F j+1/2

g(x)

Pe =

aΔx
Γ

sgn(x)
S nj+1
t
T (z, 0)
u
U nj
R,L
U j+1/2

x
x nj , f jn

Characteristic convective speed
Corrected (grid) anti-diffusive flux at the nth time step
ζu
Temporal mean value
 of the
 flux Γ ζx :

n+1
t
1
ζu
Γ ζx
(x j+1/2 , t)dt
D j+1/2 = Δt
tn
Flux of u
 t n+1
1
Temporal mean value of f : F j+1/2 = Δx
f (x j+1/2 , t)dt
tn
Initial distribution of a Heaviside-type function in a travelling shock
wave, see (25.54)
Grid-Péclet
 number, or cell Reynolds number
x >0
 1,
sgn(x) = ≈ [−1, 1], x = 0

−1,
x <0
n
S j+1 = sgn(U nj+1 − U nj )
time variable
Initial vertical temperature distribution
Differentiable function satisfying a conservation law
 x j+1/2
1
n
Spatial mean value of u in grid point j : U nj = Δx
x j−1/2 u(x, t )dx
Value of the linearly constructed u(x) at the right (R) or left (L)
boundary of the grid with midpoint x j+1/2
Position
Position, respectively function value at grid point j and at time slice n

In this chapter the primitive fundamentals of numerical techniques are assumed known. Its
content is classical insofar that the significant scientific numerical research work has been
published in the second half of the twentieth century, largely before the 1990s. The content is
certainly known to numerical analysts. However, to the physical limnologist not specialized in
the computational determination of convective-diffusive processes, the results for the flow of
advected material requires subtle discretization to correctly predict the physical flow processes.
The recognition of this fact is the reason for the presentation of the various outlined discretization
features that are known to the numerical specialist.

K. Hutter et al., Physics of Lakes, Volume 3: Methods of Understanding Lakes as Components of the
Geophysical Environment, Advances in Geophysical and Environmental Mechanics and Mathematics,
DOI: 10.1007/978-3-319-00473-0_25, © Springer International Publishing Switzerland 2014
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Greek Symbols
Γ
Γnum = |a|Δx
2
Γ˜
Δt
νx
ρ
∂j
∂Superbee (φ)
∂Minmod (φ)
∂Woodward (φ)
ηj

Turbulent diffusion coefficient
Numerical grid diffusivity
Artificial diffusivity
Time step
Grid size
Small positive increment of a variable
Slope limiter ∂ j = ∂(φ j ), φ j = (U j − U j−1 )/(U j+1 − U j )
∂Superbee (φ) = max[0, min(1, 2φ), min(φ, 2)
∂Minmod (φ) = max[0, min(1, φ)
∂Woodward (φ) = max[0, min(2, 2φ, 0.5(1 + φ))
1
slope limiter η j = Δx
∂ j (U j+1 − U j )

25.1 Preview and Attempt of a Judicious Evaluation
of Numerical Methods in Lake Dynamics
Lake dynamics is composed of convective heat and mass transfer accompanied by
turbulent diffusion. Usually, the effect of convection prevails over that of diffusion.
Numerical simulation of convective heat and mass transfer represents a very important area of application of computational fluid dynamics (CFD). Although CFD
techniques are often useful in gaining insight into fluid dynamic processes, they
have not, in the past, been generally reliable enough to be used (without experimental verification) in routine engineering design calculations where genuinely predictive capabilities are required. Of course there are exceptions, but in particular flows
involving highly convective processes, have presented CFD with some of its most
difficult challenges.
Successful modeling of strong convection is one of the most challenging problems
in computational fluid mechanics. On the one hand, although traditional first-order
finite difference methods (e.g., first-order upstream and Lax-Friedrichs schemes) are
monotonic and stable, they are strongly dissipative, causing the solution to become
smeared out and often grossly inaccurate. On the other hand, traditional high-order
difference methods (e.g. second-order upstream, central, Lax–Wendroff, Beam–
Warming, Fromm, and third-order QUICK, QUICKEST etc.) are less dissipative,
but are susceptible to numerical instabilities that cause nonphysical oscillations in
regions of large gradients of the variables. The usual way to deal with these types of
oscillations is to incorporate artificial diffusion into the numerical scheme. However,
if this is applied uniformly over the problem domain, and enough diffusion is added
to dampen spurious oscillations in regions of large gradients, then the solution is also
smeared out elsewhere.
In the past forty years, a tremendous amount of research was done in developing and utilizing modern high-resolution methods for approximating solutions of
hyperbolic systems of conservation laws. Among these methods, the flux corrected
transport (FCT) method (Boris and Book 1973, [4]; Book et al. 1975, [2], 1981,
[3]; DeVore 1991, [8]; Georghiou et al. 2000, [10]; Kuzmin et al. 2012, [19];
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Patnaik et al. 1987, [31]; Zalesak 1979, [47]) and the total variation diminishing (TVD) schemes (Blazek 2001, [1]; Harten 1983, [11]; Hou et al. 2012,
[12]; Kesserwani 2012, [17]; Kuzmin 2006, [18]; Jiang and Tadmor 1997,
[15]; LeVeque 2002, [26]; Nessyahu and Tadmor 1990, [30]; Tai 2000, [39];
Versteeg and Malalasekera 2007, [41]; Wang et al. 2004, [44]; Wesseling
2001, [45]) are the most widely used discretization schemes of this sort.
The FCT technique is a scheme for applying artificial diffusion to the numerical
solution of convectively-dominated flow problems in a spatially nonuniform way.
More artificial diffusion is applied in regions of large gradients, and less in smooth
regions. The solution is propagated forward in time using a spatially second-order
scheme in which artificial diffusion is then added. Alternatively, often spatial firstorder schemes are used in which additional diffusion is inherent. In regions where
the solution is smooth, some or all of this diffusion is subsequently removed, so
the solution there is basically second-order. Where the gradient is large, little or
none of the diffusion is removed, so the solution in such regions is first-order. In
regions of intermediate gradients, the order of the approximation of the solution
depends on how much of the artificial diffusion is removed. In this way, the FCT
technique prevents nonphysical extrema from being introduced into the solution. The
procedure of another high-resolution TVD scheme is similar to the FCT method.
These algorithms can ensure that the total variation of the variables does not increase
with time, thus no spurious numerical oscillations are generated. The approximation
can be of second or even third-order accuracy in the smooth parts of the solution, but
only first-order near regions with large gradients.
Comparisons of some numerical advection algorithms have been performed for
different test problems, see e.g. Chock (1985), [6]; Leonard (1979), [22]; Rood
(1987), [35]; Tóth and Odstrčil (1996), [40]; Wang and Hutter (2001), [43].
In this chapter we intend to consider a series of the most frequently used numerical
schemes, especially including high-resolution schemes. Many numerical schemes
have been summarized by Leonard (1997), [24]. We test these numerical methods
with respect to simple one-dimensional convectively-dominated problems. Numerical diffusivity, production of spurious oscillations, computational efficiency and
suitability for grid size or magnitude of diffusion are all taken into account, thus we
hope to gain some balanced view on the properties of different schemes in convectiondiffusion problems. Many results shown in this chapter have been presented in Wang
and Hutter (2001) [43]. A comparison of numerical schemes in simulating threedimensional wind-induced lake circulations will be performed in the next chapter.
In Sect. 25.2 a series of numerical methods: traditional first-order upstream, Lax–
Friedrichs; second-order upstream, central difference, Lax–Wendroff, Beam–
Warming, Fromm, third-order QUICK, QUICKEST schemes and high-resolution
flux corrected transport (FCT) and total variation diminishing (TVD) schemes are
summarized. Partial descriptions of these numerical schemes are extracted from
Leonard (1997), [24]. In Sect. 25.3 numerical results obtained by employing these
difference schemes are compared for linear and nonlinear pure convection problems with discontinuous initial data and by a convection-diffusion problem with
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sinusoidally-shaped initial distribution of the variable as well as for the deformation
of the temperature profiles in upwelling and downwelling areas in lakes. Some
concluding remarks are given in Sect. 25.4.

25.2 A Series of Numerical Methods
The basic equations describing circulations in lakes or oceans, e.g. the balance equations of linear momentum, energy and tracer mass, possess the form of an advectiondiffusion equation, in one-dimension


ζu
ζ f (u)
ζ
ζu
ζ
ζu
ζu
ζu
+
=
+ a(u)
=
Γ
or
Γ
(25.1)
ζt
ζx
ζx
ζx
ζt
ζx
ζx
ζx
together with appropriate initial and boundary conditions. Here, a(u) = ζ f (u)/ζu
is the characteristic (convective) speed depending on the variable u, Γ may be a
turbulent diffusion coefficient and u may either be the concentration of a passive
tracer, the temperature, salinity or a velocity component.
It is worthwhile to mention that, depending on the values of a and Γ , (25.1)
changes its character. If a = 0 and Γ √= 0, (25.1) is parabolic; but it is hyperbolic
when a √= 0 and Γ = 0. If a, Γ are functions of x and t, the character of the partial
differential equation may change locally and/or with time.
The numerical treatment of the convection-diffusion equation involves specific
difficulties which mainly originate from the different scales of the convective and
turbulent motion. We will see that for pure diffusion (parabolic equation) or physical diffusively-dominated problems, a spatial central and temporal Euler forward
difference scheme is basically suitable, but for convectively-dominated problems,
difference schemes of convection terms are quite sensible to stability and accuracy.
The high discretization errors of finite difference techniques lead often to physically
unrealistic results. Apart from numerical instabilities, fundamental mechanical or
thermodynamical principles can be violated. For instance, fronts emerging in investigated physical problems will not be sufficiently resolved due to numerical diffusion
(Maier-Reimer 1973, [28]).
Integrating (25.1) over the rectangle [x j−1/2 , x j+1/2 ] × [t n , t n+1 ],
x j+1/2
x j−1/2

=

tn
t n+1

tn

u(x, t n )dx

x j−1/2

t n+1

+

x j+1/2

u(x, t n+1 )dx −
f (x j+1/2 , t)dt −


ζu
Γ
ζx

t n+1
tn

(x j+1/2 , t)dt −

f (x j−1/2 , t)dt
t n+1
tn


ζu
Γ
ζx

(x j−1/2 , t)dt,

(25.2)
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and introducing the definitions of the spatial and temporal mean values
U nj =

1
Δx

F j+1/2

x j+1/2

u(x, t n )dx,

x j−1/2

1
= F(U ; j + 1/2) =
Δt

D j+1/2 = D(U ; j + 1/2) =

1
Δt

t n+1
tn
t n+1
tn

f (x j+1/2 , t)dt,

ζu
Γ
ζx

(25.3)

(x j+1/2 , t)dt,

a difference equation in form of
= U nj −
U n+1
j

Δt
Δt
F j+1/2 − F j−1/2 +
D j+1/2 − D j−1/2
Δx
Δx

(25.4)

is obtained, in which lower case Latin subscripts j denote the grid points while upper
case superscripts n indicate the time step. F j±1/2 denote the convection fluxes and
D j±1/2 indicate the diffusion fluxes on the cell boundaries at x j±1/2 , respectively,
which can be expressed as functions of the cell averages of the neighbouring cells.
This is the reason why in (25.3)2,3 F and D show a U -dependence. These numerical
fluxes may have different forms depending on the order of accuracy and types of
interpolation. If the cell averages in the flux functions are taken at the time level t n ,
one obtains an explicit numerical scheme, whilst using cell averages at time t n+1
results in an implicit method. Note that the spatial integration means that finitevolume methods are fundamentally dealing with the evolution of cell-average values
of the scalar (25.3)1 , rather than nodal-point values. This distinction is not often
stressed in the literature because for first- and second-order methods there is no
difference between cell-average and nodal-point values. For third- and higher-order
methods, however, this distinction is obvious. For example, Fig. 25.1 shows three
one-dimensional control-volume cells containing the same cell-average value, U j .
In Fig. 25.1a, the assumed subcell variation is piecewise constant: u(x) = u j = U j .
In panel (b) of the figure, the assumed subcell behavior is piecewise linear; again, u j
(at the center) equals U j . However, in panel (c), piecewise quadratic subcell behavior
is assumed; in general, u j √= U j in this case.

(a)

(b)

Fig. 25.1 Subcell interpolants: a constant; b linear; c quadratic

(c)
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The most rudimentary argument about using the flux (or conservative) form (25.4)
(or its differential form (25.1)1 ) rather than the advective form (25.1)2 to model the
transport of the physical variable is that with the flux form it is simpler to assure
that the physical variable is conserved. This is particularly so for a no-flux boundary
condition. It has also been argued that by using the flux form it is easier to avoid the
numerical nonlinear instabilities of the type reported by Phillips (1959) [32].
It is also important to distinguish between finite-volume methods and finitedifference methods—again because for first- and second-order methods, there is
an apparent similarity (although an important subtle distinction prevails as well).
Finite-difference methods result from estimating the derivatives in (25.1) directly,
rather than the integrated fluxes.

25.2.1 Central Difference Scheme
Figure 25.2 shows the appropriate subcell interpolation for what is usually known as
the second-order central scheme. However, as seen, the piecewise-linear
interpolant is downwind weighted. The rule for estimating the effective face value
is as follows: at a given face, establish the flow direction; in the adjacent upstream
cell, use the downwind-weighted piecewise-linear interpolant through node values
(≡ cell-average values); the effective face value is chosen to be that of the subcell
interpolant just upstream of the face. In the case shown in Fig. 25.2 for the right face
(a j+1/2 > 0), the subcell interpolant across cell j, i.e. x ≈ (x j−1/2 , x j+1/2 )), is

u(x) = u j +

u j+1 − u j
Δx

x,

a j+1/2 > 0.

According to the natural upwind rule

Fig. 25.2 Downwind-weighted piecewise-linear subcell interpolation in the case of a > 0

(25.5)
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u j+1/2 = lim u(x j+1/2 − ρ) =
ρ∈0

1
2


u j+1 + u j ,

(25.6)

i.e., a simple linear weighting of node values. The resulting face value is independent
on the flow direction—the downwind bias in the subcell interpolant has cancelled the
natural upwind bias. For example, if a j+1/2 were negative, the appropriate subcell
interpolant would be that in cell ( j + 1); but the downwind-weighted interpolant in
that cell would still be the straight line passing through node-values u j and u j+1 , giving the same result for u j+1/2 . One rather “unnatural” feature of this method occurs at
a cell where the velocity changes sign; i.e., a j+1/2 > 0, a j−1/2 < 0. In this case, two
different downwind-weighted linear interpolants are needed, simultaneously, across
cell j.
As pointed out by Leonard (1997) [24] a common misinterpretation of secondorder central methods is shown in Fig. 25.3. In this case, the subcell interpolant
consists of simple linear interpolation between node values (a linear spline), independent on the velocity direction. This is clearly inconsistent with the cell-average
condition which requires in the case of the piecewise-linear cell interpolation.
Uj = u j =

1
Δx

x j+1/2

u(x)d x,

across cell j.

(25.7)

x j−1/2

For diffusion terms, downwind-weighted piecewise-linear subcell interpolation
leads to the classical second-order form. For (25.5),

u j+1 − u j
ζu
ζu
|x=Δx/2−ρ =
.
(25.8)
=
ζx j+1/2
ζx
Δx
Again, the result is independent on the velocity direction.
In most cases of practical interest, the classical second-order central scheme for
diffusion terms appears to be adequate. Figure 25.4 shows the usual way of esti-

Fig. 25.3 A linear spline violating the cell-average constraint
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Fig. 25.4 Estimation of
diffusion terms using
quadratic interpolation

mating the diffusion term at nodal point j or across cell j. A parabola is collocated
symmetrically through three nodal points:

u(x) = u j +

u j+1 − u j−1
2Δx


x+

u j+1 − 2u j + u j−1
2(Δx)2

x 2.

(25.9)

For constant Γ , we can estimate the diffusion term in (25.1) from the second-derivate
of u(x) at nodal point j

Γ

ζ2u
ζx 2


=Γ
j

u j+1 − 2u j + u j−1
(Δx)2

.

(25.10)

A central difference scheme in space for both the convection and the diffusion
terms are employed in the forms of

F j+1/2 = f U j+1/2 ,
with U j+1/2 =

1
2

D j+1/2 = Γ j+1/2

U j + U j+1 .

U j+1 − U j
Δx

(25.11)

The time stepping used for processes other than diffusion is the well-known leapfrog
scheme (see e.g. Mesinger and Arakawa 1976, [29]). It is a temporal centred
scheme. In lake dynamics, it may be used for momentum, heat and tracer advection, pressure gradient, and Coriolis terms, but not for diffusion terms. The leapfrog
scheme is used only to the convection term in the convection-diffusion Eq. (25.1),
but is unsuitable for the diffusion term. An Euler forward temporal scheme regarding
the diffusion term is suggested. The discretized difference equation takes the form
2Δt n
(F j+1/2 − F nj−1/2 )
Δx

2Δt  n−1
n−1
n−1
n−1
n−1
n−1
Γ
+
(U
−
U
)
−
Γ
(U
−
U
)
.
j+1/2
j+1
j
j−1/2
j
j−1
(Δx)2

= U n−1
−
U n+1
j
j

(25.12)
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That the discretizations of the convection and the diffusion terms are considered at
different time levels is because, for a central difference scheme in space, the leap
frog time step is always unstable when a = 0 in Eq. (25.1)2 (pure diffusion case)
while the Euler forward scheme in time results in numerical instability for a pure
convection problem (Γ = 0). For details see e.g. Smith (1977) [36]. Therefore,
the discretization (25.12) ensures numerical stability for the convection-diffusion
problem both with dominant convection and with prevailing diffusion. However,
for the difference scheme (25.12), if the grid Péclet number (or cell Reynolds
number), defined by
Pe = aΔx/Γ,
(25.13)
exceeds the critical value Pe = 2, e.g., the convection term is dominant, and so
oscillatory grid dispersion may occur, which is unphysical (Price et al. 1966, [33]).
In order to avoid the above problems, Pe must be made smaller by using a finer
spacing. This can become very costly in terms of computer time. Another remedy is
to add large artificial diffusion, but that could make the original problem unrealistic.

25.2.2 Upstream Difference Scheme
The above mentioned numerical oscillations in CDS are due to the use of the unphysical central difference scheme for the convection term, because at any spatial point,
information by convection can come only from the upstream direction of this point. In
order to avoid the above problem non-centered upstream difference schemes in space
for the convection term ought to be used. However, as we shall see, this introduces
alternative difficulties.
Because for most flows of practical interest, the classical, second-order central
scheme for diffusion terms is adequate, from now on, we will discuss various difference schemes mainly for convection terms. If one considers only the convective part
of (25.1) the equation is the simplest first-order hyperbolic equation
ζ f (u)
ζu
+
=0
ζt
ζx

or

ζu
ζu
+ a(u)
= 0,
ζt
ζx

(25.14)

its difference equation, i.e. (25.4) with D j±1/2 = 0, can be written as
= U nj −
U n+1
j

Δt
F j+1/2 − F j−1/2 .
Δx

(25.15)

The hyperbolic differential Eq. (25.14) has the general solution u = g(x − at)
if a = constant where g(x) is an arbitrary differentiable function depending on the
initial condition. The lines x −at = const are called characteristics, and u is constant
on these lines. With this in mind a difference scheme is constructed which depends on
is computed
the slope of the characteristics, i.e. on the sign of a. The new value U n+1
j
back to the previous time level
by tracing the characteristic passing through U n+1
j
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Fig. 25.5 Velocity-direction-independent piecewise-constant behavior (UDS)

where the solution can be computed by linear interpolation from neighbouring grid
points. More details are given in Mesinger and Arakawa (1976) [29].
The most simple subcell interpolation assumes piecewise-constant behaviour, as
shown in Fig. 25.5. In this case, we have u(x) = u j = U j across cell j, with
discontinuities at cell faces. At any particular face, information is coming from the
upstream side of the face. With the expression of the convection flux

F nj+1/2

=

f (U nj ), for a nj+1/2 > 0,
f (U nj+1 ), for a nj+1/2 < 0,

(25.16)

a first-order accurate upstream scheme of (25.14) can be written as follows (Huang
1981, [13]):

Δt  n
n
f j+1 − f j−1
− |a nj+1/2 |ΔU nj+1/2 + |a nj−1/2 |ΔU nj−1/2 ,
2Δx
(25.17)
in which ΔU nj+1/2 = U nj+1 − U nj , f jn = f (U nj ). The characteristic speed a nj+1/2 is
defined by using the Rankine-Hugoniot jump condition (Roe 1981, [34]).
U n+1
= U nj −
j

a nj+1/2 =


n − f n )/ΔU n
 ( f j+1
j
j+1/2 ,

ΔU nj+1/2 √= 0,

 a(U n ),

ΔU nj+1/2 = 0.

j

(25.18)

The difference Eq. (25.17) can be seen as a three-point central difference approximation of (25.14) plus a numerical viscosity term, i.e., its difference form (25.15)
with the fluxes at the cell interfaces


n + f n − ∂n
∂nj+1/2 = |a nj+1/2 |ΔU nj+1/2 , (25.19)
F nj+1/2 = 21 f j+1
j
j+1/2 ,
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which indicates that the upstream difference scheme for the convection term is equivalent to the central difference scheme for this term and an additional numerical diffusion term

ζu
ζ
ζu
ζu
+a
=
Γnum
, with Γnum = |a|Δx/2.
(25.20)
ζt
ζx
ζx
ζx
Similar problems, e.g. oscillations in numerical solutions as discussed in the last
subsection with central differences may not be encountered; thus such one-sided
upstream differences are not restricted by that kind of criteria of the Péclet number
(Pe < 2) but such schemes lead to large numerical diffusion in time-dependent
problems.

25.2.3 Lax-Friedrichs Scheme
Another example of first-order finite difference approximations is the Lax–Friedrichs
scheme for which (25.14) takes the form
U n+1
=
j


1 n
Δt  n
n
f j+1 − f j−1
(U j+1 + U nj−1 ) −
.
2
2Δx

(25.21)

It can be seen as the scheme (25.15) with the fluxes
F nj+1/2 =

1
2


n
f j+1
+ f jn −

⎛
Δx  n
U j+1 − U nj
Δt

(25.22)

at the interfaces. As in the upstream method (25.19), the Lax–Friedrichs method
Δx
n
also has a numerical dissipation term ∂LF
j+1/2 = Δt ΔU j+1/2 , corresponding to a
2
diffusion coefficient of Γnum = (Δx) /(2Δt).

25.2.4 Second-Order Upstream Scheme (2UDS)
and Fromm’s Method
The upstream difference scheme (25.17) possesses only first-order accuracy in space.
By using Taylor series expansion in space, the value at the interface x j+1/2 can be
written as
ζu
1
ζ2u
1
+ (Δx)2 2 + · · · . (25.23)
u j+1/2 = u(x j + Δx/2, t) = u(x j , t) + Δx
2
ζx
8
ζx
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By retaining only the first two terms of (25.23) and using an upstream difference
approximation for the appearing spatial derivative, (25.23) becomes
U nj+1/2 = u nj+1/2 = 23 u nj − 21 u nj−1 = 23 U nj − 21 U nj−1 , a nj+1/2 > 0,

(25.24)

representing a linear extrapolation from u j−1 (= U j−1 ) through u nj (= U nj ), as shown
in Fig. 25.6, which corresponds to an upwind-weighted piecewise-linear interpolation

u(x) = u j +

u j − u j−1
Δx

x,

a j+1/2 > 0

(25.25)

across cell j. Similarly, if a nj+1/2 < 0, the value at the interface is
U nj+1/2 = 23 U nj+1 − 21 U nj+2 , a nj+1/2 < 0.

(25.26)

Relations (25.24 and 25.26) are conveniently implemented as follows
U nj+1/2 = 21 (U nj+1 + U nj ) − 41 (U nj+2 − U nj+1 − U nj + U nj−1 )
+ 41 sgn(a nj+1/2 )(U nj+2 − 3U nj+1 + 3U nj − U nj−1 ).

(25.27)

Substituting (25.27) into (25.4) with F j+1/2 = f (U j+1/2 ), the corresponding difference equation for the upstream scheme can be obtained.
Fromm’s method (Fromm 1968, [9]) results from averaging the values of
the second-order central and second-order upstream schemes. Figure 25.7 shows
the basic principle of Fromm’s method. The interpolant is linear but dependent on
the velocity direction. Across cell j, it has the form

Fig. 25.6 Upwind-weighted piecewise-linear subcell interpolation (2UDS)
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Fig. 25.7 Velocity-direction-independent piecewise-linear subcell interpolation (Fromm)


u(x) = u j +

u j+1 − u j−1
2Δx

x,

a j+1/2 > 0.

(25.28)

Then, the value at the interface has the form
⎝
U nj+1/2

=

U nj + 41 (U nj+1 − U nj−1 ),

a nj+1/2 > 0,

U nj+1 − 41 (U nj+2 − U nj ),

a nj+1/2 < 0.

(25.29)

It is instructive to rewrite (25.29) as a linear interpolation plus a correction term
⎝1
U nj+1/2

=

n
2 (U j+1
1
n
2 (U j+1

+ U nj ) − 41 (U nj+1 − 2U nj + U nj−1 ), a nj+1/2 > 0,
+ U nj ) − 41 (U nj+2 − 2U nj+1 + U nj ), a nj+1/2 < 0,

(25.30)

involving upwind-biased curvature (i.e. second-difference) terms.

25.2.5 QUICK Scheme
The Quadratic Upstream Interpolation for Convective Kinematics (QUICK) scheme
stems from a velocity-direction-dependent piecewise-parabolic interpolation through
node points, shown in Fig. 25.8. For comparison purposes, the cell averages are taken
to be the same as those in previous figures—but note that node values are slightly
different. By retaining the first three terms of (25.23) and using upstream-weighted
central difference approximations for the derivatives appearing there, i.e.,


u j+1 − 2u j + u j−1 2
u j+1 − u j−1
x , a j+1/2 > 0, (25.31)
x+
u(x) = u j +
2Δx
2(Δx)2
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Fig. 25.8 Velocity-direction-dependent piecewise-quadratic subcell interpolation (QUICK)

the estimated interface value is approximately
⎝
U nj+1/2

=

U nj + 41 (U nj+1 − U nj−1 ) + 18 (U nj+1 − 2U nj + U nj−1 ) for

a nj+1/2 > 0,

U nj+1 − 41 (U nj+2 − U nj ) + 18 (U nj+2 − 2U nj+1 + U nj ) for

a nj+1/2 < 0.

The difference between the node value u j and the cell-average value U j is neglected.
We could generalize the CDS, (25.11), second-order upstream, (25.24), Fromm’s,
(25.29), and QUICK, (25.2.5), schemes by writing
U nj+1/2 = 21 (U nj+1 + U nj ) − CF(U nj+1 − 2U nj + U nj−1 ) for a nj+1/2 > 0. (25.32)
and similarly for a nj+1/2 < 0, and thus introduce a “curvature-factor” coefficient, CF .
For the second-order central scheme, CF = 0; for second-order upstream scheme,
CF = 21 ; for Fromm’s method, CF = 41 ; and for the QUICK method, CF = 18 .
Such schemes are at least second-order accurate—and third-order accurate for CF =
1
8 (Leonard 1995, [23]).
The value at the right interface of these high-order spatial difference schemes is
implemented for any sign of a nj+1/2 as follows
U nj+1/2 = 21 (U nj+1 + U nj ) − 21 CF(U nj+2 − U nj+1 − U nj + U nj−1 )
+ 21 CF sgn(a nj+1/2 )(U nj+2 − 3U nj+1 + 3U nj − U nj−1 ). (25.33)
In unsteady flows, which are primarily convective, field variations are carried along
at the local fluid velocity. A better streaming estimation procedure can be used in
conjunction with quadratic upstream interpolation. Such a method was developed
by Leonard (1979) [22], named QUICKEST (QUICK with Estimated Streaming
Terms). It is third-order accurate in space as the QUICK scheme, and second-order
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in time. For brevity we do not here repeat this method, but will only demonstrate
some numerical results for it.

25.2.6 Lax-Wendroff and Beam-Warming Schemes
A wide variety of methods can be devised for convection equations by using different
finite difference approximations. Most of these are based directly on finite difference
approximations or Taylor series expansion in space. The Lax–Wendroff method
(Lax and Wendroff 1960, [20]) is based on Taylor series expansion in time
1
ζ2u
ζu
+ (Δt)2 2 + · · ·
ζt
2
ζt
1 2
ζ2u
ζu
+ a (Δt)2 2 + · · · ,
= u(x, t) − aΔt
ζx
2
ζx

u(x, t + Δt) = u(x, t) + Δt

(25.34)

where in the second line the convection Eq. (25.14) has been used. The Lax–
Wendroff method then results from retaining only the first three terms of (25.34)
and using centered difference approximations for the derivatives appearing there,
U n+1
= U nj −
j

 (aΔt)2 

aΔt  n
n
n
n
U j+1 − U nj−1 +
U
. (25.35)
−
2U
+
U
j+1
j
j−1
2Δx
2(Δx)2

The Beam–Warming method is a one-sided version of Lax–Wendroff. It is also
obtained from (25.34), but now using second-order accurate one-sided approximations of the derivatives,
 (aΔt)2 

aΔt  n
n
n
n
3U j − 4U nj−1 + U nj−2 +
U
.
−
2U
+
U
j
j−1
j−2
2Δx
2(Δx)2
(25.36)
Both the Lax–Wendroff and the Beam–Warming schemes are of second-order
accuracy not only in space but also in time.
U n+1
= U nj −
j

25.2.7 Flux Corrected Transport
As has been indicated and will also be seen in numerical results, for problems with
convection terms, traditional high-order accuracy methods (e.g., CDS, 2UDS, Lax–
Wendroff, etc) result in unexpected oscillations near zones with steep gradients
in the variables, while the first-order upstream differencing scheme (UDS, Lax–
Friedrichs) exhibits large false diffusion. There is no way of suppressing numerical diffusion and simultaneously having the desired accuracy except by reducing the
spatial grid size which causes large computer time. Therefore, it seems quite reasonable to try to add some anti-diffusion to the schemes which balances the unwanted
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numerical diffusion. Boris and Book (1973) [4] and Book et al. (1975) [2], (1981)
[3] offer such a method and call it flux-corrected transport technique (FCT). The FCT
strategy is to add as much of this anti-diffusive flux as possible without increasing
the variation of the solution, to ensure at least second-order accuracy on smooth
solutions and yet give well resolved, non-oscillatory discontinuities.
The method consists of the following steps: (i) one uses one of the traditional
schemes (e.g. first-order UDS, Lax–Friedrichs or second-order CDS, 2UDS,
Lax–Wendroff, Beam–Warming etc), and adds artificial diffusion where necessary (e.g. for second-order schemes) to assure monotonicity and, (ii) one eliminates
false diffusion Γ˜ added to high-order schemes (e.g. CDS), or which was inherent in
the scheme (e.g. first-order UDS). In principle the second step is of the form
ζ
ζu
=−
ζt
ζx


ζu
Γ˜
ζx

,

Γ˜ > 0,

(25.37)

where Γ˜ denotes the diffusive coefficient which is added artificially or is inherent in
the traditional schemes in the first step.
This anti-diffusion can be discretized from time level n to n + 1 in the form
U n+1
= U nj −
j

Δt
(An
− Anj−1/2 ),
(Δx)2 j+1/2

(25.38)

where A is the corrected anti-diffusive flux which eliminates the excessive numerical
diffusion where it is possible. Since additional viscosity is typically needed only near
discontinuities and large gradients, the coefficient of this anti-diffusive flux might
also depend on the behaviour of the solution, being smaller near discontinuities and
steep gradients than in smooth regions.
A may be considered as a flux which is successively added and subtracted, thus
satisfying conservation conditions. However, positiveness cannot be warranted. To
achieve positiveness and avoid formation of new maxima and minima with the
transported and diffused solution, a limiter for the anti-diffusive flux is introduced,
⎟
n
S nj+1/2 max 0, min |U nj+1 −U nj |,
Anj+1/2 = Γ˜ j+1/2
S nj+1/2 (U nj −U nj−1 ), S nj+1/2 (U nj+2 −U nj+1 )

⎞

(25.39)

with S nj+1/2 = sgn(U nj+1 − U nj ). We can see that this correction depends also on
neighbouring values, which become important in case of steep gradients. In case the
n
(U nj+1 − U nj ) as
minimum is equal to |U nj+1 − U nj | √= 0, we have Anj+1/2 = Γ˜ j+1/2
the uncorrected anti-diffusive flux. Otherwise, this formulation does not permit that
local maxima or minima are generated.
To see what the flux-correction formula (25.39) does, assume (U nj+1 − U nj ) > 0.
Then, (25.39) gives either
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⎟
⎞
n
Anj+1/2 = Γ˜ j+1/2
max 0, min (U nj+1 −U nj ), (U nj −U nj−1 ), (U nj+2 −U nj+1 )
or
Anj+1/2 = 0,

(25.40)

whichever is larger. The anti-diffusive flux, Anj+1/2 , always tends to decrease U n+1
j
and to increase U n+1
j+1 . The flux-limiting formula ensures that the corrected flux cannot
n+1
push U n+1
below U n+1
j
j−1 , which would produce a new minimum, or push U j+1 above

U n+1
j+2 , which would produce a new maximum. Equation (25.39) is constructed to take
care of all cases of sign and slope.
For UDS numerical diffusion is inherent. Here, the uncorrected anti-diffusive flux
is Γ˜ j+1/2 = |a nj+1/2 |Δx/2 as shown in (25.20). It can be easily seen if this uncorrected anti-diffusive flux is used for FCT, the same numerical results are obtained
as for CDS. Therefore, the effect of the limiter (25.39) is decisive for FCT. In the
numerical results below, the FCT scheme always indicates the UDS in the first step
plus the FCT in the second step.
A more general limiter especially suitable for explicit multi-dimensional implementations is described by Zalesak (1979) [47].

25.2.8 Total Variation Diminishing
Apart from FCT, another so-called high-resolution method is the Total Variation
Diminishing (TVD) method. The concept of TVD schemes was introduced by
Harten (1983) [11]. For certain types of equations these algorithms can ensure that
the sum of the variations of the field variable over the whole computational domain
does not increase with time, thus no spurious numerical oscillations are generated.
Since by numerical schemes only the value of the cell average is available, with the
concept of TVD the cells are reconstructed in such a way that no spurious oscillation
is present near a discontinuity or a zone with steep gradients and high-order accuracy
is simultaneously retained, e.g., the solution can be second- or third-order accurate
in the smooth parts of the solution, whilst it possesses only first-order accuracy at
extrema.
As for the FCT method, the main idea behind the TVD method is also to attempt
to use a high-order method, but to modify the method and increase the amount of
numerical dissipation in, and only in, the neighbourhood of a discontinuity or a
steep gradient so that the potentially occurring oscillations in high-order methods
are suppressed.
In the TVD method the non-oscillatory requirement is imposed more directly. It
requires that
N
−1
N
−1
⎠
⎠
n+1
|U n+1
−
U
|

|U nj+1 − U nj |.
(25.41)
j+1
j
j=0

j=0
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The contribution of terms in non-conservative form, e.g. physical source terms, are
added separately without the limiting procedures of TVD.
In the upstream method mentioned in Sect. 25.2.2 the physical value at the cell
boundary U j+1/2 is assumed to be one of the adjacent cell average values, either
U j or U j+1 . This is equivalent to using a piecewise constant approximation over the
cell. It then only gives first-order accuracy. In accordance with the TVD condition
the distribution of the physical variables over the cell is introduced by a piecewise
linear reconstruction,
ũ n (x, tn ) = U nj + η nj (x − x j ),

x ≈ [x j−1/2 , x j+1/2 ],

(25.42)

where the slope limiter η j = ∂ j (U j+1 − U j )/Δx and ∂ j is defined as a function of
the ratio of consecutive gradients φ j ,
∂ j = ∂(φ j ),

φj =

U j − U j−1
.
U j+1 − U j

(25.43)

To obtain the second-order accurate cell reconstruction and satisfy the TVD property,
∂(φ) must satisfy some conditions, i.e., it should be confined to a certain region in
the ∂—φ diagram. Sweby (1984) [38] showed that the region of values displayed in
Fig. 25.9a which ∂(φ) can take to possess the TVD property must lie in the shaded
region; however, for second-order TVD, ∂(φ) is confined to lie in the region shown
in Fig. 25.9b.
There are various selections for the function ∂(φ). If ∂(φ) is defined by the upper
boundary of the second-order TVD region, there results the so-called Superbee limiter
(Sweby 1984, [38]),
∂Superbee (φ) = max(0, min(1, 2φ), min(φ, 2)),
(a)

φ(θ)

(25.44)

(b)

φ(θ)

φ(θ)=θ

2.0

φ(θ)=θ

2.0

φ(θ)=1

1.0

0.0
0.0

1.0

2.0

3.0

θ

φ(θ)=1

1.0

0.0
1.0

2.0

3.0

θ

Fig. 25.9 a Region of values which ∂(φ) can take to possess the TVD property. b Region of values
∂(φ) for the second-order TVD methods, where the Superbee limiter (solid line) is on the upper
boundary, the Minmod limiter (dashed line) lies on the lower boundary and the Woodward limiter
(dotted line) lies between them
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whilst the Minmod limiter
∂Minmod (φ) = max(0, min(1, φ))

(25.45)

is obtained, if ∂(φ) is defined by the lower boundary of the second-order TVD region.
The Woodward limiter (dotted line) lies between them
∂Woodward (φ) = max(0, min(2, 2φ, 0.5(1 + φ))).

(25.46)

Figure 25.9b illustrates the values of ∂(φ) for these three limiters. Since ∂(φ) determines the value of the anti-diffusive flux, different limiters result in different diffusion. The Minmod and the Superbee limiters are the most and least diffusive of all
acceptable limiters, respectively. The Woodward limiter lies in between. Many other
different limiters can be found e.g. in Yee (1989) [46].
The application of slope limiters can eliminate unwanted oscillations and gives
second-order accurate reconstruction for smooth solutions over the cell (except near
critical points). One can therefore develop high-order resolution schemes without
spurious oscillation, but with the ability to capture a possible discontinuity.
Consider the piecewise linear reconstruction (25.42); there are two values at each
interface, i.e. U Lj+1/2 , U Rj+1/2 ; one stems from the left-side cell U j , and the other is
due to the right-side element, U j+1 . They are (see Fig. 25.10)
U Lj+1/2 = U j + 21 Δx η j ,

U Rj+1/2 = U j+1 − 21 Δx η j+1 .

(25.47)

Let us select a few cases of TVD schemes for our tests.
MUSCL Schemes. Spatially high-order Monotonic Upstream Schemes for Conservation Laws (MUSCL) are introduced by applying the first-order upstream numerical
flux (25.19) and replacing the arguments U j and U j+1 by the U Lj+1/2 and U Rj+1/2 ,
respectively. Since the piecewise linear reconstruction is second order accurate, the
spatially second-order MUSCL scheme is of the form
Fig. 25.10 The cell average
of the physical variable U j
(dashed line) and the piecewise linear cell reconstruction
(solid line) with two values at
each interface
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with


Δt
F j+1/2 − F j−1/2 ,
U n+1
= U nj −
j
 Δx

1
F j+1/2 = 2 f (U Rj+1/2 ) + f (U Lj+1/2 ) − ∂MUSCL
j+1/2 ,

(25.48)



RL
R
L
where ∂MUSCL
j+1/2 = |a j+1/2 | U j+1/2 − U j+1/2 is called the dissipative limiter. The
characteristic speed a RL
j+1/2 is obtained from the Rankine–Hugoniot jump condition
and given by

a RL
j+1/2


R
L
⎧
 f (U j+1/2 ) − f (U j+1/2 ) ,
=
U Rj+1/2 − U Lj+1/2
⎧

a(U j+1/2 ),

U Rj+1/2 √= U Lj+1/2 ,
U Rj+1/2

=

(25.49)

U Lj+1/2 .

TVD LAX–FRIEDRICHS method. A second-order TVD Lax–Friedrichs (TVDLF)
scheme can be obtained by replacing U j+1 and U j in the Lax–Friedrichs scheme
(25.22) with the second-order accurate U Rj+1/2 and U Lj+1/2 ,
U n+1
= U nj −
j


Δt
F j+1/2 − F j−1/2
Δx

(25.50)

where the fluxes are then given by
F j+1/2 =

1
2



f (U Rj+1/2 ) + f (U Lj+1/2 ) − ∂TVDLF
j+1/2


(25.51)

with the dissipative limiter
∂TVDLF
j+1/2 =

Δx
ΔU RL
j+1/2 ,
Δt

(25.52)

R
L
where ΔU RL
j+1/2 = U j+1/2 − U j+1/2 . However, this dissipative limiter leads to a
very diffusive scheme. Tóth and Odstrčil (1996) [40] suggested that the dissipative limiter should be multiplied by the maximum Courant number C max
j+1/2 =
|a j+1/2 |max Δt/Δx to obtain a modified dissipative limiter
TVDLF
max
∂MTVDLF
= C max
ΔU RL
j+1/2
j+1 ∂ j+1/2 = |a j+1/2 |
j+1/2 .

(25.53)

which preserves most of the desired properties of a TVD scheme. This scheme is
called the modified TVD Lax–Friedrichs method (MTVDLF). Cockburn et al.
(1989) [7] took |a j+1/2 |max = max[|a j+1/2 (U Rj+1/2 )|, |a j+1/2 (U Lj+1/2 )|]. It can be
easily seen that for one-dimensional problems with constant convection velocity both
MTVDLF and MUSCL schemes are identical.
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25.3 Comparison of Some Numerical Results
In this section we present numerical results depicting various numerical schemes
listed in the last section with respect to several simple test problems.

25.3.1 A Linear Convection Problem: Travelling Shock Wave
One of the simplest model problems is one-dimensional convection at constant velocity of an initial data with step function in the variable u without physical diffusion.
It has the general solution u = g(x − at) where g(x) is the initial distribution of u
assumed by

u l = 1, x  0.1,
(25.54)
g(x) =
u r = 0, x > 0.1.
The solution describes a wave propagating in the positive x-direction with the speed
a (if a > 0). Since the analytic solution is known in this simple case, the numerical
solution can be critically evaluated. Varying velocity fields, multi-dimensionality,
and non-rectangular coordinate systems all increase the difficulties in modeling
convection problems, but if an algorithm cannot model this simple problem correctly, then it will be of little use in more complex situations.
We choose the dimensionless convection velocity a = 0.01, the grid size
Δx = 0.005 (corresponding to a grid number N = 200 for the domain x ≈ [0, 1]).
Because the numerical schemes listed in Sect. 25.2 are of first-order or second-order
accuracy in time, respectively, but our main interest is in various spatial difference
schemes for the convection term, then in order to avoid numerical error due to discretization in time as far as possible, we choose in the computations a very small
time-step size Δt = 0.005. For this, the Courant number C = aΔt/Δx = 0.01 is
much smaller than required by stable conditions for most, but not all, schemes C < 1.
In Fig. 25.11 the results of using various difference schemes are shown for a
dimensionless time t = 50. At this instant the jump is moving through x = 0.6 from
its initial position x = 0.1. The highly diffusive nature of the first-order upstream
and the Lax–Friedrichs schemes (Fig. 25.11a, b) are clearly seen due to inherent
numerical diffusion. Especially for the Lax–Friedrichs scheme the jump is strongly
smeared. For both schemes reducing the grid size Δx (increasing grid number N )
will reduce numerical diffusion, but at the costs of larger computational time.
Standard second- or higher-order difference methods, e.g. the central, Lax–
Wendroff, second-order upstream, Beam–Warming, Fromm, QUICK, QUICKEST schemes, eliminate a great deal of such numerical diffusion but introduce dispersive effects that lead to unphysical oscillations in the numerical solution (Fig. 25.11
c–i). The central and Lax–Wendroff difference schemes introduce propagating
numerical dispersion terms (odd-order derivatives) which corrupt large regions of the
flow with unphysical oscillations, which are behind the advancing front and damped
with distance from the front. The second upstream and Beam–Warming schemes
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(a)

1-order Upstream

(c)

Central

(e)

2-order Upstream

(g)

Fromm

(i)

QUICKEST

(k)

TVDLF
(Superbee)

(b)

Lax-Friedrichs

(d)

Lax-Wendro

(f)

Beam-Warming

(h)

QUICK

(j)

FCT

(l)

MTVDLF
(Superbee)

Fig. 25.11 Comparison of different numerical methods with regard to the convective problem
with discontinuous initial data. The computations for the integration of Eq. (25.14) are performed
with grid number N = 200, dimensionless convective velocity a = 0.01 and dimensionless time
step Δt = 0.005. The results are illustrated for dimensionless time t = 50. Solid lines indicate
exact solutions; dashed lines are numerical solutions where circles denote the numerical results
at every fourth grid point, adapted from Wang and Hutter (2001) [43]. © John Wiley & Sons,
Ltd., reproduced with permission
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have been successful in eliminating artificial diffusion, while minimizing numerical
dispersion. Their leading truncation errors are (potentially oscillatory) third-orderderivative terms. The damped oscillations before the advancing front are typical
of these second-order upstream difference methods; however, the fourth-derivative
numerical dissipation is sufficiently large to dampen short-wavelength components
of the dispersion to some extent. Third-order upstream schemes, e.g. QUICK and
QUICKEST, have a leading fourth-derivative truncation error term which is dissipative, but higher-order dispersion terms can still cause overshoots and a few oscillations when excited by nearly discontinuous behaviour of the advected variable.
However, they are considerably smaller than the other second-order schemes. The
profiles simulated by the QUICK and QUICKEST schemes remain comparatively
sharp; the small undershoots and overshoots which develop are each about only 5 %
of the step height, while for the central and the Lax–Wendroff schemes such underand overshoots can reach almost 30 % of the step height; and the ranges of oscillations by the QUICK and QUICKEST schemes are also much smaller than that with
the second-order schemes.
For high-resolution methods e.g. FCT and TVDLF, no oscillations occur in numerical solutions, but visible smearings do still exist although they are much smaller than
for the first-order methods. The modified TVDLF scheme, which is identical with
the MUSCL scheme for this problem, indicates the best agreement with the exact
solution of this problem. If the Superbee slope limiter, which possesses the least diffusion of all acceptable limiters, is replaced by the Woodward or Minmod limiters,
a little more visible diffusion occurs, as seen in Fig. 25.12.
To quantitatively discriminate how well these schemes can describe the convection problem with a discontinuity an error measure for the physical variable u is
introduced,
⎪
exact |
j |U j − u j
⎪ exact
,
(25.55)
Err or =
|
j |u j
where u exact
denotes the exact solution of the jth cell, while U j is the corresponding
j
numerical value.
The errors of various difference schemes are listed in Table 25.1 with different
grid numbers N . It can be seen that the errors decrease with increasing grid num-

(a)

MTVDLF
(Woodward)

(b)

MTVDLF
(Minmod)

Fig. 25.12 Same as in Fig. 25.11 but here only results are shown for the MTVDLF method with
the Woodward and Minmod limiters, adapted from Wang and Hutter (2001) [43]. © John Wiley
& Sons, Ltd., reproduced with permission
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Table 25.1 Errors [%] of the different numerical schemes with regard to the convective problem
with discontinuous initial data
Grid number N

30

Upstream
Lax-Friedrichs
Central (CDS)
Lax-Wendroff
2-order Upstream
Beam-Warming
Fromm
QUICK
QUICKEST
FCT
TVDLF (Superbee)
MTVDLF (Superbee)
MTVDLF (Woodward)
MTVDLF (Minmod)

14.723
95.862
18.670
18.596
9.345
9.337
13.456
17.639
16.222
10.3286
82.643
5.129
5.666
7.964

50

100

200

400

11.767
88.546
14.881
14.804
7.147
7.132
4.881
7.501
5.941
7.523
46.388
3.178
3.767
5.694

8.596
58.715
10.984
10.606
5.154
5.108
2.813
3.471
2.795
4.846
8.559
1.637
2.197
3.629

6.215
21.540
8.126
7.302
3.698
3.598
1.782
2.155
1.616
3.090
4.303
0.834
1.310
2.324

4.452
10.042
5.958
4.495
2.690
2.467
1.209
1.450
0.950
1.939
3.321
0.422
0.798
1.491

Here results for different spatial resolutions are displayed. The other conditions are the same as in
Fig. 25.11. The smallest errors in each column are shown in bold

ber for all numerical schemes, not only for the first-order schemes with numerical
diffusion but also for high-order schemes with unphysical oscillations. Therefore, in
principle, grid refinement can alleviate these numerical errors. The necessary degree
of refinement is often completely impracticable for engineering purposes, especially
if one is attempting to model problems as unsteady three-dimensional turbulent flow
in lake dynamics. It is worthwhile to mention that the numerical solution of the
TVDLF method for small grid number (e.g. N = 30 or 50) has even a much larger
error (numerical diffusion!) than that of the first-order upstream scheme; the reason is
the property of the Lax–Friedrichs scheme, whose error is proportional to (Δx)2 .
Therefore, in general, one should abandon the TVDLF method, but use the MTVDLF
or MUSCL schemes. It is also interesting to note that the third-order QUICK and
QUICKEST schemes may produce more inaccurate results than most first-order or
second-order difference schemes if spatial resolution is too rough as for the case of
N = 30. Thus, simply going to high-order schemes does not necessarily produce a
proportionate increase in accuracy. Among some traditional second-order schemes,
although their errors are of the same order as MTVDLF in some cases, they should
not be used because of their property of oscillation. The MTVDLF scheme is still
most preferable, because the oscillations resulting from the schemes are of importance, e.g. in the simulation of horizontal propagation of concentration patterns, in
many cases leading to locally negative concentrations or other anomalies.
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25.3.2 A Convection-Diffusion Problem
The second type of model problem to be considered is a one-dimensional constantcoefficient version of (25.1), in which, besides convection, physical diffusion is
included. We first consider a simple one-dimensional diffusive problem
ζu
ζ2u
= Γ 2,
ζt
ζx

Γ = const.

(25.56)

The general solution of (25.56) for an arbitrary initial distribution, u(x, t = 0) =
g(x), diffusing in an unbounded space is given by (Carslaw and Jaeger 1959, [5])
u(x, t) =

∀
−∀

⎛

g(ξ)
(x − ξ)2
dξ.
exp
−
2(ωΓ t)1/2
4Γ t

(25.57)

Then, the solution for a one-dimensional linear convection-diffusion problem
ζu
ζu
ζ2u
+a
= Γ 2 , a = const, Γ = const
ζt
ζx
ζx

(25.58)

can be given in the form
u(x, t) =

∀
−∀

⎛

g(ξ)
(x − at − ξ)2
dξ.
exp −
2(ωΓ t)1/2
4Γ t

(25.59)

Numerical results will be compared with this analytic solution.
In our numerical simulations, the various difference schemes displayed in
Sect. 25.2 are used for the convection term, but only a classical central difference
scheme for the diffusion term, because it is reasonable for most flows of practical
interest. We choose all parameters in a physically reasonable range for computing
tracer convection-diffusion problems in lakes, even though here we still deal only
with one-dimensional problems. The studied domain is 10 km long (x ≈ [0, 10] km)
to ensure that the influence of the boundary conditions is negligible. The grid size is
Δx = 0.1 km corresponding to a total grid number N = 100. The time-step size is
Δt = 2 s. Test computations indicate that for any smaller time-step size numerical
solutions of various difference schemes remain basically unchanged. This means that
with this time-step size numerical errors are not related to time truncation, but rather
to spatial difference schemes. We assume a constant water velocity a = 0.04 m s−1
in the positive x-direction (a typical water velocity in lakes) and an initial distribution
of tracer concentration
⎝
0.4 sin [(x − 2)ω] , x ≈ [2, 3] km,
(25.60)
u(x, t = 0) =
0,
for all other x
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with its maximum at x = 2.5 km. A series of computations are performed for various
Péclet numbers, see definition (25.13), representing essentially the ratio between
convection and diffusion.
In Fig. 25.13 a–j the numerical solutions (dashed lines with circles) simulated by
various schemes and the corresponding analytic solution (solid lines) are illustrated
at the instant t = 30 h for Pe ∈ ∀ indicating pure convection. Results for the Lax–
Friedrichs and TVDLF schemes are not shown, because for both schemes the tracer
is dispersed rapidly as a result of large numerical diffusion due to the large grid size,
so that the numerical errors for both schemes are almost always larger than 100 %.
Therefore such numerical schemes hold less practical interest for this problem.
It can be seen that, as in Fig. 25.11 for the moving jump problem, all second-order
numerical schemes exhibit numerical oscillations, while the first-order upstream and
even the high-resolution Flux Corrected Transport (FCT) schemes are accompanied
by large numerical diffusion. The behaviour of both the central and the Lax–
Wendroff schemes as well as both the second-order upstream and the BeamWarming schemes are very similar. The third-order QUICK scheme, especially the
QUICKEST scheme achieve better numerical results. Among all these schemes, the
result accomplished by the high-resolution MTVDLF (or MUSCL) is closest to the
exact solution.
If physical diffusion exists, numerical oscillations caused by high-order numerical
schemes can partly or even entirely be damped out, depending on the magnitude of
the Péclet number. In Fig. 25.14 the same results as in Fig. 25.13 are depicted but
accompanied by physical diffusion with a diffusion coefficient of Γ = 0.2 m2 s−1 ,
corresponding to a Péclet number of Pe = 20. Owing to this physical diffusion, the
numerical oscillations exist now only in fairly narrow regions with large gradients,
and their amplitudes are also much smaller than for pure convection (by comparing
with Fig. 25.13). In this case, as the high-resolution MTVDLF scheme, the thirdorder QUICK and QUICKEST methods produce also fairly good results.
In Table 25.2 the computational errors of various difference schemes are listed
for different Péclet numbers Pe = ∀, 40, 20, 4, 1 and 0.4, which correspond to
diffusion coefficients Γ = 0, 0.1, 0.2, 1, 4 and 10 m2 s−1 , respectively. Obviously,
computational errors decrease with decreasing Péclet number. If Pe < 2, i.e., the
effect of diffusion is dominant in the physical process, the oscillations caused by
high-order schemes do no longer occur, the errors of almost all numerical schemes
are below 2 %, except for the first-order schemes, for which numerical diffusion is
still comparable with the physical value. Therefore, oscillatory grid dispersion may
be excited only if the Péclet number exceeds the critical value Pe = 2, while firstorder differences are not restricted by this kind of criteria, however, such schemes
lead to large numerical diffusion.
The differences between the central and Lax–Wendroff as well as between
second-order upstream and Beam–Warming schemes are negligibly small, not only
for total errors as listen in Table 25.2 but also for their local numerical solutions as
illustrated in Figs. 25.13 and 25.14. For the convectively-dominated case (Pe > 20),
the QUICK and QUICKEST schemes are much more inaccurate, although they are
even more accurate for large physical diffusion (Pe ◦ 1) than the MTVDLF scheme
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Central
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(e)

Beam-Warming
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1-order Upstream

(g)

(h)

QUICK
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(i)

(j)

FCT

MTVDLF

x [km]
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Fig. 25.13 Results of different numerical methods for the tracer convective problem with the initial
data of sinusoidal shape in a finite interval [2, 3] km. The computations are performed with grid
number N = 100 (corresponding to a grid size of Δx = 100 m), convective velocity a = 0.04 m s−1
and time step Δt = 2 s. The results are displayed for the instant t = 30 h. Solid lines indicate exact
solutions; dashed lines are numerical solutions where circles denote the numerical results at every
second grid points, adapted from Wang and Hutter (2001) [43]. © John Wiley & Sons, Ltd.,
reproduced with permission
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Fig. 25.14 Same as Fig. 25.13 but now for a problem with an additional diffusion term with a
diffusion coefficient of Γ = 0.2 m2 s−1 , corresponding to a Péclet number of P e = 20. The
equation is (25.58) and the exact solution is (25.59), adapted from Wang and Hutter (2001) [43].
© John Wiley & Sons, Ltd., reproduced with permission

25.3 Comparison of Some Numerical Results

119

Table 25.2 Errors (in [%]) of the different numerical schemes with regard to the tracer convectiondiffusion problem with a sinusoidal shape of the initial data
Péclet number: P e

∀

Upstream
Central
Lax-Wendroff
2-order Upstream
Beam-Warming
Fromm
QUICK
QUICKEST
FCT
MTVDLF (Superbee)
MTVDLF (Woodward)
MTVDLF (Minmod)

102.959
86.938
86.262
79.343
79.218
30.829
24.1792
18.731
69.754
8.054
22.501
51.883

40

20

4

1

0.4

89.533
52.461
52.262
62.726
62.624
22.259
16.158
12.185
57.461
6.311
16.738
41.034

80.095
36.858
36.730
50.460
50.392
16.441
11.121
8.176
48.550
6.110
12.866
32.991

46.046
7.980
7.975
14.769
14.751
3.938
2.172
1.038
18.988
4.757
3.524
10.461

18.473
1.255
1.253
2.444
2.442
0.614
0.326
0.019
3.863
1.566
0.581
1.922

8.490
0.547
0.546
1.025
1.026
0.543
0.432
0.402
1.326
0.821
0.714
1.113

Results are displayed for different Péclet numbers. The other conditions are the same as in Fig. 25.13.
The smallest errors in each column are shown in bold

with the Superbee limiter. It can also be seen from Table 25.2 that the Woodward and
Minmod limiters bring fairly large errors into the MTVDLF scheme for large Péclet
number due to large numerical diffusion. Among all cases the MTVDLF scheme with
the Superbee slope limiter is proved to be most suitable for this physical problem.

25.3.3 A Non-Linear Convection Problem
Among the field equations which describe wind-driven circulations in limnological or
oceanic dynamics, the balance equation of momentum is non-linear due to its nonlinear advection terms. When one attempts to solve non-linear conservation laws
numerically one runs into additional difficulties not seen in the linear equation. We
have, however, already seen some of the difficulties caused by large gradients of the
variable in the linear case. For non-linear problems there are additional difficulties
that can arise (LeVeque 1992, [25]):
• The method might be “non-linearly unstable”, i.e., unstable when applied to the
non-linear problem even though the linearized version may appear to be stable.
Often oscillations will trigger non-linear instabilities.
• The method might converge to a function that is not a solution of the original
equation.
For instance, consider the non-linear problem (25.14) with a(u) = u ( f =
corresponding to the Burgers equation, and an initial function

u(x) =

u l = 0.7, x ◦ 2,
u r = 0.1, x > 2.

1 2
2 u ),

(25.61)
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By use of the Rankine–Hugoniot jump condition (25.49) it is easily seen that the
shock speed, the speed at which the discontinuity travels, is given by
ajump =

f (u r ) − f (u l )
= 21 (u r + u l ) = 0.4.
ur − ul

(25.62)

Hence this non-linear equation with the initial condition (25.61) must have the same
analytic solution as the linear problem with a constant advection velocity a = 0.4.
For this non-linear equation, let numerical simulations be constructed with a nonconservative upwind scheme
= U nj −
U n+1
j

Δt n n
U (U − U nj−1 )
Δx j j

(25.63)

and a non-conservative central difference scheme
U n+1
= U n−1
−
j
j

Δt n n
U (U
− U nj−1 ),
2Δx j j+1

(25.64)

as well as the conservative forms of such two schemes
U n+1
= U nj −
j

1 Δt
((U nj )2 − (U nj−1 )2 )
2 Δx

(25.65)

and
U n+1
j

⎨
2  n
2 
n + Un
n
U
U
+
U
1 Δt ⎩
j
j+1
j
j−1
,
= U n−1
−
−
j
2 Δx
2
2

(25.66)

respectively.
We choose time step Δt = 0.01 and grid size Δx = 0.1 (corresponding to a grid
number N = 100 for the domain x ≈ [0, 10]). Numerical results obtained by the
four difference schemes (25.63–25.66) and the TVD scheme with the Superbee and
Minmod limiters, respectively, are illustrated in Fig. 25.15 for a dimensionless time
t = 10; at this time the jump has moved to x = 6 from its initial position x = 2.
Some features exhibited in Fig. 25.15 are impressive:
• The non-conservative forms of UDS and CDS are inadequate to model the nonlinear advection equation with a discontinuity or a large gradient of the variable.
With the non-conservative UDS, (25.63), the numerical solution propagates at
the wrong speed (panel (a)), whereas with the non-conservative CDS, (25.64),
although the propagating speed of the solution is fairly accurate, the numerical
oscillations are so large that the true solution is overshadowed (panel (c)).
• The conservative UDS, (25.65), shows excellent agreement with this non-linear
problem (panel (b)). Different from the solution of the linear problem (Fig. 25.11a),
less numerical diffusion exists here in the result obtained by the UDS.
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Fig. 25.15 Comparison of different numerical methods with regard to a one-dimensional nonlinear advective problem with discontinuous initial data. Computations are performed with the grid
number N = 100 and the dimensionless time step Δt = 0.01. The results are illustrated for the
dimensionless time t = 10. Solid lines indicate the exact solution; dashed lines are numerical
solutions where circles denote the numerical results at every second grid points, adapted from
Wang and Hutter (2001) [43]. © John Wiley & Sons, Ltd., reproduced with permission

• The conservative CDS (25.66) exhibits still large numerical oscillations (panel
(d)), although they are much smaller than those by the non-conservative scheme.
The propagation of the solution obtained by the conservative CDS seems slightly
faster than its exact solution.
• The TVD scheme with the Minmod limiter exhibits a small amount of visible numerical diffusion (panel (e)). The TVD scheme with the Superbee limiter
demonstrates the best performance in this problem (panel (f)).
In summary, the TVD scheme (with the Superbee limiter) is the most suitable difference scheme not only for a linear advection but also for a non-linear advection
problem, while the conservative form of the UDS is also suitable but only for the
purely non-linear problem.
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25.3.4 Deformation of Temperature Profile Caused
by Vertical Convection in Stratified Lakes
As we have seen, for problems with dominant convection terms, conventional
high-order accuracy difference methods result in numerical oscillations near steep
gradients of variables. Alternatively, first-order difference schemes avoid such oscillations, but inherent numerical diffusion included in such schemes often causes severe
inaccuracies. The modified TVDLF method (MTVDLF) seems to be a suitable technique. As another typical illustration of the behaviour of such schemes, consider the
temporal alteration of vertical temperature distributions in a stratified lake.
In a lake the stratification varies seasonally according to the solar radiation that
heats the upper most layers of the lake, and wind-induced motions and turbulences
transfer this heat to greater depths. By late summer these processes will have established a distinct stratification, that essentially divides the water mass into a warm
upper layer (epilimnion), a cold deep layer (hypolimnion) which are separated by a
transition zone (metalimnion) with a sharp temperature gradient. A typical evolution
of such temperature profiles through the seasons is shown in Fig. 1.8 of Chap. 1
in Vol. 1 of this book series. A typical initial vertical temperature profile may be
given by
⎝
T (z, t = 0) =

17 − 2 exp [(z − 20)/5],
5 + 10 exp [(−z + 20)/5],

0  z  −20 m,
z  −20 m,

(25.67)

in which the vertical coordinate, z is directed upward with z = 0 at the undeformed
water surface. The largest temperature gradient occurs at the depth z = −20 m, which
is called thermocline. Under the effect of wind stress at the water surface, strong vertical convection, occurring mainly near lake shores, causes a vertical movement and
hence declination of the thermocline. Accurate simulation of the temporal alteration
of the stratification is decisively important for studying the baroclinic response of a
lake.
In lake dynamics the temperature (energy balance) equation is a three-dimensional
convection-diffusion equation. Here, for simplicity, we still only consider
one-dimensional motions with a typical vertical velocity of 1.0 × 10−3 m s−1 upward
(upwelling) and downward (downwelling), respectively; we neglect the effect of
diffusion, and choose a time step Δt = 2 seconds and a grid size Δz = 2 m corresponding to a grid number N = 50 through the total vertical domain of 100 m.
Thus the hyperbolic variant of (25.1) for u = T is addressed with (25.67) as initial
condition.
The computed deformations of the temperature profile after 3 days in the presence
of upwelling and downwelling, respectively, simulated by central differences, are
displayed in Fig. 25.16a. The gradients are smoothed out ahead of the moving frontal
interface, while wave-like phenomena appear behind the front. In this example the
waves cause numerical oscillations. In many practical computations of lake dynamics
such oscillations are so large that numerical instabilities occur. Therefore, they must
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Fig. 25.16 Comparison of the performance of different difference schemes in computations of
temperature profiles in upwelling and downwelling areas of a lake, respectively. Solid lines indicate the initial temperature profile, while dashed lines mark the computed temperature distributions after 3 h in upwelling and downwelling areas, respectively, with a convection velocity of
a = 1.0 × 10−3 m s−1 , adapted from Wang and Hutter (2001) [43]. © John Wiley & Sons, Ltd.,
reproduced with permission

be removed by the mechanism for simulating convection that should be incorporated
in any model, e.g. by use of a physically reasonable first-order upstream simulation of
convection or by adding an artificial diffusion. However, it is clear that in this kind of
a model the initially steep temperature gradient will soon be dissipated, as the results
show in Fig. 25.16b obtained by using the upstream difference scheme. Therefore,
removal of the oscillatory effects of the spatial central difference discretization of the
convection terms can be accomplished by including sufficient diffusion in the model.
However, in general this would mean that numerical diffusion would be far greater
than the actual physical diffusion effects. In many cases, such necessary numerical
diffusion is so large that numerical results are unrealistic; indeed one can often
see in computational lake dynamics that the numerical diffusion is much larger than
its physically reasonable counterpart so that some physically interesting phenomena,
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e.g. internal waves that are a persistent phenomenon everywhere in stratified lakes are
damped out rapidly and not discernible in numerical results. In principle, the required
artificial diffusion can always be reduced by increasing the spatial resolution (Wang
and Hutter 1998, [42]), which may become very costly in terms of computer time.
As we have seen, attempts have been made to design numerical schemes that can
properly deal with convectively-dominated problems. A successful approach is the
use of high-resolution numerical schemes for convection terms. Results are shown in
Fig. 25.16c using the FCT scheme and in Fig. 25.16d for the MTVDLF method. It is
obvious by comparison with the upstream scheme (Fig. 25.16b) that the FCT scheme
reduces the numerical diffusion greatly, but it is still larger than that obtained by the
MTVDLF method with the Superbee limiter and smear is still visible. As before,
the MTVDLF scheme yields quite accurate results. In fact, the temperature profiles
simulated with the MTVDLF scheme (Fig. 25.16d) are essentially a parallel move
of its initial distribution upward (upwelling) and downward (downwelling).

25.4 Concluding Remarks
Satisfactory numerical modeling of convection problems presents a well-known
dilemma to the computational fluid dynamicist. On the one hand, traditional secondorder differences lead often to unphysical oscillatory behaviour or disastrous nonconvergence in regions where convection strongly dominates diffusion. On the other
hand, computations based on the classical alternative of first-order, e.g. upstream
differencing often suffer from severe inaccuracies due to truncation errors. This
error mechanism can be associated with equivalent artificial numerical diffusion
terms introduced by the first-order upstream differencing of convection. Although,
in principle, grid refinement can alleviate all these problems, the necessary degree of
refinement is often impracticable for engineering purposes. The quadratic upstream
interpolations for convective kinematic schemes (QUICK and QUICKEST) have
the desirable simultaneous properties of third-order accuracy and inherent numerical
convective stability. Compared with traditional first-order or second-order difference
schemes, the QUICKEST method can produce a solution of high accuracy, but the
methods are clearly limited in their ability to resolve regions of large gradients if
spatial resolution is not sufficiently high. With the development of modern numerical modeling, one has step by step found a way out of the dilemma: the use of
so-called high-resolution methods. Between two high-resolution methods, the FCT
scheme possesses almost no advantage over the QUICK or QUICKEST schemes.
The effects of the modified TVDLF (MTVDLF) method, which in one-dimensional
problems is in agreement with the MUSCL scheme, is highly dependent on the used
slope limiters in some cases. Computations indicate that the MTVDLF scheme with
the Superbee slope limiter is most favourable in treating convectively-dominated
problems.
Although the modified TVDLF schemes can describe convection problems with
a discontinuity or a large gradient very well, they are at most first order accurate
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at local extrema. This disadvantage results in some cases in the so-called clipping
phenomena, an example of which was illustrated in Tai (2000) [39]. To circumvent
this, more modern shock-capturing ENO (Essentially Non-Oscillatory) (LeVeque
1992, [25]; Sonar 1997, [37]) and WENO (Weighted Essentially Non-Oscillatory)
schemes have been introduced (Jiang and Wu 1999, [16]; Liu et al. 1994, [27]).
In lake and ocean dynamics, with the introduction of three-dimensional circulation models the convection terms take on considerable importance; if not in the equations of motion, then certainly in the temperature and salinity equations. Besides,
the interest in hydrodynamic modeling as a tool to study water quality problems
led to the use of convection-diffusion equations and their approximate treatment to
simulate transports of dissolved or suspended matter in natural basins (Hutter and
Wang 1998, [14]; Lam and Simons 1976, [21]). To our surprise, so far, in computational lake and ocean dynamics, only few models use high-resolution schemes
to simulate convection terms, while most models treat convection terms still only
with traditional central or upstream differences. The treatment of convection terms
in three-dimensional circulation models in lakes forms the subject of the subsequent
chapter.
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Chapter 26

Comparing Different Numerical Treatments
of Advection Terms for Wind-Induced
Circulations in Lakes
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Roman Symbols
b
C(s)
(dΔ)ξ
(dΔ)η
ϕ

ϕ

ϕ

D ξ , Dη , Ds
ϕ

Ds V
ϕ
Ds V

f

ϕ

ϕ

ϕ

Fξ , Fη , Fs

g
grad
hc
Hθ
i, j, k
Jϕ
m, n
n
p

Qu , Qv

s
t
T

Bottom control parameter in (26.6)
Parameter in (26.6) defining s-curves
Infinitesimal arc length in the computational
plane in terms of that in

the physical plane (dΔ)ξ = m1 dξ
Infinitesimal arc length in the
plane in terms of that in

 computational
the physical plane (dΔ)η = n1 dη
Turbulent diffusion fluxes, see (26.16) and (26.17)
ϕ

Horizontal contribution to Ds , see (26.18)
ϕ
Vertical contribution to Ds , see (26.18)
Coriolis parameter
Advection fluxes, see (26.15)
Gravity acceleration
Gradient operator
Minimum depth of the bathymetry of a lake basin
Hθ ≈ ∂z/∂s, z is given in (26.6)
Subscripts identifying grid points in the x, y, s directions
Global relative error for the physical variable ϕ
Metric coefficients of the orthogonal horizontal coordinate transformation (ξ, η) = (ξ, η)(x, y)
Superscript identifying the time slice
(Physical) pressure
Source terms in (26.10) and (26.11) comprising of contributions from
Coriolis force and pressure gradient
s-coordinate for the definition of ‘stretched or squeezed’ z-coordinate,
see (26.6)
Time
Temperature
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T0
u, v, w
v
x
x, y, z
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Reference temperature (at 4 √ C)
Cartesian velocity components
Velocity vector
Position vector
Cartesian components of v

Greek Symbols
α
φ = p/ρ
ρ, ρ0
ϕ
v , νv
νH
V

Coefficient of thermal expansion
Dynamic reduced pressure
Density, reference density (= 1,000 kg m−3 )
Scalar valued physical variable
Horizontal, respectively vertical eddy viscosities

T , νT
νH
V
θ
ϕ
θi, j,k |ξ
(ξ, η)(x, y)
Ψ

Horizontal, respectively vertical eddy diffusivities
Surface control parameter in (26.6)
Slope limiter parameter, defined in (26.37)
Curvilinear coordinates in the horizontal plane
Modified vertical velocity

26.1 Computation in Environmental Fluid Mechanics:
Finding the Needle in a Haystack
Knowledge of water movements is a prerequisite for the study of a multitude of
water quality problems of natural and artificial lakes. The computation of the current
distribution in a lake is commonly performed with the shallow water equations on
the rotating Earth in the Boussinesq approximation—the vertical momentum balance
reduces to the force balance between pressure gradient and gravity (buoyancy) force,
and density variations are only accounted for in the buoyancy term. Usual numerical techniques for the integration of the shallow water equations make use of finite
difference (FD) and finite element (FE) discretizations for the velocity, temperature
and tracer concentration fields. Occasionally finite volume (FV) and semi-spectral
methods are also used. In modern computational software the shallow water approximation is more and more replaced by various forms of the so-called non-hydrostatic
models.
Advective processes are of central importance in all aspects of fluid dynamics. Because modern computing machines have made it possible to build realistic
numerical models, there has been extensive work in the development of numerical
algorithms to model advective or advectively-dominated processes. As indicated in
the in the last chapter, the numerical modeling of advection, however, is plagued
with difficulties. All schemes have numerical errors, and it is common place that unrealistic negative (!) concentration values are generated when e.g. a tracer diffusion
problem in lakes or oceans is simulated with a traditional second-order difference
scheme (Hutter and Wang 1998, [30]) or unphysical negative temperature values
are developed (Farrow and Stevens 1995, [17]). The most simple, straightforward
schemes have so large errors associated with them that the inadequacies of the advection algorithm quickly dominate the model output. In such circumstances it bears little

26.1 Computation in Environmental Fluid Mechanics

131

resemblance to the physical situation which it was built to represent. Furthermore,
efforts to correct one error in an algorithm are frequently met with the magnification
of another error; for instance, it is easy to devise a scheme that does not generate negative constituent densities, e.g., a second-order central difference scheme is
replaced by a first-order upstream scheme, but it is likely that the numerical diffusion
in the corrected scheme is intolerably high. There exist over 100 schemes dealing
with the numerical simulation of advection problems. Chock (1985) [11] and Rood
(1987) [52] summarized some of them. In the last chapter we compared a series of the
most frequently used numerical schemes, especially including third-order upstream
schemes (QUICK, QUICKEST) and high-resolution schemes (FCT, TVD) with
respect to one-dimensional advectively-dominated problems and found that the total
variation diminishing (TVD) method may be one of the most suitable schemes to
treat advectively-dominated problems with large gradients of variables.
There is a large number of numerical models based on the shallow water
equations in the Boussinesq approximation to simulate ocean or lake circulations. Some of these models, most of which were summarized by Haidvogel
and Beckmann (1998) [22], (1999) [23], are given by the following acronyms:
ADCIRC (Luettich and Westerink 2004, [41]), BOM (Berntsen 2000, [5]),
COHERENS (Luyten et al. 1999, [42]), DieCAST (Dietrich et al. 1987, [14]),
DJM (Davies 1987, [13]), ELCOM (Laval and Hodges 2000, [37]), FVCOM
(Chen et al. 2004, [9]), GBM (Dippner 1993, [15]), GFDLM (Cox 1984, [12];
Killworth 1991, [36]), GHERM (Beckers 1991, [4]), HAMSOM (Backhaus and Hainbucher 1987, [2]), HOPE (Wolff et al. 1997, [72]), HYCOM
(Wallcraft et al. 2009, [63]), ISPRAMIX (Eifler and Schrimpf 1992, [16]),
M3D (Walker 1995, [62]), MICOM (Bleck 1992, [6]), MITgcm (Marshall
et al. 1997, [45]), MOM (Pacanowski et al. 1991, [48]), NEMO (Madec 2011,
[43]), OCCAM (Gwilliam 1995, [20]; Webb 1998, [69]), POM (Blumberg and
Mellor 1987, [7]), POP [40], QUODDY (Ip and Lynch 1994, [31]), ROMS
(Shchepetkin and McWilliams 2005, [54]), SCRUM (Song and Haidvogel
1994, [58]), SEOM (Iskandarani et al. 1995, [32]), SPEM (Haidvogel et al.
1991, [21]) and THREETOX (Maderich et al. 2008, [44]) as well as models by
Lehmann (1995) [38], Pohlmann (1987) [51], Tee (1987) [59], Wang et al. (1994)
[64], etc. They are claimed to describe these kinds of wind-induced motions, and
they have been applied to large scale oceanographic situations. However, most threedimensional models or codes, employed to simulations of lake circulations, are limited in their applicability or unsatisfactory, because internal wave processes are overly
damped owing to the large explicit or implicit numerical diffusion that had to be built
into the codes to stabilize them under common conditions.
Most of these models are hydrostatic, which use mode-splitting and topographyfollowing coordinates or hybrid vertical coordinates which allow accurate description
of complicated bottom relief of coastal seas or lakes. In these models the vertically integrated equations of continuity and momentum (external mode) are separated from the equations for the vertical structure of the flow (internal mode). The
two-dimensional equations for the external mode variables are solved explicitly,
using a short external time step whereas three-dimensional velocity and scalar fields
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are computed semi-implicitly with a larger internal step. Only recently a few nonhydrostatic algorithms with mode-splitting were developed for POM (Kanarska
and Maderich 2003, [34]), BOM (Heggelund et al. 2004, [26]) and ROMS
(Kanarska et al. 2007, [35]) to convert these codes into non-hydrostatic models
or to embed non-hydrostatic sub-models into large-scale hydrostatic models.
All models are fully non-linear (i.e., advective) in their treatment of momentum,
temperature and tracer dynamics. The specific forms of their advection algorithms,
however, differ substantially among each other. It is well known, for example, that the
standard centered advection scheme can lead to numerical oscillations. Nevertheless,
it is easily implemented and not overly diffusive, and consequently is still relatively often used (DieCAST, GEDLM, HOPE, MOM, POM, POP, SCRUM,
SPEM5.1). A low-order upstream scheme (FVCOM, HAMSOM, ISPRAMIX,
M3D, and Sarmiento et al. (1993), [53]) avoids some of the problems associated
with centered differences, but often at the expense of rather large implicit diffusion.
Several models use more recent formulations including the MPDATA scheme of
Smolarkiewicz (1984), [56] and Smolarkiewicz and Grabowski (1990), [57]
(MICOM), flux-corrected transport (FCT) [19] (GFDLM, MOM), a monotonized
central-difference (MC) limiter of van Leer [61] (HYCOM) and various semiLagrangean schemes (GBM) [15]. They are all first- or second-order schemes. At
the other extreme are the higher-order spectral methods employed in DIM [13],
SPEM3.9 [21] and SEOM [32]. Some more recent ocean models, mostly only modifications of the above mentioned models, use third-order upwind-weighted schemes,
such as ELCOM, Farrow and Stevens (1995) [17], MITgcm, NEMO, Oschlies
(1999), [46], Gent et al. (1998), [18], Hecht et al. (1998) [25] based on the implementation of Leonard’s QUICK (Quadratic Upstream Interpolation for Convective
Kinematics) scheme (Leonard 1979, [39]). Other third-order advection schemes
like those proposed by Holland et al. (1998), [27] or Webb et al. (1998), [69] (split
QUICK schemes) and Shchepetkin and McWilliams (1998), [54] can be expected
to produce results similar to those obtained with the original QUICK scheme. These
higher-order schemes provide superior accuracy, but are not typically monotonic or
positive-definite. They do still contain visible implicit numerical dispersion and diffusion. So far, the study of an accurate modeling of advection focuses mainly on scalar
transports such as temperature and/or tracer; e.g., Ouahsine and Smaoui (1999),
[47] applied the TVD method to the numerical approximation of the two-dimensional
advective process of oceanic tracers. The TVD treatment for the three-dimensional
advection of scalars (tracer or/and temperature) in ocean modeling was presented
by James (1996), [33], Luyten et al. (1999), [42] and Pietrzak (1998), [50]. One
possible reason may be that accurate modeling of advection in the momentum equations may be less important in ocean circulation simulations because the flow in the
ocean is largely geostrophic and, hence, advection does not dominate the dynamics.
For lake circulation dynamics this is not the case due to large velocity gradients
especially near the thermocline and the water surface. In such cases reasonable simulation of advection terms in the momentum equations is of comparable importance
as for temperature and tracer transport problems.
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In the last chapter, comparison of a series of numerical schemes, also including the
third-order QUICK scheme and the high-resolution FCT technique, with respect to
one-dimensional advectively-dominated problems, has shown that the second-order
TVD method is most preferable. The influence of three different advection schemes—
the most frequently used traditional centered and upwind difference schemes (CDS
and UDS) and the high-resolution TVD method—has also been investigated for
an ocean/lake model, Wang (2001) [66]. CDS and UDS represent opposite extremes, each minimising one kind of numerical error at the expense of another. The
TVD method is a compromise between the two schemes. The central idea of the
TVD method is, on the one hand, to avoid introduction of under- and overshoots
(numerical oscillation), and on the other hand, to maintain numerical diffusion as
small as possible. The TVD method has been demonstrated to be the most suitable
scheme to handle the advection terms emerging in the lake dynamic equations for
both homogeneous and stratified cases. In this chapter some numerical results for
Lake Constance are taken directly from Wang (2001) [66].
Umlauf et al. [60] compared two versions of the widely used three-dimensional
hydrodynamic model SPEM to calculate wind-forced lake circulations—a semispectral method SPEM3.9 and a traditional finite difference method SPEM5.1.
SPEM3.9 is the original explicit σ-coordinate model employing a vertical spectral
expansion (Haidvogel et al. 1991, [21]) that was modified by Wang and Hutter
(1998), [68] to allow for a semi-implicit (vertical) time stepping of either CrankNicolson or backward Euler type, so that practical application of this oceanic model to
lake dynamics becomes possible for a reasonable computational time. SPEM5.1 is a
semi-implicit generalized σ-coordinate (s-coordinate) model (Song and Haidvogel
1994, [58]) and employs a vertical finite difference (FD) technique. In the horizontal
direction both models employ an identical centered FD discretization on a staggered
Arakawa grid in connection with a conformal mapping of the regular shoreline into
a rectangle to achieve higher smoothness of the horizontal boundary conditions. By
comparison it was concluded that due to its very fast convergence with increasing vertical grid resolution the spectral method was superior in connection with an explicit
time stepping scheme, but with an implicit scheme, which is always required in lake
modeling, in the homogeneous case, the two methods are comparable in their calculation speed. However, in the stratified case, the computational time of the spectral
method is much longer than that of the finite difference method, although vertical
resolution required by the spectral method is still much less, but what emerges is
an equation system with fully occupied coefficient matrix, while in the difference
method the matrix is only tri-diagonal. Therefore, in the numerical investigations
presented in this chapter, the model with the finite difference approximation in all
three directions (SPEM5.1) is used as the basis. However, we introduce three different treatments for the advection terms in the governing equations (CDS, UDS and
TVD) instead of the originally used centered difference scheme.
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26.2 Basic Equations and Model Descriptions
The governing equations describing the thermodynamics of lake circulation processes
driven by wind are the balance laws of mass, momentum, and energy complemented
by a thermal equation of state and turbulent closure conditions for the Reynolds
stresses and the heat flux. The physical approximations of the model are as follows:
• Hydrostatic: vertical accelerations are neglected.
• Boussinesq: density variations are neglected except where they influence buoyancy.
• f -plane: the Coriolis parameter is assumed constant.
• The density is approximated by a quadratic function of temperature.
• Transversely isotropic viscous and diffusive behaviours are accounted for, equal
in both horizontal directions but different in the vertical direction.
• Influence of the subgrid-scale (small-scale) motions on the resolved-(large)-scale
motions is parameterized by friction and diffusion.1
• Friction is parameterized by horizontal and vertical eddy viscosities.
• Diffusion of heat is parameterized by horizontal and vertical eddy diffusivities.
With these approximations the field equations read
∂v
∂w
∂u
+
+
= 0,
(26.1)
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∂y
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∂z
Here a Cartesian coordinate system (x, y, z) has been used; (x, y) are horizontal, and
z is vertically upwards, against the direction of gravity; v = (u, v, w), f, ρ, ρ0 ,
φ, g, T are, respectively, the velocity vector, Coriolis parameter ( f = 1.07 ×
10−4 s−1 for the geographic latitude of 43√ in Lake Constance), density, reference
density (ρ0 = 1, 000 kg m−3 at temperature T0 = 4 √ C), dynamic reduced pressure
(φ = p/ρ0 , p is pressure), gravity force (g = 9.8 m s−2 ),temperature. Furthermore,
1

“Friction” is used here to characterize viscous momentum transport. “Diffusion” is reserved for
heat and tracer flux.
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Fig. 26.1 s-curves C(s) for θ = 5, b = 0.8 (solid line) and for θ → 0 (dashed line), adapted
from Wang (2001) [66]. © Springer Verlag, Berlin, reproduced with permission

v , ν v are horizontal and vertical eddy viscosities, ν T , ν T , horizontal and vertical
νH
V
H
V
eddy diffusivities.
Since varying topography and/or sediment exchange processes play a crucial
role in lake modeling a generalized vertical σ-coordinate (s-coordinate) is used that
follows the bathymetry and greatly simplifies the computation and formulation of
the flux boundary condition. This coordinate system, introduced first by Song and
Haidvogel (1994) [58], consists of the transformation

z = h c s + (h − h c )C(s), −1  s  0,

(26.6)

where C(s) is a set of s-curves, defined by
C(s) = (1 − b)

tanh[θ(s + 1/2)] − tanh[(1/2)θ]
sinh(θs)
+b
,
sinh θ
2 tanh[(1/2)θ]

(26.7)

where θ and b are surface and bottom control parameters; their ranges are 0  θ  20
and 0  b  1, respectively. The quantity h c is a constant chosen to be the minimum
depth of the bathymetry or the depth of the surface or bottom boundary layer in
which a higher resolution is required.
Figure 26.1 shows s-curves C(s) for θ = 5, b = 0.8 (solid line, used for later
simulations) and for θ → 0 (dashed line). For θ → 0, C(s) is a linear function of s,
which causes a uniform vertical grid distribution, corresponding to a traditional
σ-coordinate. The other situation displayed in Fig. 26.1 is for θ = 5 and b = 0.8,
due to the nonlinear function of C(s). It maintains high resolution in the surface layer
and in the bottom boundary layer, as one may desire. Therefore, in the s-coordinate
a high vertical resolution can be achieved in the epilimnion (near the free surface)
and in the bottom boundary layer by appropriately choosing the parameters even for
uniform grid spacing in the computational domain.
In many applications of interest, the fluid may be confined horizontally to an
irregular region. In such problems, a horizontal curvilinear coordinate system which

136

26 Comparing Different Numerical Treatments of Advection Terms

conforms to the irregular lateral boundaries is advantageous. In lake modeling,
curvilinear coordinate systems may be chosen to follow the irregular lateral boundaries. A software package developed by Wilkin and Hedström (1991) [70] for the
generation of such two-dimensional orthogonal grids has been used here. For lakes
that have suitable smooth boundaries this package provides the metric coefficients
m and n of the conformal mapping from an irregular lake domain to a rectangle.
Let the new curvilinear coordinates be ξ(x, y) and η(x, y); then the relations of
infinitesimal horizontal arc lengths in the computational and the physical domains
are given by
 
 
1
1
dξ,
(dΔ)η =
dη.
(26.8)
(dΔ)ξ =
m
n
The primitive equations in the horizontal curvilinear coordinate and vertical
s-coordinate system can then be written as follows, as shown by Arakawa and
Lamb (1977) [1] and Song and Haidvogel (1994) [58]:
Balance of mass (div v = 0)
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Balance of energy
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In (26.9)–(26.12),
Hθ ≈ ∂z/∂s

(26.13)

according to (26.6), and (u, v, w) are the velocity components in the (ξ, η, s) coordinate directions; ρ is the density, φ the dynamic pressure φ = p/ρ0 , with pressure p
and reference density ρ0 , whilst f is the Coriolis parameter. The “modified vertical
velocity”, Ψ, is defined as
Ψ =
ϕ

1
Hθ

ϕ
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ϕ

The advection fluxes Fξ , Fη and Fs can be written for a representative variable ϕ
(either u, v or T ) as
ϕ

Fξ = uϕ,

Fηϕ = vϕ,
ϕ

ϕ

Fsϕ = Ψϕ,

(26.15)

ϕ

whilst the turbulent diffusion fluxes Dξ , Dη and Ds can be expressed as
ϕ
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Dsϕ

(26.17)

with the definitions
Dsϕ H ≈ −m
ϕ

∂z ϕ
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ϕ 1 ∂ϕ
Dξ − n Dηϕ , Dsϕ V ≈ νV
,
∂ξ
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Hθ ∂s

(26.18)

ϕ

in which ν H , νV are the horizontal and vertical momentum (if ϕ = u or v) or thermal
(if ϕ = T ) diffusivities, respectively.
The vertical momentum equation reduces to a balance between the buoyancy and
the vertical gradient of the pressure,
∂φ
= −
∂s




Hθ gρ
.
ρ0

(26.19)
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Three different representations of the thermal equation of state, suggested by
Bührer and Ambühl (1975) [8], Chen and Millero (1977) [10] and Hutter
(1984) [28], respectively, were compared, see Vol. 1, Chap. 10. Their differences are
not very noticeable. Therefore in our numerical computations we only choose one
of them, namely (Hutter 1984, [28]),
ρ − ρ0
= −α(T − T0 )2 ,
ρ0

(26.20)

where the water density ρ has its maximum ρ0 ∈ 1, 000 kg m−3 at T = T0 = 4 √ C
and α is the coefficient of thermal expansion. For Lake Constance (fresh water) α is
taken as α = 6.8 × 10−6 (√ C)−2 .
Consider a fluid lying within a three-dimensional basin. Then, given an appropriate
set of boundary and initial conditions, the governing Eqs. (26.9)–(26.12) can, in
principle, be solved for the time evolution of the fluid motion. The influence of wind
forcing is considered as a shear stress at the water surface. The heat exchange at the
water surface and the bottom is neglected. The lateral boundaries are assumed to be
impermeable and free-slip. The bottom friction is assumed to be linear to the local
velocity at the bottom. Along all boundaries the normal component of the current is
set equal to zero, which at the free surface corresponds to the rigid lid approximation.
This filters out surface gravity waves and thus eliminates the problem of the drastic
restriction of the time step associated with it in numerical simulations that are explicit
in time. With this method, however, a Poisson equation must be solved at every time
step to obtain a pressure field which ensures div (h v̄) = 0, where h denotes the
water depth and v̄ is the depth-averaged velocity, see e.g. Haidvogel et al. (1991)
[21] for details.

26.3 Numerical Methods
Among the field equations, the balance equations of linear momentum in the ξ- and
η-directions, (26.10), (26.11), and energy, (26.12) can be written in general form as
follows,
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(26.21)
where ϕ may either be the water temperature T or the velocity components u or v.
Qϕ stands for the remaining terms; it vanishes for the heat equation, QT = 0, and
comprises for the momentum equations the sum of the Coriolis force, the pressure
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Fig. 26.2 Schematic diagram showing the placement of variables on the horizontal (panel a) and
vertical Arakawa C grid (panel b)

gradient and some terms of the coordinate transformation in the forms
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By inspecting the advection-diffusion equation (26.21), one may identify two
different differential operators derived from their respective physical processes, the
advection and the diffusion operators. The advection operator consists of first-order
spatial derivatives of the transported variables, which arise from the fluid flow motion.
On the other hand, the diffusion operator is represented by second-order spatial
derivatives due to transports at the molecular or turbulent subgrid level. These two
terms are treated separately and then combined to form the resulting discretized
expression in the conventional finite difference formulation.
The numerical method used here is based on the SPEM packet developed by
Haidvogel et al. (1991) [21], but in the vertical direction the spectral method is
replaced by the traditional finite difference method (Song and Haidvogel 1994,
[58]), because, judging the computational time for the simulation of stratified lake
circulation, comparison shows that the semi-spectral method possesses almost no
advantage over the traditional finite difference scheme (Umlauf et al. 1999, [60]).
A classical centered finite-difference scheme on the Arakawa C-grid is used in
the model, in which the horizontal and vertical arrangement of the variables is as
shown in Fig. 26.2. An explicit time-stepping scheme for the horizontal fluxes and an
implicit scheme for the vertical fluxes allows an efficient time-stepping. In fact, stability restrictions of an explicit vertical scheme would be too severe, especially for
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simulations in lakes, see e.g. Wang and Hutter (1998) [68]. To ensure numerical
stability for the advection-diffusion problem both with dominant advection and diffusion, a leap-frog procedure for the advection terms and a forward Euler scheme
for the horizontal diffusion terms are used. In contrast, a semi-implicit time-stepping
procedure (backward Euler) for the vertical diffusion (more precisely, only for the
terms with second-order vertical spatial derivatives) is used to remove the severe stability condition due to the very small vertical grid size, especially in lake circulation
problems. For the diffusive and the advection terms, we write the spatial derivatives
in the general form of flux conservation. Then, the differential equation (26.21) can
be discretized in the form


ϕ n
ϕ n
Hθ
Hθ
n+1
n−1
(F
)
−
ξ i+1/2, j,k
n i+1/2, j,k
n i−1/2, j,k (Fξ )i−1/2, j,k
ϕi, j,k − ϕi, j,k
+
2Ωt
Ωξ


ϕ n
ϕ n
Hθ
Hθ
m i, j+1/2,k (Fη )i, j+1/2,k − m i, j−1/2,k (Fη )i, j−1/2,k
+
Ωη


ϕ
ϕ n
Hθ
Hθ
n
(F
)
−
s
i,
j,k+1/2
mn i, j,k+1/2
mn i, j,k−1/2 (Fs )i, j,k−1/2
+
Ωs

ϕ n−1
ϕ n−1
Hθ
Hθ
(D
)
ξ i+1/2, j,k −
n i+1/2, j,k
n i−1/2, j,k (Dξ )i−1/2, j,k
=
Ωξ


ϕ
ϕ n−1
Hθ
Hθ
n−1
(D
)
−
η
i,
j+1/2,k
m i, j+1/2,k
m i, j−1/2,k (Dη )i, j−1/2,k
+
Ωη
 1 
 1 
ϕ
ϕ
n−1
n−1
(D
)
s H i, j,k+1/2 − mn i, j,k−1/2 (Ds H )i, j,k−1/2
mn i, j,k+1/2
+
Ωsi, j,k
 1 
 1 
ϕ n+1
ϕ n+1
mn i, j,k+1/2 (Ds V )i, j,k+1/2 − mn i, j,k−1/2 (Ds V )i, j,k−1/2
+
Ωsi, j,k
+ (Qϕ )i,n j,k .

(26.22)

In this equation Latin subscripts (i, j, k) denote mesh points, while superscripts
ϕ
ϕ
ϕ
(n) indicate the time step. Fξ,η,s and Dξ,η , Ds H,V represent the advective and diffusive fluxes at the interfaces of the grids, respectively. Because in the staggered
grid the different variables are defined at different positions, the flux terms must be
evaluated for different positions as well.
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26.3.1 Diffusion Terms: A Central Difference Treatment
For most flows of practical interest, the classical, second-order central difference
scheme (CDS) for diffusion terms is adequate, as pointed out in Chap. 25; it can
provide an accurate and stable discretized representation. With the CDS, the diffusive
ϕ
flux Dϕ at the grid interface (i + 1/2, j, k), (Dξ )i+1/2, j,k , can be written as (see
(26.16)1 )


ϕi+1, j,k − ϕi, j,k
Ωξ
 


∂ϕ
1 ∂z
−
,
Hθ ∂ξ i+1/2, j,k ∂s i+1/2, j,k

ϕ

ϕ

(Dξ )i+1/2, j,k = (ν H )i+1/2, j,k m i+1/2, j

(26.23)

where the vertical derivative of ϕ at the interface, (∂ϕ/∂s)i+1/2, j,k , is an average at
the four adjacent grid points,


∂ϕ
∂s


i+1/2, j,k

1
=
4



+

ϕi, j,k − ϕi, j,k−1
ϕi, j,k+1 − ϕi, j,k
+
Ωsi, j,k
Ωsi, j,k−1


ϕi+1, j,k+1 − ϕi+1, j,k
ϕi+1, j,k − ϕi+1, j,k−1
.
+
Ωsi+1, j,k
Ωsi+1, j,k−1

(26.24)

ϕ

Similarly, the diffusive flux Dϕ at the grid interface (i, j + 1/2, k), (Dη )i, j+1/2,k ,
can be expressed as (see (26.16)2 )


ϕi, j+1,k − ϕi, j,k
Ωη
 


∂ϕ
1 ∂z
−
Hθ ∂ξ i, j+1/2,k ∂s i, j+1/2,k
ϕ

(Dηϕ )i, j+1/2,k = (ν H )i, j+1/2,k n i, j+1/2

with


∂ϕ
∂s


i, j+1/2,k

1
=
4



+

(26.25)

ϕi, j,k − ϕi, j,k−1
ϕi, j,k+1 − ϕi, j,k
+
Ωsi, j,k
Ωsi, j,k−1


ϕi, j+1,k+1 − ϕi, j+1,k
ϕi, j+1,k − ϕi, j+1,k−1
,
+
Ωsi, j+1,k
Ωsi, j+1,k−1

(26.26)

while the vertical diffusive flux at the interface (i, j, k + 1/2) has the form (see
(26.18))
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1 ϕ
ϕ
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(26.27)

ϕi, j,k+1 − ϕi, j,k
.
Ωsi, j,k

(26.28)

26.3.2 Advection Terms: Three Kinds of Difference Schemes
Distinct representations of the advection fluxes at the interfaces in (26.22) result
in different numerical schemes. Here, we describe three different schemes for the
advection terms, i.e., different expressions of the advection fluxes at the interfaces.
Central Difference Schemes (CDS). A straightforward approximation for the value
at the cell interface is linear interpolation between the values of the adjacent cell midpoints (or the cell averages assigned to the cell midpoints), which leads to the central
difference scheme (CDS) and possesses second-order accuracy. In the CDS scheme
the advection fluxes in (26.22) at the interfaces in the three coordinate directions can
be written as
1
ϕ
ϕ
(Fξ )i+1/2, j,k = u i+1/2, j,k (ϕi+1, j,k + ϕi, j,k ),
2
1
ϕ
(Fηϕ )i, j+1/2,k = vi, j+1/2,k (ϕi, j+1,k + ϕi, j,k ),
2
1
ϕ
(Fsϕ )i, j,k+1/2 = Ψi, j,k+1/2 (ϕi, j,k+1 + ϕi, j,k ).
2
ϕ

ϕ

(26.29a)
(26.29b)
(26.29c)
ϕ

The advection velocities at the interfaces, u i+1/2, j,k , vi, j+1/2,k and Ψi, j,k+1/2 , can
be described as follows:
• If ϕ = T ,
ϕ

ϕ

ϕ

u i+1/2, j,k = u i+1, j,k , vi, j+1/2,k = vi, j+1,k , Ψi, j,k+1/2 = Ψi, j,k .

(26.30)
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• If ϕ = u,
ϕ

1
1
ϕ
(u i+1, j,k + u i, j,k ), vi, j+1/2,k = (vi, j+1,k + vi−1, j+1,k ),
2
2
1
= (Ψi, j,k + Ψi−1, j,k ).
(26.31)
2

u i+1/2, j,k =
ϕ

Ψi, j,k+1/2
• If ϕ = v,
ϕ

1
1
ϕ
(u i+1, j,k + u i+1, j−1,k ), vi, j+1/2,k = (vi, j+1,k + vi, j,k ),
2
2
1
= (Ψi, j,k + Ψi, j−1,k ).
(26.32)
2

u i+1/2, j,k =
ϕ

Ψi, j,k+1/2

As with all approximations of order higher than one, e.g., second-order
Lax–Wendroff, Beam–Warming, Fromm and third-order QUICK, QUICKEST
schemes, the second-order CDS scheme may produce oscillatory solutions (Wang
and Hutter 2000, [67]). Especially when the flow velocity or gradients of variables
are large or the eddy viscosities are small, non-physical spurious oscillations can
always be found in the resulting solution.
Upstream Difference Schemes (UDS). To circumvent the problem of numerical
oscillations of the central difference representation, some kind of non-centered upstream discretized expression may be considered to account for the inherent physical
nature of the advection operator. In the upstream method the physical value at the
cell boundary, e.g. ϕi+1/2, j,k , is taken to be one of the adjacent cell averages, either
ϕi, j,k or ϕi+1, j,k , depending on the velocity direction at this cell boundary (i.e., the
ϕ
sign of u i+1/2, j,k ). This is equivalent to using a piecewise constant approximation
over the cell. The upstream difference schemes for the advection fluxes in (26.22)
can be expressed by
1
ϕ
ϕ
(Fξ )i+1/2, j,k = u i+1/2, j,k (ϕi+1, j,k + ϕi, j,k )
2
1
ϕ
− |u i+1/2, j,k | (ϕi+1, j,k − ϕi, j,k ),
2
1
ϕ
(Fηϕ )i, j+1/2,k = vi, j+1/2,k (ϕi, j+1,k + ϕi, j,k )
2
1
ϕ
− |vi, j+1/2,k |(ϕi, j+1,k − ϕi, j,k ),
2
1
ϕ
ϕ
(Fs )i, j,k+1/2 = Ψi, j,k+1/2 (ϕi, j,k+1 + ϕi, j,k )
2
1
ϕ
− |Ψi, j,k+1/2 | (ϕi, j,k+1 − ϕi, j,k ).
2

(26.33a)

(26.33b)

(26.33c)
ϕ

ϕ

Here, the expressions of the advective velocities at the interfaces, u i+1/2, j,k , vi, j+1/2,k
ϕ
and Ψi, j,k+1/2 , possess the same forms as in (26.30)–(26.32). Although this is a robust
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and unconditionally stable scheme for all flow velocities and grid spacings which
will never yield oscillatory solutions, its accuracy is only first-order. This introduces
difficulties similar to other first-order difference schemes as e.g. the Lax–Friedrichs
scheme (Wang and Hutter 2000, [67]), see also Chap. 25 of this volume. Significant
numerical diffusion must be introduced and may obscure the physical diffusion in
the computational results. Peaks or rapid variations in the variables will be smeared
out and, since the rate of error reduction is only first order, very fine grids are required
to obtain accurate solutions.
Total Variation Diminishing Schemes (TVD). Although first-order finite difference
methods are monotonous and stable, they are also strongly numerically diffusive,
causing the solution to become smeared out. Second-order or higher-order techniques
are less dissipative, but are susceptible to non-linear, numerical instabilities that may
cause non-physical oscillations. A high-resolution total variation diminishing (TVD)
scheme, which was introduced by Harten (1983) [24], can ensure that the total
variation of the variables does not increase with time, thus no spurious numerical
oscillations are generated. Since in numerical schemes only values of cell averages are
available, with the concept of TVD the distribution of the physical variables over the
cell is represented by a piecewise linear reconstruction. A slope limiter ensures that
no spurious oscillations develop near a discontinuity or a zone with steep gradients,
and high-order accuracy is retained elsewhere, e.g., the solution can be second- or
third-order accurate in the smooth parts of the solution, but the scheme possesses
only first-order accuracy at local extrema or where steep gradients occur. In this way
only negligible numerical diffusion is introduced, and the advection problems with
large gradients such as a travelling shock wave can be well modeled, as we have seen
in Chap. 25.
There exist various different expressions of TVD schemes. A simple effective
TVD scheme, the spatially high-order Monotonic Upstream Scheme for Conservation Laws (MUSCL), for the advection fluxes in (26.22) yields the forms
1 R
ϕ
ϕ
L
(Fξ )i+1/2, j,k = u i+1/2, j,k (ϕi+1/2,
j,k + ϕi+1/2, j,k )
2
1 R
ϕ
L
− |u i+1/2, j,k | (ϕi+1/2,
j,k − ϕi+1/2, j,k ),
2
1
ϕ
(Fηϕ )i, j+1/2,k = vi, j+1/2,k (ϕi,R j+1/2,k + ϕi,L j+1/2,k )
2
1
ϕ
− |vi, j+1/2,k | (ϕi,R j+1/2,k − ϕi,L j+1/2,k ),
2
1 R
ϕ
ϕ
(Fs )i, j,k+1/2 = Ψi, j,k+1/2 (ϕi, j,k+1/2 + ϕi,L j,k+1/2 )
2
1
ϕ
− |Ψi, j,k+1/2 | (ϕi,R j,k+1/2 − ϕi,L j,k+1/2 ),
2

(26.34a)

(26.34b)

(26.34c)

which are obtained by applying the first-order upstream numerical fluxes (26.33a)–
R
L
(26.33c) and replacing the arguments ϕi+1, j,k , ϕi, j,k , · · · , by ϕi+1/2,
j,k , ϕi+1/2, j,k ,
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Fig. 26.3 The cell average physical value ϕi, j,k (dashed line) and the piecewise linear cell reconstruction (solid line), where there are two values for each interface

· · · , respectively. The advective velocities at the interfaces are still given by (26.30)–
L
R
(26.32). There are two values for each cell interface, e.g. ϕi+1/2,
j,k , ϕi+1/2, j,k at
the interface (i + 1/2, j, k); the former stems from the left-side cell ϕi, j,k , and
the other is due to the right-side element, ϕi+1, j,k (see Fig. 26.3). If a piecewise
constant approximation over the cell is used, then (26.34a)–(26.34c) are equivalent
to the upstream schemes (26.33a)–(26.33c), and give only first-order accuracy. In
accordance with the TVD condition, these values of variables on the left and the
right sides of an interface can be obtained by a piecewise linear reconstruction from
L
the left-side cell and the right side cell, respectively. For example, ϕi+1/2,
j,k can be
calculated by
1
ϕ
L
ϕi+1/2,
j,k = ϕi, j,k + Ωξ σi, j,k |ξ ,
2

(26.35)

where the slope limiter is
ϕ

ϕ

σi, j,k |ξ = φi, j,k |ξ (ϕi+1, j,k − ϕi, j,k )/Ωξ,
ϕ

(26.36)
ϕ

and φi, j,k |ξ is defined as a function of the ratio of consecutive gradients θi, j,k |ξ ,
ϕ

ϕ

ϕ

φi, j,k |ξ = φi, j,k |ξ (θi, j,k |ξ ),
ϕ
θi, j,k |ξ

(26.37)

= (ϕi, j,k − ϕi−1, j,k )/(ϕi+1, j,k − ϕi, j,k ).

As shown in Sect. 25.2, to obtain the second-order accurate cell reconstruction
and satisfy the TVD property simultaneously, φ(θ) must satisfy some conditions,
i.e. it should be confined to a certain region in the φ-θ diagram. Three such possible
selections for the function φ(θ) are the Superbee, Minmod and Woodward limiters,
given in (25.44)–(25.46), respectively. Here, in order to introduce the smallest numerical diffusion possible, the Superbee limiter (25.44) is chosen for the computation
in (26.37),
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ϕ

ϕ

ϕ

ϕ

φi, j,k |ξ (θi, j,k |ξ ) = max(0, min(1, 2θi, j,k |ξ ), min(θi, j,k |ξ , 2)).

(26.38)

The computations of the other values at the interfaces in (26.34a)–(26.34c), e.g.
R
L
R
L
R
ϕi+1/2,
j,k , ϕi, j+1/2,k , ϕi, j+1/2,k , ϕi, j,k+1/2 and ϕi, j,k+1/2 , are analogous and will
not be repeated.

26.4 Numerical Results of Wind-Induced Circulations
in a Rectangular Basin with Constant Depth
Barotropic and baroclinic circulation dynamics in inland lakes are driven by the
meteorological input. The seasonal variation of the thermal structure is primarily
established by the solar radiation and constitutes the long-term seasonal response for
the lake. Once a certain thermal structure is established and the wind is so small that
the thermocline is not eroded rapidly, it is maintained for a long time (i.e., weeks);
the current motion is formed as a time dependent flow at a given initial stratification,
and, under most situations, it is weak insofar as it does not destroy this stable ground
state, but introduces relatively small perturbations in the temperature field. This
may be different in near shore regions where, due to large up- and downwelling, the
modification of the stratification may be decisive. During winter (i.e., from November
to March at mid latitude positions in the northern hemisphere), when the water is
homogeneous, the temperature plays no role and barotropic currents are established.
During summer a representative mean stratification can be assigned to a storm free
period of a few days to a few weeks. Then the barotropic currents are complemented
by the much stronger baroclinic motions in which the mass distribution within the
water body is of significance.
Computations with the three difference schemes presented in the last subsection were performed, first, for a rectangular basin of extent 40 × 12 km2 and 100 m
depth under homogeneous, barotropic and stratified, baroclinic conditions exposed
to external wind forcings. In the horizontal plane L × M = 81 × 25 mesh
points were chosen, amounting to a grid size of Ωx = Ωy = 500 m. Different vertical resolutions were chosen and compared. The Coriolis parameter was
f = 1.07 × 10−4 s−1 , corresponding to the geographic latitude of 43√ N for Alpine
lakes.
In ensuing developments values of the diffusivities will be prescribed even though
they ought to be computed according to the turbulence intensity present at a certain
location of the water body. This is done so here in order to avoid facing possible
problems of instability from high-order turbulence closure conditions since our interest is mainly in the comparison of different numerical treatments of advection
terms in the governing equations. In Chap. 27 subgrid-scale parameterizations to determine turbulent eddy viscosities in numerical simulations of lake circulations will
be introduced.
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Hutter (1984) [29] has collected data by a number of authors taken between
1913 and 1978 and finds horizontal diffusivities in the epilimnion range (near the
water surface) from 0.5 to 1.0 m2 s−1 , while in the hypolimnion (at larger depths) the
values are 0.1 m2 s−1 or even smaller. Newer measurements by Peeters (1994) [49]
indicate that they are between 0.02 and 0.3 m2 s−1 in depths of 15–25 m for several
Alpine lakes in various seasons. These values are typical for turbulent diffusion. Our
experiences indicate that the values of the horizontal diffusivities are not as crucial
as those of the vertical diffusivities (Wang 1996, [65]; Wang and Hutter 1998,
[68]). Therefore, in our computations we choose the horizontal momentum viscosity
u = ν v = 0.1 m2 s−1 for both the homogeneous and stratified water as well as the
νH
H
T = 0.1 m2 s−1 for stratified water, while different
horizontal thermal diffusivity ν H
vertical diffusivities are used for the homogeneous and stratified water, respectively,
to consider to some extent the influence of stratification.

26.4.1 Homogeneous Water
Consider a rectangular basin under homogeneous conditions with a constant temperature T = 4 √ C. The governing equations (the horizontal momentum (26.10),
(26.11)) possess fully non-linear advection terms (grad v)v or div(v ∀ v), hence they
should have the features of a purely non-linear problem. Let the wind be impulsively
applied, uniformly distributed over the entire basin and acting in the long direction
with a strength of 0.035 N m−2 at the water surface (corresponding to a wind speed
of 4 m s−1 at 10 m above the water surface) and lasting indefinitely. The vertical diffusivity is taken as constant, νVv = 0.002 m2 s−1 . The set-up of the current within the
basin is then expected to be accompanied with the formation and (slow) attenuation
of inertial waves.
Figure 26.4 shows time series of the two horizontal velocity components in the
centre of the basin (panels a, b) and the shore-parallel velocity components at the
four near-shore midpoints2 (panels c–f) near the surface (at the 2 m depth), obtained
by numerical simulations with three different treatments of the advection terms in the
momentum equations, respectively. Inertial waves with a period of Ti = 2π/ f =
16.3 h can be seen (panels (a), (b), (e), (f)) except at some near-shore positions
(panels (c), (d)) where, due to the restriction by the boundary, such oscillations
cannot fully develop. In the middle of the basin the velocities obtained by the TVD
and UDS schemes are almost identical (Fig. 26.4a, b), while the difference with those
obtained by the CDS is obviously large. This is in agreement with results of the onedimensional non-linear advection problems as seen in Sect. 25.3.3, Fig. 25.15b, d, f.
Near the shores (Fig. 26.4c, f) the difference of the results obtained by the UDS and
TVD schemes are also clearly obvious, although this difference is still generally
smaller than that between the results obtained by the CDS and TVD methods.

2

Near-shore means here 500 m away from shore.
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Fig. 26.4 Time series of the longitudinal component u (a) and transverse component v (b) of
the horizontal velocity in the centre of the basin and the shore-parallel velocity components at
the four near-shore midpoints (western c, northern d, southern e and eastern shore f, indicated in
the inset of panel b) at the 2 m depth in the homogeneous rectangular basin subject to a constant
longitudinal wind from West. The vertical resolution was chosen to be N = 40. Three different
curves indicate the results simulated by UDS, CDS and TVD schemes, respectively. In panels (a)
and (b) the differences between the UDS and CDS results is not visible
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Table 26.1 Relative differences [%] of the velocity fields (all three components together) simulated by the UDS and CDS relative to those obtained by the TVD scheme with a vertical
resolution N = 40
v , νv
νH
V

Time

Normal values of viscosity
2 × Normal values of viscosity

1 day
2 days
1 day
2 days

CDS–TVD
Total Centre

Shore

UDS–TVD
Total Centre

Shore

31.5
54.3
19.1
28.2

36.6
58.8
26.8
39.3

8.0
10.1
5.2
6.2

14.3
16.8
9.2
10.7

29.1
51.8
14.5
20.6

2.1
2.5
1.0
1.0

v = 0.1 m2 s−1 and ν v = 0.002 m2 s−1 , and doubled
The normal values of the eddy viscosities, ν H
V
values are chosen, respectively

In Fig. 26.4 the differences of the three numerical schemes were compared only
qualitatively for several chosen positions. The global relative error J ϕ for a physical
variable ϕ, obtained by the CDS or the UDS with regard to the numerical results of
the TVD scheme, can be quantitatively estimated by evaluating the quantity
 L ,M,N 
J

ϕ

= 

2

ϕi, j,k − ϕi,TVD
ΩVi, j,k
j,k
,

2
 L ,M,N
TVD
ϕ
ΩV
i, j,k
i, j,k
i, j,k

i, j,k

(26.39)

where ϕi, j,k is the ϕ-value at the collocation point (i, j, k) obtained by the CDS or
UDS, while ϕi,tvdj,k is the ϕ-value obtained by the TVD scheme as reference values.
ΩVi, j,k is the volume element assigned to the collocation point (i, j, k).
These relative differences of the velocity fields (three components together), simulated by the UDS and CDS relative to those obtained with the TVD scheme,
v = 0.1 m2 s−1 ,
are also listed in Table 26.1 for simulations with “normal” (ν H
v
2
−1
νV = 0.002 m s as used in the simulations for Fig. 26.4) and doubled values
of the eddy viscosities. The differences in the near-shore region (with a width of
1 km) and those in the middle region (except the near-shore region) are also separately displayed. Obviously, the differences between the velocity fields of the UDS
and TVD schemes in the region away from shore are much smaller than those near
the shore, while the differences between the CDS and TVD schemes in the midlake
and near the shore are of the same order of magnitude. Besides, with increasing eddy
viscosities, the numerical diffusion in the first-order UDS is partly overshadowed
and the numerical oscillations are damped out to some extent, so the corresponding
differences decrease.
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26.4.2 Stratified Water
During summer a representative mean stratification can be assigned as an initial
temperature distribution. Under these conditions the barotropic currents are complemented and over-shadowed by the much stronger baroclinic motions in which the
mass distribution within the water body is of significance. For the stratified case, the
horizontal momentum (26.10), (26.11) possess non-linear advection terms, while the
temperature (26.12) is formally linear,3 but because the temperature field affects the
advection velocity, it should include the features of both linear and non-linear problems simultaneously. Hence, the entire equation system is no longer purely non-linear
as for the homogeneous case.
We assume that the basin is stratified by the initial vertical temperature profile

T (t = 0) =

17 − 2exp(−(z + 8)/2), z ◦ −8 m, √
[ C].
5 + 10exp((z + 8)/4), z < −8 m,

(26.40)

which is shown in Fig. 26.5a. It corresponds to a typical summer stratification of an
Alpine lake. A vertical distribution of the vertical eddy viscosity, Fig. 26.5b, is chosen
in conformity with the stratification (26.40) to account for the fact that the vertical
turbulent diffusivities must be much smaller in the thermocline than in the epilimnion
and the hypolimnion. This is so because the thermocline prevents diffusion through
this ‘interface’. The vertical thermal viscosity νVT is chosen to be 20 times smaller
than νVv . Computations were performed for an impulsively applied constant wind of
4 m s−1 in the longitudinal direction from a state of rest, but lasting only two days

(b)

z [m]

z [m]

(a)

Temperature [° C]
[ 10

3

m2 s

1

]

Fig. 26.5 Initial temperature stratification and predefined distribution of vertical turbulent momentum diffusivity νVv . Illustration is only for the top 50 m; below this depth the values are basically
constant
3 This linearity is based on the fact that the velocity field is considered to be known when the
temperature or tracer field equations are solved. Under such circumstances the convective/advective
terms are linear.
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Fig. 26.6 a Time series of the vertical velocity component w at the southeastern corner of the basin
(indicated in the inset of panel a), obtained by the TVD simulation with N = 60. The labels (1, 2,
3, 4, 5) correspond to the water depths (2, 10, 15, 20, 50) m. b–d Vertical profiles of the temperature
at the same position for one day after wind set-up, obtained with the CDS for different vertical
resolutions N = 40, 60 and 80 (panel b) as well as simulated by three distinct difference schemes
for N = 40 (panel c) and N = 80 (panel d)

with an abrupt cessation afterwards so that free-oscillating internal waves can be
better recognised.
It is well known that in stratified lakes, due to the effects of wind forcing and
Coriolis force near-shore intensive upwelling and downwelling cause a decline of
the thermocline and, correspondingly, an associated pressure gradient. This results in
a different behaviour of stratified lakes in comparison to homogeneous ones. Here, we
will at first observe the motion of the thermocline in two near-shore positions where
upwelling und downwelling occur during the first 24 h after the onset of the wind.
In Fig. 26.6a time series of the vertical velocity component at the southeastern
corner of the basin are displayed at various depths for the first 24 h, obtained by the
TVD simulation. Because of the direct wind forcing and the Coriolis effect almost
only downwelling (negative vertical velocities) occurs at this corner during the first
day. The vertical velocity, computed by the CDS and UDS schemes (not shown), indicates quantitative, but no qualitative difference from Fig. 26.6a. The vertical profiles
of the temperature are illustrated in Fig. 26.6b at the same position for the end of the
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first day, computed by the CDS treatment on the advection terms with three different
vertical resolutions. Due to the downwelling during the first 24 h, the thermocline
(with the largest vertical gradient of the temperature) is moving approximately to
the 20 m depth from its initial position at about the 10 m depth (Fig. 26.5a). As a
result of much larger negative vertical velocities above the thermocline than below it
(see Fig. 26.6a), the temperature gradient at the end of the first day is much sharper
than in its initial state. In Fig. 26.6b the numerical oscillations, a typical feature of
the CDS, can be clearly seen; they arise behind the advancing front (here above the
thermocline) and are damped with growing distance to the front. Increasing vertical
resolution can not remove such oscillations, only reduce their extent, but with it the
magnitude of oscillations may become larger, e.g. for N = 40, 60 and 80 the corresponding maximum amplitudes of oscillations (deviation from the values obtained
by the TVD scheme) are 1.24, 2.11 and 2.80 √ C, respectively. The vertical profiles
of the temperature at the same position one day after the wind set-up, but simulated
by the three distinct difference schemes for N = 40 and N = 80 are shown in
Fig. 26.6c, d, respectively. In the results obtained from the UDS and TVD schemes
no numerical oscillations occur. If the oscillations from the CDS are artificially removed, the resulting profiles are very close to the results of the TVD simulations.
Inherent numerical diffusion in the upstream scheme causes the profiles to become
smeared out, but this numerical diffusion decreases with increasing spatial resolution
and thereon the smear becomes smaller (compare the lines of the upstream scheme in
panels (c) and (d)). That the profiles of the TVD scheme with N = 40 and N = 80
exhibit no obvious difference indicates the better convergence of the TVD schemes.
A similar illustration, but for a position with intensive upwelling during the first
day, is shown in Fig. 26.7. At the midpoint of the northern shore, owing to the initial
upwelling (positive vertical velocities in panel (a), obtained by the TVD), the thermocline moves upward. Conspicuous numerical oscillations are superimposed on
the vertical velocities in the results of the CDS (not shown). The temperature profiles
of the CDS scheme, if the overlain oscillations are removed, are fairly close to the
results of the TVD (see panels (c) and (d)). The numerical results of the UDS point
at the existence of considerable numerical diffusion.
The temperature-time series at the four near-shore midpoints around the rectangular basin at 10 m depth are shown in Fig. 26.8. Several conspicuous features are
evident:
• Within the first day, as a result of strong upwelling on the western and northern
shores, cold water at large depths moves upward, the temperature at 10 m depth
near the western and northern shores decreases rapidly to its minimum 5 √ C from its
initial value of approximately 14 √ C (panels (a) and (b)). Instead, at positions near
the southern and eastern shores, owing to the initial downwelling, the temperature
at these depths rises to its maximum, 17 √ C swiftly within approximately 10 h
(panels (c) and (d)).
• The time series obtained by the CDS are superimposed by high-frequency numerical noise, but their balance positions are close to the results of the TVD scheme.
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Fig. 26.7 a Time series of the vertical velocity component w at the midpoint of the northern shore
(indicated in the inset of panel a), obtained by the TVD simulation with N = 60. The labels (1, 2, 3,
4, 5) correspond to the water depths (2, 10, 15, 20, 50) m. b–d Vertical profiles of the temperature at
the same position, one day after wind set-up, obtained with the CDS for different vertical resolution
N = 40, 60 and 80 (panel b) as well as simulated by three different difference schemes for N = 40
(panel c) and N = 80 (panel d)

• If one follows the sudden increase of the temperature (downwelling) in the time
series of the TVD scheme in the western near-shore midpoint at the time 2.8 days
(panel (a)), it reaches the midpoints of the southern (panel (c)), eastern (panel (d))
and northern (panel (b)) shore after 3.8, 4.8 and 5.8 days, respectively, and then
returns to the western shore at approximately 6.8 days. It amounts to approximately
4 days travel time around the basin, corresponding to an internal Kelvin-type
wave. Its period depends on the basin size and the stratification. With a growth of
the basin size or weakening of the stratification, this period becomes larger.
• With increasing time, the deviation of the results obtained by the UDS from those
by the TVD scheme increases perspicuously. The inherent numerical diffusion in
the upstream scheme both damps the Kelvin-type wave and weakens the stratification, which causes the wave period to become larger. It can be seen that with
increasing time the reach of the wave peaks and troughs is further and further
delayed, and its amplitude is also reduced in the UDS results in comparison with
the results of the TVD scheme.
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Fig. 26.8 Time series of the temperature at the four indicated near-shore midpoints at 10 m depth
in the stratified rectangular basin subject to constant wind from West lasting two days. The vertical
resolution was chosen to be N = 80. Results were obtained by three difference schemes on the
advection terms

• Slightly faster propagation of the Kelvin-type wave (i.e., a somewhat shorter
period) can also be seen in the time series obtained by the CDS scheme. This may
be traced back to the result of the one-dimensional non-linear advection problem
with the CDS simulation (Fig. 25.15d), in which the shock wave, simulated by the
CDS, propagates slightly faster than the exact solution. Another possible reason
may be that the water stratification simulated by the TVD method is slightly weaker
(and thus the period somewhat longer) than that obtained by the CDS simulation
due to the existing numerical diffusion in the TVD method, even though this
diffusion is much smaller than that in the UDS scheme.
The time series of the horizontal velocities exhibit similar behaviour as those of
the temperature. In Fig. 26.9 the time series of the shore-parallel horizontal velocity
components near the free surface at the 2 m depth are displayed at the same four nearshore midpoints. The same typical behaviour can be seen, namely, a Kelvin-type
wave with a period of approximately 4 days, larger attenuation and a successively
postponed reach of the wave peaks in the UDS time series and numerical noise
in the CDS results etc. An obvious difference is that the differences between the
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Fig. 26.9 Time series of the shore-parallel horizontal velocity components at the four indicated
near-shore midpoints at the 2 m depth in the stratified rectangular basin subject to constant wind
from West lasting two days. The vertical resolution was chosen to be N = 80. Results were
obtained by three difference schemes on the advection terms

velocity fields obtained by the CDS and TVD schemes, respectively, are much more
pronounced than those for the temperature fields. The reason is that the advection
terms in the momentum equations, which determine directly the velocity field, are
non-linear. For the non-linear advection terms the treatment of the CDS brings vast
errors, as we have already seen in the one-dimensional example (Fig. 25.15d), and
in the time series of the velocity in the homogeneous basin (Fig. 26.4). Instead, in
the temperature equation the advection terms are quasi-linear; although in fact the
temperature and velocity fields affect each other, for linear advection problems the
errors of the CDS treatment are much smaller than those for non-linear advection
problems, even though the errors are still obvious, as shown in Fig. 26.8.
In Fig. 26.8 the time series of the temperature at the four near-shore midpoints
were shown only at the 10 m depth. Here, in order to obtain a more complete impression about the temporal change of the temperature, the time series of the temperature
at two corners of the basin at various depths are displayed in Fig. 26.10. Results
simulated by the three difference schemes are displayed in different panels. For all
three schemes it can be seen that, as a result of the initial upwelling around the
northwestern corner, the temperature drops to its minimum of 5 √ C at approximately
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Fig. 26.10 Time series of the temperature at various depths at the northwestern corner (indicated
in the inset of panel a) in the left panels and at the southeastern corner (indicated in the inset of
panel b) in the right panels, subject to constant wind from West lasting two days. The labels (1, 2,
3, 4, 5) correspond to the water depths (2, 10, 15, 20, 50) m. The vertical resolution was chosen to
be N = 80. Results were obtained by three difference schemes on the advection terms: TVD in
panels (a, b); CDS in panels (c, d) and UDS in panels (e, f), respectively

1.5 days after wind set-up at all depths and maintains at this minimum for almost
20 h (left panels), while at the opposite southeastern corner, only approximately
15 h after wind set-up the temperature in the top 15 m climbs to its maximum of
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Table 26.2 Relative differences [in %] of numerical results simulated by UDS and CDS with
respect to those of the TVD scheme with a vertical resolution N = 80

Time = 1 day

Time = 2 day

v , νv , νT , νT
νH
V
H
V
Errors [%] on

Normal values
u, v, w
T

CDS–TVD

12.4

1.0

5.7

0.6

2.2

0.2

UDS–TVD

10.9

2.4

7.4

2.0

4.5

1.4

CDS–TVD

32.8

2.6

18.5

1.5

7.7

0.3

33.2

4.1

27.8

2.9

12.7

1.8

Two fold
u, v, w

T

Four fold
u, v, w

T

and

and
UDS–TVD

The normal, twofold and fourfold values of the viscosities are employed, respectively. The norv = νT =
mal values indicate the values used in the simulations for Figs. (26.6–26.10) i.e. ν H
H
0.1 m2 s−1 , the profile of νVv is displayed in Fig. 26.5b, and νVT is chosen to be 20 times smaller
than νVv

17 √ C and holds it more than one day (right panels). This is apparently owing to
the downwelling occurring near this region. Thereafter, as the thermocline moves
back to re-establish equilibrium, the temperature at all depths oscillates also back.
Consequently, a Kelvin-type wave is formed with a period of approximately four
days. In the time series of the CDS the superposition of numerical noise is obvious. Sometimes, the numerical oscillations are so large that the temperature in a
lower layer may exceed its value in the upper layer, as we can see in Fig. 26.10d
during the first three days, in which the temperature at 15 m depth exceeds often
that in the whole upper layer. Such a state is physically unstable. In the time series
obtained by the UDS, due to large numerical diffusion which weakens the stratification, the period of internal Kelvin-type wave increases to approximately 4.8 days
(Fig. 26.10e, f), whereas in the results of the CDS and TVD schemes it is about 4
days.
As the diffusivities increase, the emerging numerical oscillations in the CDS
simulations can be restrained and the implicit numerical diffusion in the UDS can
also be overshadowed to some extent. Obviously, the larger the diffusivities are, the
smaller will be the differences of the three schemes. That can also be quantitatively
seen from Table 26.2, in which the total relative differences of numerical results,
simulated by the UDS, CDS and TVD schemes with respect to the ‘normal’, twoand fourfold diffusivities, are listed.
It is well known that, as the diffusivities increase, the Kelvin-type wave is dampened out swiftly even before a whole period is formed. This is the problem that is
frequently encountered in lake circulation simulations in which one usually enlarges
diffusivities to an extent to avoid possible emerging instabilities or numerical oscillations, which cannot physically be defended. A consequence is that internal waves
are dampened out unphysically rapidly. Obviously, the TVD scheme can effectively
avoid this problem.
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26.5 Numerical Results of Wind-Induced Circulations
in Lake Constance
Lake Constance (Bodensee, Fig. 26.11a), the second largest Alpine lake in Europe,
consists of three basins, the main basin & Lake Überlingen which together form
the Upper Lake Constance (Obersee), and the Lower Lake Constance (Untersee);
the latter is dynamically decoupled from the others by the 5 km long stretch of the
River Rhine. Henceforth we will only be concerned with Upper Lake Constance and
will for brevity refer to this part as Lake Constance, too. It is approximately 64 km
long and 16 km wide. The Island of Mainau is situated in Lake Überlingen (with
maximum and mean depths of 153 and 100 m, respectively), close to its mouth at the
south-eastern slope. It forms the southern end of the subsurface glacial sill with a
maximum depth of 101 m. This sill and the Island of Mainau form together a natural
hydrodynamic barrier, separating Lake Überlingen from the main basin of Upper
Lake Constance which has a maximum depth of 253 m.
In our computations we work with a grid net having L × M = 81 × 25 = 2, 025
nodal points in the horizontal direction, whereas in the vertical direction N = 60

(a)

Upper Lake Constance
Lake Überlingen

Main basin

Island of Mainau

Lower Lake Constance

(b)

Fig. 26.11 a Principal bathymetry of Lake Constance with indication of several towns and three subbasins: the main basin of the Upper Lake Constance, Lake Überlingen and Lower Lake Constance.
b Horizontal curvilinear coordinate net in the Upper Lake Constance with computational shoreline
(thick line); resolution 81 × 25 grid points
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collocation points are employed. The area of the Island of Mainau (here modelled
as a peninsula because the water depth between the island and the shore is only
1–2 m) was masked as a land area with a special technique (Wilkin et al. 1995, [71]);
the same was done for the segment Rorschach-Bregenz, indicated in Fig. 26.11b as
the shoreline with thick step-like lines.

26.5.1 Homogeneous Water
During winter the water in Lake Constance is homogeneous, the temperature is
nearly uniform and plays no role, and barotropic currents are established. Let the
wind scenario be an impulsively applied wind uniformly distributed over the entire
basin, along the length axis from 305√ NW with a wind speed of 4 ms−1 at the water
surface and lasting forever. The vertical diffusivity is taken as constant, equal to
νVu = νVv = 0.002 m2 s−1 .
Figure 26.12 shows the time series of the longitudinal velocity component u near
the water surface (at 2 m depth) for four near-shore positions (panels a–d) and two
mid-lake positions (panels e, f) and homogeneous water obtained by numerical simulations with the three different treatments of the advection terms in the momentum equations, respectively. Inertial waves can be clearly identified, except at some
near-shore positions (panels a, b). In most positions the differences of the velocities obtained by the TVD and UDS schemes are negligibly small, especially in the
far-shore positions (panels e, f), where they are basically identical. Somewhat larger
differences can only be found in the near-shore position of panel b. In contrast, the
difference to the results obtained by the CDS is obviously large. This performance
is in agreement with that of the one-dimensional purely non-linear advection problem (see Sect. 25.3.3), for which it is demonstrated that the conservative form of the
UDS can model one-dimensional purely non-linear advection problems as well as
the TVD scheme, while the CDS may bring huge numerical errors. It can be seen
from Fig. 26.12 that the error of the CDS is often so large that the barotropic motion
cannot be modelled by the CDS scheme at all. As seen in the last section for the circulation in a rectangular basin, the difference decreases with increasing viscosities,
but the inertial waves will be rapidly damped out if the chosen viscosities are much
larger than in the physically reasonable range, while observations show that such
waves can last for a fairly long time.
The global relative error J of the velocity field obtained by the CDS or the UDS
relative to the numerical results of the TVD scheme can be quantitatively estimated
by means of formula (26.39). Accordingly, the computational total relative errors for
the numerical results obtained by the CDS relative to those by the TVD scheme are
as high as 25.6, 40.1 and 52.4 % for the times 1, 2 and 4 days, respectively, whereas
the relative errors for the UDS are only 5.9, 6.5 and 7.8 % for the same times. In
agreement with Fig. 26.12, the difference between the numerical results of the UDS
and the TVD scheme remains at a low level, while the relative error of the CDS
is much larger. Therefore, for simulations of lake circulations in the homogeneous
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Fig. 26.12 Time series of the longitudinal velocity component u at 2 m depth for four near-shore
positions (western a, northern b, southern c and eastern shore d) and two mid-lake positions (panels
e, f), indicated in the inset of each panel, in the homogeneous Lake Constance subject to a constant
longitudinal wind from 305 √ NW. Three different curves (marked in the inset of panel a indicate
the results computed with the UDS, CDS and TVD schemes, respectively, adapted from Wang
(2001) [66]. © Springer Verlag, Berlin, reproduced with permission
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case, both the TVD and the UDS advective treatments are acceptable, while the CDS
must be abandoned.

26.5.2 Stratified Water
We assume that the water is stratified by the initial vertical temperature profile

T (t = 0) =

17 − 2 exp(−(z + 10)/2), z  −10 m ,
5 + 10 exp((z + 10)/8), z < −10 m ,

[√ C] .

(26.41)

It corresponds to a typical summer stratification of Lake Constance (see e.g. Bäuerle
v , ν v and the thermal diffusivities ν T , ν T
et al. 1998, [3]). For the eddy viscosities ν H
V
H V
the same values are chosen as those employed in Sect. 26.4 for the rectangular basin.
Computations were performed for an impulsively applied uniform wind of 4 m s−1
in the longitudinal direction (305√ NW) from a state of rest during the first two days
and an abrupt cessation afterwards.
Here we will at first observe the motion of the thermocline at a near-shore position
near the eastern end where, due to the wind forcing, a down-welling occurs during
the first 24 h after the onset of the wind. At this position the vertical profiles of
the temperature one day after the start of the wind event, simulated by the three
different difference schemes, are shown in Fig. 26.13. During the first 24 h, due to
the down-welling, the thermocline moves approximately to the 15 m depth from its
initial position at about the 10 m depth (see (26.41)). The numerical oscillations can
be clearly seen in the profile obtained by the CDS; they are behind the advancing
front (here above the thermocline) and are damped with increasing distance to the
front. Such a state is physically unstable. Such oscillations can hardly be removed
by refining the spatial resolution, although the spatial extension of oscillations may
thereby be restricted to some extent, but their amplitudes may become larger, as
shown in Fig. 26.6b in Sect. 26.4 for the example of the rectangular basin. In the

UDS
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TVD

z [m]

Fig. 26.13 Vertical profiles
of the temperature at the
position near the eastern end
for one day after the start
of the wind event, obtained
by three different difference
schemes, adapted from Wang
(2001) [66]. © Springer
Verlag, Berlin, reproduced
with permission
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Fig. 26.14 Time series of the temperature near the thermocline (at 10 m depth) for the four indicated
near-shore points (panels a–d) and two far-shore positions (panels e, f). Results were obtained with
the three different advection schemes, UDS, CDS and TVD, adapted from Wang (2001) [66]. ©
Springer Verlag, Berlin, reproduced with permission

profiles obtained from the UDS and TVD schemes no numerical oscillations occur,
but inherent numerical diffusion in the UDS causes the profile to become smeared
out. If the oscillations from the CDS are artificially removed, the resulting profile is
very close to the results of the TVD simulations.
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The time series of the temperature near the thermocline (at 10 m depth) for the four
near-shore points around the lake (panels a–d), to the right of the glacial sill between
Lake Überlingen and the main basin of the Upper Lake Constance (panel e), and in
the middle of the basin (panel f) are shown in Fig. 26.14. Within the first day, as a
result of strong up-welling at the western and northern shores, caused by the wind
forcing and the Coriolis force, the temperature at 10 m depth near the western and
northern shores decreases rapidly (panels (a) and (b)). Instead, at positions near the
southern and eastern shores, owing to the initial down-welling the temperature at this
depth rises (panels (c) and (d)). The time series are superimposed by oscillations.
If we follow the maximum after the sudden increase of the temperature (downwelling) in the time series of the TVD simulation in the western near-shore point
at the time 4.5 days (panel (a)), we see that it reaches the midpoint of the southern
shore (panel (c)), the eastern end (panel (d)) and the midpoint of the northern shore
(panel (b)) at 5.3, 6.2 and 7.6 days, respectively, and then returns to the western end
at approximately 9 days. This amounts to approximately 4.5 days travel time around
the lake, corresponding to an internal Kelvin-type wave. Its period depends on the
intensity of the stratification. Such waves with a period of 4–4.5 days have been
clearly observed in Lake Constance (Zenger et al. 1989, [73]). It can also be seen
that the time series obtained by the CDS are often superimposed by high-frequency
numerical noise (see panels a and e), but their mean values are close to the results of
the TVD scheme. With increasing time, the deviation of the results obtained with the
UDS from those of the TVD scheme increases conspicuously. This is so because the
inherent numerical diffusion in the upstream scheme damps the Kelvin-type wave
and weakens the stratification, which causes the wave period to become larger. In
comparison with the results of the TVD scheme, it can be seen that in the UDS results
the wave peaks and troughs become further and further delayed with increasing time,
and the amplitude is also reduced.
The time series of the horizontal velocities show a similar behaviour as those of
the temperature. In Fig. 26.15 the time series of the longitudinal horizontal velocity
components near the free surface at 2 m depth are displayed at the same six points as
in Fig. 26.14. Many similar features, e.g., the Kelvin-type wave, the larger attenuation
and the successively postponed wave peaks in the UDS time series, the numerical
noise in the CDS results, etc. can be seen in the time series of the velocities. In the
mid-lake point (Fig. 26.15f) another type of super-inertial wave with much shorter
period can also be seen in addition to the Kelvin-type waves; these are the so-called
Poincaré-type waves. They are discernable mainly in the far-shore region and are
more easily excited by the transverse wind forcing. In Sect. 27.4 convincing details
for this interpretation will be provided.
The total relative errors of the velocity fields obtained by the CDS or the UDS
relative to the results of the TVD scheme for the stratified case can also be computed
according to formula (26.39). The relative errors of the CDS are 12.8, 33.5 and 58.0 %
for the times 1, 2 and 4 days, respectively, while those of the UDS amount to 12.0,
33.6 and 68.2 % for the same times. Evidently, the relative errors of the CDS and
the UDS simulations possess almost the same order of magnitude. Unlike for the
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Fig. 26.15 Time series of the longitudinal velocity component u near the water surface (at 2 m
depth) for the four indicated near-shore points (panels a–d) and two far-shore positions (panels e,
f). The three different curves indicate the results computed with the UDS, CDS and TVD schemes,
respectively, adapted from Wang (2001) [66]. © Springer Verlag, Berlin, reproduced with permission

homogeneous case, for the stratified case, the CDS and the UDS are both unsuitable
for the numerical simulation of advection terms.
In order to obtain a more complete overview of the temporal change of the temperature at different depths, the time series of the temperature at the western end of
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Fig. 26.16 Time series of the temperature at various depths at the western end of Lake Constance
(indicated in the lake map at the lower right). The labels (1, 2, 3, 4) correspond to the water depths
(2, 10, 20, 50) m. Results were obtained by three difference schemes for the advection terms: TVD
(panel a), CDS (panel b) and UDS (panel c), adapted from Wang (2001) [66]. © Springer Verlag,
Berlin, reproduced with permission

the basin are displayed in Fig. 26.16 at various depths. Results, simulated by the three
difference schemes, are shown in different panels. For all three schemes it can be
seen that, as a result of the initial up-welling around the northwestern end, the temperature drops during the first three days at all depths. Thereafter, as the thermocline
moves back to re-establish equilibrium, the temperature at all depths oscillates back
and forth; a Kelvin-type wave is formed especially at depths near the thermocline
(at 10–20 m depth) where the wave is much stronger than elsewhere, while near the
free surface and below the 50 m depth nearly no wave is seen. In the time series of the
CDS, the superposition of numerical noise is obvious. In the time series obtained by
the UDS, due to large numerical diffusion which weakens the stratification with the
period of the internal Kelvin-type wave increases such that the second maximum
after wind cessation can not be seen.
Similarly, in the time series of the longitudinal velocity component (Fig. 26.17),
the same behaviour, i.e., the larger attenuation and the successively postponed wave
peaks in the UDS time series, numerical noise in the CDS results, etc. can be seen
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Fig. 26.17 Time series of the longitudinal velocity component u at various depths at a position
between Lake Überlingen and the main basin of the Upper Lake Constance (indicated in the lake
map in the lower right). The labels (1, 2, 3, 4) correspond to the water depths 2, 10, 20, 50 m. Results
were obtained by three difference schemes for the advection terms: TVD (panel a), CDS (panel b)
and UDS (panel c), adapted from Wang (2001) [66]. © Springer Verlag, Berlin, reproduced with
permission

at different depths. By contrast, the internal waves can be found in the velocity field
at all depths, unlike in the time series of the temperature where such waves are seen
only near the thermocline.
As we have seen, due to the existence of physical diffusion (and also numerical
diffusion in the UDS), the internal waves are gradually damped out. Results with
the diffusivities displayed in Fig. 26.5b exhibit clearly visible internal waves, although their attenuations seem to be still larger than those of the physical observations (Zenger et al. 1989, [73]). In many lake circulation models, due to the large
numerical diffusion used, which may be required for stable integration, and/or inherent numerical diffusion, internal waves cannot be reproduced in numerical results.
In this model, if the CDS is chosen for the numerical treatment of the advection terms,
the diffusivities can no longer be reduced below their values displayed in Fig. 26.5b.
Otherwise, large numerical noise will generate numerical instability, even if the spatial resolution increases. By contrast, with the TVD treatment of the advection terms,
the diffusivity can be reduced to one-fifth (or still smaller) of the value in Fig. 26.5b
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Fig. 26.18 Time series of the temperature at various depths at the northwestern end of Lake
Constance (indicated in the inset of panel a) obtained by the TVD scheme with two different
choices of the vertical viscosities: the same as in Fig. 26.5b (panel a), and one-fifth of the values
shown in Fig. 26.5b (panel b). The labels (1, 2, 3, 4) correspond to the water depths 2, 10, 20, 50 m,
adapted from Wang (2001) [66]. © Springer Verlag, Berlin, reproduced with permission

without any emergence of numerical instability. The time series of the temperature at the northwestern end and the horizontal velocity component u in a mid-lake
point are displayed in Figs. 26.18 and 26.19, at various depths obtained by the TVD
scheme with the diffusivities of Fig. 26.5b and one-fifth of these values, respectively.
Obviously, by decreasing the physical diffusivities, the attenuation of internal waves
(Kelvin- and Poincaré-type waves) decreases accordingly. The decay rate obtained
with the smaller diffusivities in Figs. 26.18b and 26.19b is closer to the observational
results obtained by Zenger et al. (1989) [73].
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Fig. 26.19 Time series of the longitudinal velocity component at various depths in the middle of
Lake Constance (indicated in the inset of panel a) obtained by the TVD scheme with two different
choices of the vertical viscosities: the same as in Fig. 26.5b (panel a), and one-fifth of the values
shown in Fig. 26.5b (panel b). The labels (1, 2, 3, 4) correspond to the water depths 2, 10, 20, 50 m,
adapted from Wang (2001) [66]. © Springer Verlag, Berlin, reproduced with permission
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All above displayed numerical results demonstrate the utmost significance of a
suitable determination of the turbulent viscosities. This forms the subject of the next
chapter.

26.6 Concluding Remarks
In this chapter the shallow water equations in the Boussinesq approximation were
numerically discretized in their topography following coordinate form by using different discretizations for the advection terms. The scenarios were wind induced
circulations under barotropic, and baroclinic conditions and two basin geometries
were employed, (1) a rectangular basin of constant depth of the approximate size
of Lake Constance and (2) Lake Constance, both under homogeneous, winter, and
stratified, summer, conditions. The advection terms were represented by UDS, CDS
and TVD schemes and comparative analyses were conducted for these.
The computations showed that of the three schemes the TVD scheme generated
the most reliable results. It showed for the chosen momentum and thermal viscosities/diffusivities the most stable performance, i.e., had no spurious oscillations and
no overshooting at locations of steep gradients and has apparently the least amount
of numerical diffusion. For this reason the results obtained with the TVD scheme
were taken as a master for comparison with the other schemes. Scrutiny, further
showed that the UDS suffers from too much diffusion when steep gradients occur,
whilst CDS is fraught with oscillatory noise to the extent that reduction of the viscosities/diffusivities would make computations unstable.
One test of the suitability of a numerical scheme is to see whether it produces in an enclosed basin the geophysically relevant wave patterns, e.g. basin-wide
Kelvin- and Poincaré waves. In this regard too, the TVD scheme performs better
than the other two schemes. Kelvin waves are seen in time series of the temperature and (longitudinal) velocity component, they are differently attenuated as time
increases; again the TVD-scheme is generating the most stable and least attenuated
results, (those for CDS are similar). When looking at signals of possible Poincaré
waves, results in favour of TVD are even more convincing. At first, for the chosen
viscosities/diffusivities no trace of Poincaré waves could be seen. Reducing the
diffusivities by a factor of five did not improve the performance when using UDS
and computations with the CDS become unstable. On the other hand, with the TVD
scheme the time series of the velocities (but still not the temperature) now disclose
a new oscillation that is apparently overdamped with the choice of the larger diffusivities. For Lake Constance, this signal could be correlated to a Poincaré-type
response.
All these numerical results demonstrate that among the studied advection schemes,
the TVD scheme is the most preferable one.
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Chapter 27

Subgrid-Scale Parameterization in Numerical
Simulations of Lake Circulation

List of Symbols
Roman Symbols
Ai , Bi , Ci
D
g
kD
l
q
1 2
2q
Rf
Ri
SH , SM
u, v, w
u
x
x, y, z

Constants arising in the level-2 Mellor–Yamada turbulence
model
Strain rate tensor (deviator)
Gravity constant g = 9.81 ms−2
Dimensionless Mellor–Yamada constant
turbulent length scale, defined in (27.6) in terms of q
Velocity defined by the turbulent kinetic energy
Turbulent kinetic energy
Flux Richardson number
Gradient Richardson number
Richardson-number dependent functions of the MellorYamada model, defined in (27.7) and (27.8)
Cartesian components of the velocity vector u
Velocity vector
Position vector
Cartesian components of the position vector

Greek Symbols
Δ
ζ = 0.1
ζ1 , ζ2 , ...
ν
ρ
v
ρH
ρVv
II D

Representative grid interval
Length scale factor of the Mellor–Yamada level-2 model
Parameters arising in the definitions of S H and S M and given by
A1 , A2 , B1 , B2
density of water
Kinematic turbulent viscosity of water
Horizontal turbulent kinematic viscosity
Vertical turbulent kinematic viscosity
Second invariant of D: II D = 21 tr( D2 )
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27.1 Turbulent Parameterization: A Journey Past Scylla
and Charybdis
Turbulence is ubiquitous in geophysical flows. There are hardly any situations in the
dynamics of natural waters and the atmosphere that do not involve turbulent effects
at some point, and only little insight can be gained in the dominant processes, if
turbulence is not taken into account. Thus, the modelling of this phenomenon has
attracted a great many researchers and more and more advanced models, suitable for
the description of a large variety of geophysical flows, evolved over the last decades.
A general model embracing all aspects of turbulence is still out of reach. Nevertheless,
there has been an enormous progress in the understanding of turbulence in the past.1
More recently, Direct Numerical Simulations (DNS) and Large Eddy Simulations
(LES) provided data that were previously only available by high-precision laboratory
setups (or not at all) and had a large impact on the development of new turbulence
models. It seems likely that, especially in oceanography and meteorology, LES will
take a position equitable to the ensemble averaged methods in the near future. At
present, however, in spite of the development of larger and faster computers, LES is
still too expensive for standard simulations of geophysical interest.
Common hydrodynamic models, with the aid of which barotropic and baroclinic wind-induced circulations can be computed, employ zeroth-order turbulent
closure, i.e., the turbulent viscosity is set equal to a constant for the barotropic case
or stratification-dependent algebraic formulations, as done in the last chapter. As
such, it is explicitly prescribed rather than allowed to evolve together with the turbulence intensity that is established together with the flow. The spatial heterogeneity
of the ocean circulation in general, and of the coastal oceans and lakes in particular,
strongly suggests that subgrid-scale turbulent fluxes will be spatially and temporally variable. Higher-order turbulent closure models are free of this deficiency in
the zeroth-order turbulent closure as the computation of the Reynolds stresses by
means of transport equations is part of the determination of the circulation pattern
that is established by the wind. In numerical simulations of lake circulations, due to
the limitation of computer capability, only the large-scale (resolved-scale) motions
can explicitly be calculated. The effects of the small-scale (subgrid-scale) turbulent
motions are parameterized, usually by turbulent eddy viscosities. It is clear that the
large-scale flow properties are dominated by the influence of such turbulent eddy
viscosities. The attenuation with time of any physical oscillating motion increases
with growing eddy viscosity. It follows that amplitude and persistence of internal
oscillations are directly tied to the turbulent eddy viscosities. The spatial distribution
of the motion depends also strongly on the eddy viscosities. The proper parameterization of subgrid-scale motions in numerical models of lakes to produce realistic
results at the resolved scales is, therefore, urgent.

1

An introduction to mathematical turbulence in continuous system is given in Vol. 1, Chap. 6 of
this book series. For more details see e.g. Hutter and Jöhnk (2004) [17], Chaps. 10–12.
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Some studies have been made which used data from direct numerical simulations
(DNS) to test subgrid-scale models (Domaradski et al. 1993, [8]; Piomelli 1988,
[34]). However, due to limitations in computational resources, DNS can only be used
in relatively low Reynolds-number flows. High-resolution laboratory measurements
for higher Reynolds-number flows have been carried out and applied to test subgridscale models (Bastiaans et al. 1998, [2]; Liu et al. 1999, [22]; O’Neil 1997 [32]).
In the last few years field studies have also been initiated in the atmospheric surface
layer (Higgins et al. 2004, [13]; Horst et al. 2004, [15]; Porté-Agel 2001, [38,
39]; Sullivan et al. 2003, [42] Tong 1999, [43]). Meneveau and Katz (2000)
[30] discussed various criteria to evaluate the performance of subgrid-scale models,
including the a posteriori and a priori studies based on direct numerical simulation
and experimental data. However, to our knowledge, up to now, no study has been
performed, experimentally or by DNS, to directly test the modeling of subgridscale motions in lake or ocean dynamics. An achievable way to test the suitability
of subgrid-scale models in modeling lake and ocean circulation may be found by
indirectly comparing resolved-scale numerical results with measured large-scale field
data.
Parameterizations which seek to relate the variations in eddy viscous/diffusive
coefficients to specific features of the resolved scales are in use in several models,
e.g. the approach of Smagorinsky in POM (Blumberg and Mellor 1987, [4]) and
QUODDY (Ip and Lynch 1994, [18]). Richardson-number based coefficients for
vertical viscosity are available in GFDLM (Killworth 1991, [19]); M3D (Walker
1995, [47]); SCRUM (Song and Haidvogel 1994, [41]) and SPEM (Haidvogel
et al. 1991, [11]). Many three-dimensional numerical models (e.g. POM, ECOM,
ROMS) treat turbulence explicitly for parameterization of sub-grid scale vertical
mixing processes with popular forms of a two-equation model (see, for example,
reviews of Mellor and Yamada (1982) [29]; Wilcox (1998) [52]). Two-equation
models rely on instantaneous local flow properties. Güting and Hutter (1998, [10])
extended the three-dimensional numerical model SPEM to include a two-equation
k-∂ closure model, which computes the turbulent viscosity by means of transport
equations for the turbulent kinetic energy and its dissipation. As a consequence, the
vertical turbulent viscosities depend both on position and time and thus assume values
that are properly adjusted to the local turbulence intensity. The disadvantage is large
CPU time. Warner et al. (1998, [51]) implemented a two-equation turbulence model
(one equation for turbulence kinetic energy and a second for a generic turbulence
length-scale quantity) proposed by Umlauf and Burchard (2003, [45]) in the threedimensional oceanographic model ROMS and evaluated the performance of sevaral
different turbulence closures in terms of idealized sediment transport applications.
A similar attempt has also been made by Umlauf et al. (2003, [46]).
In this chapter, we will mainly investigate a simple parameterization of the
subgrid-scale turbulent closure which is based on the Reynolds Averaged Navier–
Stokes Equations (RANS) and the subgrid-scale eddy viscosity parameterizations.
We employ the three-dimensional, hydrodynamic, semi-implicit, finite difference
model, developed by Song and Haidvogel (1994) [41] and extended for the TVD
treatment of the advection terms by Wang (2001) [49], which was employed and
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discussed in the last chapter. Smagorinsky’s formulation and Mellor–Yamada’s
level-2 model are used to parameterize the horizontal and vertical eddy viscosities, respectively. Numerical results in an assumed rectangular basin with constant
depth and in Lake Constance, most of which are taken from Wang (2003) [50],
are displayed and discussed. A comparison is made with prescribed constant eddy
viscosities; it clearly shows the importance of subgrid-scale parameterizations in
numerical simulations of lake circulation. We do not intend to demonstrate that such
subgrid-scale parameterizations are the best choice of possible closure conditions, but
only show that suitable parameterizations of the small-scale (subgrid-scale) turbulent
motions are very important to reproduce lake circulation dynamics adequately.

27.2 A Subgrid-Scale Parameterization
Due to obvious differences of the resolved-scales in the horizontal and vertical
directions in lake problems, the subgrid-scale turbulent motions in both directions
are practically decoupled. In the horizontal direction the subgrid motions can be
considered as two-dimensionally isotropic. In crystallography and solid mechanics this anisotropy is termed transverse isotropy. A two-dimensional isotropic turbulence formulation of Smagorinsky can be used to parameterize the horizontal
turbulent eddy viscosity (Smagorinsky 1963, [40]). The vertical resolved-scale is
usually much smaller than that in the horizontal direction. Generally, the smaller the
resolved-scale is, the more isotropic are the subgrid-scale motions. Thus, the vertical
subgrid motions can be parameterized by e.g. the level-2 turbulence closure model of
Mellor and Yamada (1974) [28], which is suitable for the case of near isotropy.

27.2.1 Horizontal Turbulence Closure Mixing
Proper parameterization of subgrid-scale motions in numerical models of lake
dynamics is necessary. Many researchers have suggested that the subgrid-scale
motion should somehow be linked to the resolved-scale flow. Smagorinsky (1963)
[40] postulated that the second invariant of the strain rate tensor is that critical link.
His formula for the eddy viscosity can be represented as
 


φu j
φu j 1/2
1 φu i
φu i
+
+
ρ = (k D Δ)
2 φx j
φxi
φx j
φxi

= (k D Δ)2 2II D ,
2

where II D is the second principal invariant of the strain rate D =
(grad u)T ), Δ is a representative grid interval, here taken to be

(27.1)
1
2 (grad
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Δ = (Δx · Δy · Δz)1/3 .

(27.2)

The coefficient k D is generally treated as a dimensionless constant. Smagorinsky
(1963) [40] assumed that (27.1) was valid in his two-dimensional general circulation model and derived a value of 0.197 for the constant k D . Using Kolmogorov’s
inertial range assumptions, Lilly (1967) [21] derived a theoretical value of approximately 0.17. Deardorff (1971) [7] concluded that (27.1) with k D ≈ 0.2 gives
very reasonable results for three-dimensional numerical integrations of problems in
which thermal convection is the driving mechanism. If a large-scale velocity shear
supplies the energy to the turbulence, then a significantly smaller value (k D ≈ 0.13)
seems necessary. Other values of k D , suggested by different authors, vary from 0.065
to 0.23 (Deardorff 1970, [6]; Mansour et al. 1979, [24]; Mason and Callen
1986, [26]; Piomelli 1987, [36]). The existing literature indicates that, although the
Smagorinsky model has been successfully applied to resolved-scale simulations of
turbulent flows, it is not possible to model effectively with a single universal constant
k D the variety of phenomena present in the flows. Recently, there is a growing literature on the use of dynamic procedures (Germano 1991, [9]) to compute the value
of the coefficient in the eddy viscosity model at every time and position in the flow,
based on scale similarity at the smallest resolved scales and assuming scale invariance
of the model coefficient. Meneveau and Katz (2000) [30] reviewed dynamic and
similarity subgrid-scale models which are based on scale-invariance properties of
high-Reynolds-number turbulence in the inertial range. A scale-dependent dynamic
subgrid-scale model for large-eddy simulation of turbulent flows was proposed by
Porté-Agel et al. (2000) [37]. Unlike the traditional dynamic model, it does not
rely on the assumption that the model coefficient is scale invariant. Applications of
the scale-dependent dynamic subgrid-scale model show improved dissipative properties with respect to the standard Smagorinsky and dynamic models, leading to more
realistic spectra and mean velocity profiles (Porté-Agel et al. 2000, [37]).
The derivation of the Smagorinsky model (27.1) is based on three-dimensional,
homogeneous, isotropic turbulence theory. As noted above, however, Smagorinsky
used (27.1) in a two-dimensional model. A two-dimensional expansion of (27.1)
yields
v
ρH


= (k D Δ)

2

φv
φu
+
φx
φy
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+2
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+

φv
φy

2

1/2

,

(27.3)

√
with Δ = ΔxΔy.
In lake dynamics, the subgrid scale in the horizontal direction is usually much
larger than that in the vertical direction, so the horizontal and vertical subgrid-scale
motions must be modelled separately. In the horizontal direction, two-dimensional
isotropic turbulence can be assumed. Therefore, (27.3) is used to parameterize the
horizontal eddy viscosity.
In this section we do not intend to deal with dynamical procedures to determine the values of k D , and choose simply a constant value of k D = 0.2, because
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v are not very
our experience showed that the values of the horizontal eddy viscosity ρ H
crucial for numerical simulations of resolved-scale motions in lakes. The insensitivity of the horizontal eddy viscosity can be expected and easily recognized because
the horizontal variation of the velocity field is relatively small in comparison with its
vertical variation except in the vicinity of shores or when tracer diffusion is considered. Usual modifications of the Smagorinsky model use damping functions in the
near-wall region to force the subgrid-scale stresses to vanish at the solid boundary
(Moin and Kim 1982, [31]). In lake dynamics such wall functions are not postulated because in numerical simulations of lake circulation the horizontal grid sizes
are commonly much larger than the lateral boundary layer thickness and hence the
effect of the boundary layer need not be considered.
To assure numerical stability, a small filter value for the horizontal eddy viscosity
v  0.01 m 2 s−1 . In fact, such a small filter has nearly no influence on
is set: ρ H
computational results and only plays a regularization role for numerical stability.
T , often the same value is assumed
Furthermore, for the thermal eddy diffusivity ρ H
v
as for the momentum eddy viscosity ρ H .

27.2.2 Vertical Turbulence Closure for Mixing
A hierarchy of turbulence closure models described by Mellor and Yamada (1974)
[28] has been in use in geophysical flows. It is based on an order-of-magnitude analysis of small deviations of the Reynolds stresses and heat flux vector from the state
of local isotropy. In the limiting case of near isotropy, one obtains an algebraic set of
equations for all turbulence quantities, including turbulent kinetic energy and temperature variance. This fully algebraic model describes a situation in which mechanical
and buoyancy productions are exactly balanced by dissipation in the turbulent energy
and temperature variance equations. This model is classified as level 2 closure in the
Mellor and Yamada hierarchy and is attractive primarily because of its simplicity
and robustness.
The various models are as follows: level 4 consists of 13 additional coupled
partial differential equations; at level 3 this is reduced to solving only two differential equations and eight algebraic equations, and level 2 21 requires to solve the
turbulent energy from a transport equation, whilst level 2 consists in solving only
algebraic equations. These models represent decreasing complexity and decreasing
requirements for computer time. For one- (vertical) and perhaps two-dimensional
model simulations, any version is affordable. However, for large, three-dimensional
oceanographic or numerical lake models, level 4, certainly, and level 3, probably,
are too expensive; on the basis of computational economy one must apply either
the level 2 21 or the level 2 closure models. It is important to realize that the simpler
models cannot, in principle, account for all flow behaviours. For example, as shown
in Mellor and Yamada (1982) [29], the experiment, performed by Uberoi (1956)
[44] in which near-homogeneous, anisotropic turbulence was created in a wind tunnel by the combination of a turbulence-producing grid, requires the full level 4 model
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to account for the return to isotropy for a homogeneous, initially anisotropic flow
field where shear and buoyancy production are nil. The level 3 and 2 21 models will
correctly account for the decay of the turbulent kinetic energy, but all energy components will be declared equal. Finally, the level 2 model, for the same flow, will
yield zero turbulent kinetic energy. Nevertheless, in many geophysical applications
the level-2 model works quite well, since mixing events are generally dominated by
the shear or buoyancy production terms in the turbulent kinetic energy equation.
Martin (1985) [25] compared the performance of both level 2 and 2 21 models of Mellor–Yamada with mixed layer observational data in the Pacific Ocean
and found that both level 2 and 2 21 models yield similar results through the entire
year, despite big seasonal changes in external forcing. The Mellor–Yamada level-2
model has also enjoyed considerable success (Mellor 1973, [27]), when it was compared with the surface layer data of Businger et al. (1971) [5]. The model predicted
a critical Richardson number of 0.21 beyond which turbulence was attenuated and
then extinguished by stable buoyancy. It seemed also to give reasonable results in
the unstable free convection limit. Virtually no parametric adjustment was needed
beyond the parametrization required for neutral turbulent flow data. Similar success
was reported by Lewellen and Teske (1973) [20].
In our numerical simulations the Mellor–Yamada level-2 scheme (1974, [28])
is used to parameterize the vertical (momentum) eddy viscosity ρVv and (thermal)
eddy diffusivity ρVT as
ρVT = lq S H ,
(27.4)
ρVv = lq S M ,
where 21 q 2 is the turbulent kinetic energy, l is the turbulent length scale, and S M and
S H are functions of the Richardson number which satisfy the steady state turbulent
kinetic energy equation

SM
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φz
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φz

2
+ SH

q2
g φν
=
.
ν φz
B1l 2

(27.5)

In this equation, B1 = 16.6 and the length scale l is estimated from the boundary
layer formulation,
l=ζ

z=0
z=−h

|z|q dz

z=0

q dz,

(27.6)

z=−h

where ζ = 0.1 is a length scale factor. The relations for S M and S H are
ζ1 − (ζ1 + ζ2 )R f
,
1− Rf
A1 B1 (ζ1 − C1 ) − [B1 (ζ1 − C1 ) + 6(A1 + 3A2 )] R f
=
SH ,
A2
B1 ζ1 − [B1 (ζ1 + ζ2 ) − 3A1 ] R f

S H = 3A2

(27.7)

SM

(27.8)

in which
ζ1 = 1/3 − (2 A1 /B1 ), ζ2 = (B2 /B1 ) + (6A1 /B1 ).

(27.9)
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Mellor and Yamada (1982) [29] determined the constants as follows:
A1 = 0.92, A2 = 0.74, B1 = 16.6, B2 = 10.1, C1 = 0.08.

(27.10)

The flux Richardson number R f is related to the gradient Richardson number
Ri by
(27.11)
R f = (S H /S M )Ri ,
where Ri is defined as2
Ri = −

φν/φz
g
.
ν (φu/φz)2 + (φv/φz)2

(27.12)

With the cited values of A1 , B1 , A2 , B2 , C1 in (27.10) one can show that

R f = 0.659 Ri + 0.178 − (Ri2 − 0.322Ri + 0.0316)1/2 .

(27.13)

In our applications, in order to ensure stable performance, lower bounds are set
for the vertical eddy viscosity ρVv and the vertical thermal eddy diffusivity ρVT : ρVv 
10−5 m2 s−1 , ρVT  10−5 m2 s−1 . Their influence on the computational results is not
of great importance.

27.3 Numerical Results and Discussions
This model is driven by prescribing at each nodal point on the free surface of the discretized domain time series of the shear-traction vector and the surface temperature or
surface heat flow. In principle, therefore, arbitrary spatial and temporal distributions
of the wind forcing, temperature or heat flow can be prescribed if so desired; however, we will here restrict attention to relatively simple scenarios: spatially uniformly
distributed wind in a preferred direction and Heaviside-type in time, e.g. uniformin-space and constant-in-time wind. A wind speed of Vwind = 4 ms−1 , 10 m above
the water surface, is used, corresponding to a wind stress of 0.035 N m−2 at the water
surface. Similarly, basal shear tractions are parametrized by a viscous sliding law. As
for other boundary conditions, the rigid lid assumption is applied at the free surface
and the flow is tangential to the bed. Furthermore, zero heat flow will be assumed
across the free or basal surfaces: dT /dn = 0, where n is the unit normal vector of
the boundary surface.
2

This is the shallow water approximation of
Ri =

g ||gradν||
,
ν 2II D

where II D is the second invariant of the tensor D = sym(grad v).
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The density (temperature) stratification in a lake varies seasonally: the solar
radiation heats the upper most layers of the lake, and turbulence diffuses this heat to
greater depths. By late summer these processes usually have established a distinct
stratification, that essentially divides the water mass into a warm upper layer (called
epilimnion), a cold deep layer (hypolimnion) which are separated by a transition
zone (metalimnion), in which the epilimnion temperatures above it are transferred to
the hypolimnion temperatures below it. Vertical temperature gradients in this layer
are much larger than in the epi- and hypolimnion with a maximum at the thermocline. The vertical temperature profile (26.42) is chosen as the initial temperature
distribution.
The model performance will be illustrated by demonstrating results obtained for
baroclinic circulation scenarios in an assumed rectangular basin with constant depth
and in Lake Constance, respectively. We focus attention mainly on the performance of
the turbulence closure parameterizations and the interpretation of the corresponding
results.

27.3.1 Results for a Rectangular Basin
In order to eliminate the complicated effects of topography and irregular shore of a
real lake, we first focus upon an ideal rectangular basin with constant depth. It is of
40 km × 12 km extent and 100 m depth, subject to an impulsively applied temporally and spatially constant wind-forcing in the longitudinal direction (from West).
A discretization of 81 × 25 nodal points in the horizontal direction is used, whereas
in the vertical 40 grids are employed with better resolution in the upper layer and
near the bottom. The model is started at rest and integrated over a period of five days.
All results are based on the use of the TVD scheme for the advective terms.
Figure 27.1 shows time series of the vertical and horizontal eddy viscosities, ρVv
v , in the middle of the basin for three different depths near the free water surand ρ H
face. After wind set-up, the eddy viscosities increase with starting turbulent motion;
it takes only 0.7 days for the vertical viscosity to reach its maximum (Fig. 27.1a); by
contrast for the horizontal viscosity a much longer time of more than 3 days is needed
(Fig. 27.1b). As one may expect, the vertical eddy viscosity is nearly 2–3 orders of
magnitude smaller than the horizontal one. The vertical eddy viscosity has a magnitude of 10−3 m2 s−1, whereas the horizontal eddy viscosity is about 10−1 1 m2 s−1 .
They are basically in the range of realistic measured values (Hutter 1984, [16];
Maiss 1994, [23]; Peeters 1994, [33]).
The temporal variation of the vertical eddy diffusivity ρVT displayed in Fig. 27.2a
is very similar to the vertical eddy viscosity ρVv , only the value of the former is nearly
20 % larger than that of the latter, as one can see by comparing Figs. 27.1a and 27.2a.
All time series are superimposed by oscillations which can be traced to the influence
of internal (Poincáre-type) oscillations of the water body. Such oscillations can be
more clearly seen from time series of the longitudinal velocity component at the
same point, displayed in Fig. 27.2b.
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(b)

Fig. 27.1 Time series of the vertical (panel a) and horizontal (panel b) eddy viscosities in the
middle of the rectangular basin (indicated in the inset of panel b) for three different depths (marked
in the inset of panel a), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission

(a)

(b)

Fig. 27.2 Time series of the vertical eddy diffusivity (panel a) and the longitudinal component of the
horizontal velocity (panel b) in the middle of the rectangular basin for three different depths (marked
in the inset of panel a), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission

The vertical distribution of the vertical eddy viscosity ρVv for the topmost 13 m
at the same point in the middle of the basin is illustrated in Fig. 27.3 for several
different times. At the initial time interval after wind set-up, Fig. 27.3a, with the
interference of the wind stress from the free surface to deeper water, the turbulent
motion enters progressively into larger depth. The deepening of the strong turbulent
zone is stopped when it reaches about the 7 m depth (Fig. 27.3b), which is just the
position of the top boundary of the metalimnion, as one can read from Fig. 27.4, in
which the vertical profiles of temperature are illustrated. Below this depth, the vertical
eddy viscosity ρVv is smaller than the given lower bound of 1.0 × 10−5 m2 s−1 . In this
case, in order to assure numerical stability, ρVv is assumed to take this filter value.
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Time = 1 h
Time = 2 h
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Fig. 27.3 Vertical distribution of the vertical eddy viscosity in the middle of the rectangular basin
for three initial times 1, 2, 3 h (panel a) and three later times 12, 24, 48 h (panel b), adapted from
Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

Fig. 27.4 Vertical
distribution of the temperature in the middle of the
rectangular basin (indicated in
the map at the lower right) for
three times 12, 24 and 48 h,
adapted from Wang (2003)
[50]. © Elsevier Science Ltd.,
reproduced with permission

z [m]

Its use has nearly no influence on the numerical results. Obviously, the metalimnion
prevents vertical turbulent motion from passing through it and the vertical turbulent
exchange is mainly restricted to the epilimnion; it is so at least in the middle of the
basin.
It should also be pointed out that, due to the effect of bottom friction, a turbulence
layer occurs near the bottom, but its vertical eddy viscosity is nearly an order of
magnitude smaller than that in the upper layer.
From Fig. 27.4 it is also seen that the temperature profile varies somewhat with
increasing time but only slightly. This effect is downward convection/diffusion of
heat but it is so small because the vertical motion in the basin middle is fairly weak.
In Fig. 27.5 the vertical distribution of the horizontal eddy viscosity at the same
point in the middle of the basin is displayed for different times. Contrary to the
vertical turbulent exchange coefficient shown in Fig. 27.3, two obvious differences
are noticeable. The first one is that horizontal turbulent exchange is not activated in the

Time = 12 h
Time = 24 h
Time = 48 h

Temperature [ ° C]
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Fig. 27.5 Vertical distribution of the horizontal eddy viscosity in the middle of the rectangular
basin (indicated in the inset of panel b) for three initial times 3, 6, 9 h (panel a) and three later times
12, 24, 48 h (panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission

basin middle until three hours after wind set-up. Before this time, the horizontal eddy
viscosity is very small, and is assumed to take its lower bound value of 0.01 m2 s−1
to ensure stable numerical performance (see the solid line in Fig. 27.5a). This is
so because, before the disturbance from the lateral boundaries reaches the centre of
the basin due to constant water depth, the water motion at the basin centre remains
horizontally uniform. Only once this disturbance attains the observed position, the
horizontal motion becomes non-uniform there, and hence horizontal turbulence is
formed. The other difference is that with increasing time the horizontal turbulent
exchange can, through the metalimnion, enter much deeper water, i.e., the vertical
stratification cannot prevent the horizontal turbulent exchange from extending to
deeper water. In fact, it rapidly decays with increasing depth and vanishes basically
below the metalimnion.
Although the behaviour of the turbulent exchange in a position near the lateral
boundary is fairly similar to that in a midlake position of the basin, some differences
can still be found, if similar graphs as in Figs. 27.1, 27.2, 27.3, 27.4 and 27.5 are
displayed. This is done in Figs. 27.6, 27.7, 27.8, 27.9 and 27.10 for a near-shore
position, 250 m away from the midpoint of the southern shore.
The time series of the vertical and horizontal eddy viscosities in Fig. 27.6 are
obviously characterized by long-periodic oscillations. This may be due to the effect
of internal Kelvin-type waves, which are more dominant near shore than in the lake
middle, as one can see from the velocity component in Fig. 27.7b, whereas in a
midlake position short-periodic Poincáre-type waves are prevailing (Fig. 27.2b).
Another obvious difference as compared to that at the basin centre is that the
horizontal turbulent viscosity attains its first maximum only four hours after wind
set-up (Fig. 27.6b), whilst at this time the horizontal turbulent exchange has still
not reached the basin centre; it needs a much longer time of three days to reach this
maximum as has been seen already in Fig. 27.1b. This is because the lateral boundary
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(b)

Fig. 27.6 Time series of the vertical (panel a) and horizontal (panel b) eddy viscosities near the
midpoint of the southern shore of a rectangular basin (indicated in the inset of panel b) for three
different depths (marked in the inset of panel a), adapted from Wang (2003) [50]. © Elsevier
Science Ltd., reproduced with permission

(a)

(b)

Fig. 27.7 Time series of the vertical diffusivity (panel a) and the longitudinal component of the
horizontal velocity (panel b) near the midpoint of the southern shore of a rectangular basin (indicated
in the inset of panel b) for three different depths (marked in the inset of panel a), adapted from
Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

influence, causing the horizontal inhomogeneity of the uniform-wind driven motion,
can quickly reach this near-shore position. As for the basin centre (Figs. 27.1a and
27.2a), the vertical eddy diffusivity (Fig. 27.7a) is not notably different from the eddy
viscosity (Fig. 27.6a), except that the latter is nearly 20 % smaller than the former.
From the vertical profiles of the vertical eddy viscosity for different times
(Fig. 27.8) it can be seen that the zone of the vertical turbulent exchange is deepened
with increasing time, step by step, down to 11 m, a larger depth than that at the
basin centre (compare Fig. 27.8b with Fig. 27.3b). The reason is that after a westerly
wind sets in, due to the effect of the Coriolis force on a water body located in the
northern hemisphere, a strong downwelling occurs near the southern shore, hence
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Fig. 27.8 Vertical distribution of the vertical eddy viscosity near the midpoint of the southern shore
(indicated in the inset of panel a) for three initial times 1, 2, 3 h (panel a) and three later times 12,
24, 48 h (panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission
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Fig. 27.9 Vertical distribution of the temperature near the midpoint of the southern shore (indicated
in the inset of panel a) for three initial times 3, 6, 9 h (panel a) and three later times 12, 24, 48 h
(panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

the thermocline moves downward und the epilimnion becomes thicker, as one can
see from Fig. 27.9. Therefore, near the shore the vertical turbulent exchange happens
still mainly in the upper epilimnion; only near the southern (and eastern) shore this
layer becomes larger due to the initial downwelling. Actually, at a later time within
one period of the Kelvin-type wave, when the upwelling passes this point, one can
expect that the epilimnion becomes thinner, and so the vertical eddy exchange will
be restricted to a smaller top layer.
From the vertical distributions of the horizontal turbulent viscosity for different
times (Fig. 27.10) an immediate appearance of the horizontal turbulent mixing after
wind set-up can also be seen (curve for 1 h in Fig. 27.10a). Different from the vertical
eddy viscosity, of which the magnitude decreases monotonically with increasing
depth, the horizontal eddy viscosity often attains one of its maxima near the transition
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Fig. 27.10 Vertical distribution of the horizontal eddy viscosity near the midpoint of the southern
shore (indicated in the inset of panel a) for three initial times 1, 2, 3 h (panel a) and three later times
12, 24, 48 h (panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission

zone between the epilimnion and the metalimnion (Fig. 27.10b) and drops rapidly
below that.

27.3.2 Results for Lake Constance
We consider the response of Lake Constance to an impulsively applied constant wind
in the longitudinal direction (along the main axis of the lake) from 305◦ NW with
a duration of two days. The model is started at rest and integrated over a period of
15 days. In the computations we work with a horizontal shore-following curvilinear
coordinate system with a grid net of 81 × 25 nodal points as shown in Fig. 27.11 and
a vertical topography-following generalized s-coordinate with 40 non-equidistant
grid points.
In Fig. 27.11 time series of the vertical and horizontal eddy viscosities for the
first two days in a midlake position of Upper Lake Constance are illustrated for three
different depths near the free surface. Qualitatively, their behaviour is fairly similar
to those in the middle of the rectangular basin displayed in Fig. 27.1, not only with
respect to their temporal variations but also their order of magnitude.
The vertical distributions of the vertical and horizontal eddy viscosities, displayed
in Figs. 27.12 and 27.13, respectively, for several different times, are qualitatively
also similar to those in the rectangular basin (Figs. 27.3 and 27.5). An obvious
difference may be that in the middle of Lake Constance the horizontal turbulent
exchange occurs immediately after wind set-up (see the solid curve in Fig. 27.13a),
whilst in the rectangular basin with constant depth it happens with a time delay of
more than three hours (the solid curve in Fig. 27.5a). This is because, in contrast
to the rectangular basin with constant depth, the horizontal inhomogeneity of the
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Fig. 27.11 Time series of the vertical (panel a) and horizontal (panel b) eddy viscosities in the
middle of Lake Constance(indicated in the inset of panel a) for three different depths (marked in
the inset of panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission

flow in a basin with variable topography is caused not only by the disturbance at the
lateral shore, which must take a certain time interval to attain the centre of the basin,
but also by the variable topography, which can be felt immediately after wind set-up.
Of course, for a spatially variable wind field, the horizontal turbulence exchange
does always emerge immediately after wind set-up, irrespective of whether variable
topography exists or not.
It is also seen from Fig. 27.12 that the vertical turbulent mixing is similarly
restricted to the epilimnion as for the rectangular basin of constant depth (compare
the stratification displayed in Fig. 27.14). Within the second day the zone with vertical

(a)

z [m]

z [m]

(b)

Time = 1 h
Time = 3 h
Time = 5 h

Time = 12 h
Time = 24 h
Time = 48 h

Fig. 27.12 Vertical distribution of the vertical eddy viscosity in the middle of Lake Constance
(indicated in the inset of panel a) for three initial times 1, 3, 5 h (panel a) and three later times
12, 24, 48 h (panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission
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Fig. 27.14 Vertical
distribution of the temperature in the middle of Lake
Constance for three times 12,
24 and 48 h (indicated in the
inset), adapted from Wang
(2003) [50]. © Elsevier Science Ltd., reproduced with
permission

z [m]

Fig. 27.13 Vertical distribution of the horizontal eddy viscosity in the middle of Lake Constance
(indicated in the inset of panel a) for three initial times 1, 3, 5 h (panel a) and three later times
12, 24, 48 h (panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission
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Time = 48 h

Temperature[ ° C]

turbulent mixing is deepened more than 1 m (Fig. 27.12b); this can be traced to the
downward movement of the thermocline (Fig. 27.14).
The dependence of the zone with vertical turbulent mixing on the stratification can
be seen more clearly if the vertical distributions of the temperature and the vertical
eddy viscosity at the western end of the lake are compared for several different times
as displayed in Fig. 27.15. Due to the direct effect of the westerly wind, a strong
upwelling at the western end causes a rapid drop of the temperature in the epilimnion,
as one can see in Fig. 27.15a. Between 12 and 24 h, the interface separating the
epilimnion and the metalimnion moves upward (Fig. 27.15a) and the corresponding
zone with the vertical turbulent mixing becomes smaller (Fig. 27.15b). Alternatively,
from 24 to 48 h, with the enlargement of the epilimnion, the vertical turbulent mixing
attains a deeper zone. Of course, stratification and turbulent mixing influence each
other. Stratification restricts the extent of (vertical) turbulent mixing; conversely,
turbulent mixing works to diminish this stratification and extends it to a larger depth.

(a)

(b)

z [m]
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Time = 12 h
Time = 24 h
Time = 48 h

Temperature [° C]
Fig. 27.15 Vertical distribution of the temperature (panel a) and vertical eddy viscosity (panel b)
near the western end of Lake Constance (indicated in the inset of panel a) for three times: 12, 24,
48 h (marked in the inset of panel b), adapted from Wang (2003) [50]. © Elsevier Science Ltd.,
reproduced with permission

To exhibit the internal oscillations in Lake Constance, we illustrate here some
results over a period of 15 days for an impulsively applied constant wind force in the
longitudinal direction (along the main axis of the lake) from NW homogeneously
applied over the lake and constant with a duration of two days and abrupt cessation.
Figure 27.16 shows time series of the temperature for various depths at four nearshore positions and in the middle of the basin as shown in the insets, respectively.
At the western end of Lake Überlingen, due to wind stress, the motion commences
with a strong upwelling of approximately two days duration, the temperature at a
given depth decreases in the first two days (Fig. 27.16a); a similar process happens
near the northern shore (but less conspicuously) due to the effect of the Coriolis force (Fig. 27.16b). Simultaneously, opposite behaviour occurs at the eastern
end and near the southern shore (Fig. 27.16c, d). Hence a horizontal inclination of
the stratification is formed akin to a set-up. After wind cessation, this declination
moves backward, the vertical motion at the western end goes over into a strong
downwelling, causing a rapid rise of the temperature (see Fig. 27.16a) and starts to
oscillate. The deviation of the stratification from its equilibrium state causes further
rebounds, and further consecutive upwellings and downwellings are formed at the
western end. The time series of temperature at the four-shore positions clearly shows
the effect of such upwelling (dowelling) events. Whenever upwelling (downwelling)
strokes rise, the metalimnion experiences a strong decrease (increase) of temperature.
In Fig. 27.16a for the western end position the temperature rise (due to downwelling) after the wind cessation is conspicuously seen at approximately 3.2 days.
If we follow this temperature rise (downwelling) signal around the lake, then
Fig. 27.16a–d shows for approximately 3.2, 4.5, 5.9, 7 days, respectively, that the
corresponding extrema at the four points are encountered in counter-clockwise order
around the basin, with a travel time of approximately 4.5–5 days. Due to the turbulent
mixing, their amplitudes decrease with time. This illustrates a typical Kelvin-type
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Fig. 27.16 Time series of the temperature at the four near-shore positions around the basin (indicated in the insets: western (a), northern (b), southern (c), eastern shore (d)) and in the middle (e)
in Lake Constance at different depths subject to constant wind from 305◦ NW (in the longitudinal
direction of the rectangular basin) lasting two days. The labels (1, 2, 3, 4, 5) correspond to the
depths (0, 10, 20, 30, 50) m, respectively, adapted from Wang (2003) [50]. © Elsevier Science
Ltd., reproduced with permission

oscillation. This period is in good agreement with previous observations of Kelvintype waves in Lake Constance (Zenger et al. 1989, [53], Appt et al. 2004, [1]).
The period of the oscillation depends on lake size, topography, and on the vertical
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Fig. 27.17 Time series of the longitudinal component u (left) and the transverse component v (right)
of the horizontal velocity at three different depths 0.2 m (solid curves), 10 m (dashed curves) and
40 m (dotted curves) in the centre of the rectangular basin and near the southern shore (indicated in
the insets) subject to a constant wind from 305◦ NW lasting two days, adapted from Wang (2003)
[50]. © Elsevier Science Ltd., reproduced with permission

density structure of the water body. In the epilimnion (above ∈7 m depth) and in the
hypolimnion (below ∈40 m depth) the temperature change is relatively small with
the exception in Fig. 27.16a for the first two days due to strong upwelling near the
western end. In a midlake position (Fig. 27.16e), this oscillation can still be observed
in the time series of the temperature, but with a much smaller amplitude, because in a
midlake position the vertical motion is much smaller. Such long-periodic oscillations
can be identified as an internal Kelvin-type wave. In the next section convincing
details for this interpretation will be provided.
In Fig. 27.17 the time series of the horizontal velocity components u (left) and v
(right) at different depths in the centre of the lake and a location near the southern
shore are displayed. The Kelvin-type oscillations can be observed in both locations,
at least from plots of the longitudinal component of the horizontal velocity (left panels
in Fig. 27.17). It is obvious that the amplitude of the Kelvin-type oscillations near
the shore (Fig. 27.17b) is much larger than in the centre of the basin (Fig. 27.17a),
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Time [day]
Fig. 27.18 Time series of the horizontal eddy viscosity in the middle of Lake Constance (indicated
in the inset) subject to constant wind from 305◦ NW (in the longitudinal direction) lasting two
days. The solid and dashed lines correspond to the depths of 0.2 m and 30 m, respectively, adapted
from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

because the amplitudes of the Kelvin-type oscillations decay exponentially as one
moves away from the shore, the decay rate being given by the Rossby radius of
deformation. Even though Kelvin-type waves decay with the distance from shore,
this kind of oscillation can still be recognized in the middle of the lake if the lake
width does not extend over more than three or four Rossby radii. This is the case
here.3 It can also be seen from Fig. 27.17 that the amplitudes of Kelvin-type waves
at 40 m depth in the hypolimnion (dotted lines) are much smaller than near the free
surface in the epilimnion (dashed and solid lines). The vertical structure of the current
field exhibits first baroclinic mode behaviour in that the horizontal velocity oscillates
above the metalimnion with the opposite phase from that below the metalimnion (see
the left panels of Fig. 27.17); this is very similar to the result of a two-layer model.
The time series of the horizontal eddy viscosity in the middle of Lake Constance
are illustrated in Fig. 27.18 for two different depths. The Kelvin-type oscillations
can also clearly be identified.
In Figs. 27.16e, 27.17a and 27.18, visible short-periodic oscillations superimposed
on long-periodic Kelvin-type waves can be interpreted as signals of Poincaré-type
waves. It is known that for wind-forcing in the transverse direction Poincaré-type
waves are more easily excited. We also performed computations for an uniform
transverse wind (from 215◦ SW) lasting two days. Figure 27.19 shows the horizontal
velocity components u (left) and v (right) in the centre of the basin illustrated only
for five days to more clearly identify the shorter periodic Poincaré-type wave. The
oscillations with a period of approximately 12 h can be easily observed.
It should be pointed out that after wind cessation the upper layer experiences a
momentary but strong vertical turbulent mixing. Thereafter, since no surface stress
√
For a two-layer model with constant depth an estimate of the internal Rossby radius is g He ∂/ f
and yields here Ri ≈ 3 − 5 km. A typical width of Lake Constance is app. 10 km. So a mid-lake
signal of a Kelvin-type wave should be observable.
3
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Fig. 27.19 Time series of the longitudinal component u (left) and the transverse component v (right)
of the horizontal velocity at three different depths 0.2 m (solid curves), 10 m (dashed curves) and
40 m (dotted curves) in the middle in Lake Constance (indicated in the inset) subject to a constant
wind from 215◦ SW (approximately in the transverse direction) lasting two days, adapted from
Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

is applied, the vertical turbulent mixing in the upper layer practically vanishes. In
this case, due to the bottom friction the vertical turbulent mixing occurs only in the
bottom boundary layer. For brevity, we do not list these results.
To demonstrate how important the eddy viscosities are in adequately describing the feature of lake circulations, numerical results similar to those displayed in
Figs. 27.14, 27.16 and 27.18a have been obtained, but with two default values of
vertical eddy viscosities (ρVv = ρVT = 0.005 and 0.001 m2 s−1 ), respectively, and
only for an integrated period of five days. The horizontal eddy viscosities are set
v = ρ T = 0.2 m2 s−1 . These values are basically in the range of those
equal to ρ H
H
in the epilimnion employed before from the turbulent closure conditions, but they
are kept unchanged in time and space. The corresponding results are illustrated in
Figs. 27.20, 27.21, 27.22. When compared with Fig. 27.14, it can be seen from
Fig. 27.20 that with these given constant eddy viscosities the temperature stratification is unphysically weakened quickly even for the midlake position, where the
vertical movement is fairly small, although for a smaller vertical eddy viscosity this
weakness is less conspicuous (Fig. 27.20b). The reason is the unphysical existence
of turbulent mixing in the metalimnion. Therefore, a temporally evolving turbulent
closure technique for the vertical turbulent mixing is necessary; it depends on the
time-dependent stratification (and the flow field).
In the time series of the temperature near the western end of the basin, Fig. 27.21,
no Kelvin-type oscillation can be identified, however such oscillations are a dominant feature in Fig. 27.16a obtained with the turbulent closure techniques. The initial
temperature stratification is rapidly destroyed, and after five days almost no stratification is preserved.
Similarly, in the time series of the longitudinal velocity component at the midlake
point (Fig. 27.22), no Kelvin-type oscillation occurs, but the Poincaré-type waves
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Fig. 27.20 Vertical distribution of the temperature in the middle of Lake Constance for three times
12, 24 and 48 h subject to constant wind from 305◦ NW (in the longitudinal direction) lasting two
days. The thick solid lines indicate the initial temperature profile. The vertical eddy viscosities are
given as ρVv = ρVT = 0.005 (panel a) and 0.001 m2 s−1 (panel b), respectively, whilst the horizontal
v = ρ T = 0.2 m2 s−1 , adapted from Wang (2003) [50].
eddy viscosities are kept the same value ρ H
H
© Elsevier Science Ltd., reproduced with permission
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Fig. 27.21 Time series of the temperature at the western end in Lake Constance (indicated in the
inset of panel a) subject to constant wind from 305◦ NW (in the longitudinal direction) lasting two
days. The vertical eddy viscosities are given as ρVv = ρVT = 0.005 (panel a) and 0.001 m2 s−1 (panel
v = ρT =
b), respectively, whilst the horizontal eddy viscosities have the same constant value ρ H
H
0.2 m2 s−1 . The labels (1, 2, 3, 4, 5) correspond to the depths (0.2, 10, 20, 30, 50) meters, adapted
from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with permission

can be clearly identified. With the small vertical eddy viscosity, the water velocity
near the free surface is much larger than that with the large vertical eddy viscosity
(compare Fig. 27.22a, b). After wind cessation, the near-surface velocity is rapidly
reduced to very small values superimposed by oscillations.
In summary, the influence of (vertical) eddy viscosities on the temperature and
velocity fields is decisively large. A suitable closure technique determined by the
time- and space-dependent stratification and flow field is indispensable.
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Fig. 27.22 Time series of the longitudinal velocity component in the middle in Lake Constance
(indicated in the inset of panel a) subject to constant wind from 305◦ NW (in the longitudinal
direction) lasting two days. The vertical eddy viscosities are given as ρVv = ρVT = 0.005 (panel a)
and 0.001 m2 s−1 (panel b), respectively, whilst the horizontal eddy viscosities are kept at the same
v = ρ T = 0.2 m2 s−1 . The solid and dashed lines correspond to the depths of 0.2 m and
value ρ H
H
30 m, respectively, adapted from Wang (2003) [50]. © Elsevier Science Ltd., reproduced with
permission
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Fig. 27.23 Iso-contour lines of the temperature in a horizontal plane at 10 m depth in Lake Constance subject to a two-day constant wind from 305◦ NW (approximately in the longitudinal direction) for six different instants: a 1 day after wind set-up, b 2 days after wind set-up, as well as c 1
day, d 2 days, e 3 days and f 4 days after wind cessation

An overall impression of the propagation of Kelvin-type waves can be established
if one observes the temperature distributions at a horizontal level near the thermocline
(here chosen at 10 m depth) for different instants, displayed in Figs. 27.23 and 27.24.
Roughly, the inclined thermocline rotates counter-clockwise around the basin.
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Fig. 27.24 Continuing Fig. 27.23 for six more subsequent days after wind cessation

27.4 Internal Seiches: An Eigenvalue Problem
of the Two-Layer Model
In Sects. 26.5.2 and 27.3.2 we have seen that in the stratified water of Lake Constance
all time series of the velocity and temperature are superimposed by oscillations,
of which the long-periodic ones are interpreted as Kelvin-type waves, whilst the
short-periodic ones are identified as signals of Poincaré-type waves. To corroborate
the interpretation of the oscillations emerging from the wind-induced motion in
Lake Constance, an eigenvalue problem is now solved. The ensuing analysis of free
oscillations will be based upon a two-layer fluid system on the rotating Earth. We
employ the shallow water equations of a two-layer fluid, ignore frictional effects and
thus may suppose the layer velocity vectors to be independent of the depth coordinate.
The depth integrated linearized momentum and conservation of mass equations then
take the forms (see Vol. 2, Sect. 11.4.3 of this book series)
φV 1
+ f k × V 1 + gh 1 gradη1 = 0 ,
φt
φη1
+ divV 1 + divV 2 = 0 ,
φt
(27.14)
φV 2
+ f k × V 2 + g(1 − ξ)h 1 gradη1 + gξh 2 gradη2 = 0 ,
φt
φη2
+ divV 2 = 0
φt
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Table 27.1 Eigenfrequencies and periods of the fundamental oscillation (1. mode) and three superinertial oscillations (11., 12. and 13. modes) subject to the stratification (26.42), which is replaced
by a two-layer model with ξ = 8.8 × 10−4 , h 1 = 13 m and h 2 = h 2 (x, y)
Mode

1.

...

11.

12.

13.

...

Frequency [×10−4 s−1 ]
Period [h]
[d]

0.1691
103.2
4.3

...
...
...

1.417
12.3
0.51

1.471
11.9
0.49

1.542
11.3
0.47

...
...
...

with the boundary conditions for a closed water basin
V 1 · n = 0 and V 2 · n = 0.

(27.15)

Here, f is the Coriolis parameter, k a unit vector in the z-direction and g the gravity
constant. V i (i = 1, 2) are the horizontal components of the volume transport vector
in the i-th layer; ηi is the displacement of the free surface and interface, h i the layer
depth and ξ = (ν2 − ν1 )/ν2 , where νi are the constant densities of the two layers,
respectively. The differential operators div and grad are horizontal two-dimensional
and n is the unit normal vector along the shore boundary. These equations were
derived in detail in Vol. 2, Chap. 11.
It is well known that for constant depth basins, h = h 1 +h 2 = const, the two-layer
equations (27.14), (27.15) can be decoupled into two one-layer models governing the
free barotropic and baroclinic oscillations separately. For details see the equivalent
depth models in Vol. 2, Chap. 11. However, for Lake Constance this formulation
does not apply because variations of bottom topography are quite strong; therefore
the two-layer equations. (27.14), (27.15) must be solved simultaneously.
Using the harmonic ansatz
(V 1 (x, y, t), η1 (x, y, t), V 2 (x, y, t), η2 (x, y, t))
= (V ∀1 (x, y), η1∀ (x, y), V ∀2 (x, y), η2∀ (x, y)) exp(iωt),

(27.16)

∀ in Eqs. (27.14), an eigenvalue
with frequency ω and the amplitudes V ∀1,2 and η1,2
∀
problem emerges for the eigenvalue ω and the mode (eigen) functions V ∀1,2 and η1,2
which can be routinely determined.
The temperature stratification (26.42) can be approximately expressed by a twolayer model with ξ = 8.8×10−4 , h 1 = 13 m and h 2 = h 2 (x, y). Using these values in
Eq. (27.14) with the boundary conditions (27.15) allows evaluation of the horizontal
structure of the corresponding oscillations. The corresponding results have been
shown in Wang et al. (2000) [48]. In Table 27.1, we have listed eigenfrequencies
and eigenperiods of the fundamental (first) mode and several superinertial modes
obtained this way.
It would be exhaustive to present the horizontal structure of all free internal
oscillations which have been recorded and identified in Lake Constance. We restrict
ourselves to two of them: the first (fundamental, subinertial) mode, which is consid-
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Fig. 27.25 Interface displacement of the first mode (Kelvin-type oscillation) at 1/8 cycle time
intervals covering one half-cycle. The thicker line represents the instantaneous line of zero vertical displacement; negative contour lines are dotted. The closed circle indicates the (positive)
amphidromic point. The second half of the cycle continues with reversed displacements, adapted
from Wang et al. (2000) [48]. © Annales Geophysicae, EGU, reproduced with permission of the
authors

ered to be the dominant one, and the twelfth (superinertial) mode, which preferentially is excited in the middle of Upper Lake Constance by winds in the transverse
direction.
The motion of the first mode of oscillations is the rotation-modified fundamental longitudinal oscillation of the basin (Kelvin-type wave). The structure of the
fundamental mode is presented in the form of 1/8-cycle snapshots of the interface
displacement covering one half-cycle (Fig. 27.25). As the influence of the rotation of
the Earth is of importance for internal motions in lakes of this size, the standing mode
is transformed into an amphidromic system by the rotation. The contours are given
at intervals of 10 % of the maximum elevation of the mode. It is clearly seen that the
mode is an amphidromic system in which the wave propagates counter-clockwise
around the (positive) amphidromic point (indicated by the full circle). If we would
also display the current vectors for different time slices, we would see that the velocity field of this fundamental mode is shore-bound and counter-clockwise around the
basin as expected for Kelvin-type waves. With a period of 4.3 days or 103.2 h this
first mode of eigenoscillations obtained by the eigenvalue problem of the two-layer
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model is in good agreement with the Kelvin-type wave in the three-dimensional
numerical results of wind-induced circulations (Figs. 27.16 and 27.17). Agreement
is established not only between periods but also the shore-bound features.
To give an example of the highly complex horizontal structure of the superinertial,
Poincaré-type internal oscillations, we choose the twelfth mode (T = 11.9 h) of the
two layer model which exhibits one well-developed, clockwise rotating amphidromic
system situated within the broadest part of the basin (in the middle of Upper Lake
Constance). The horizontal structure of this mode is identified by means of the flow
ellipses, and the corresponding horizontal velocity distributions for four successive
phases ωt = 0, π/4, π/2, 3π/4 of the upper, those of the lower layer possess a rather
similar structure, but in opposite direction. In Fig. 27.26a each ellipse represents a
trajectory of a particle, which moves periodically around the center of the respective
ellipse. The size of the ellipses gives an indication of the excursion which a particle
encounters. The clockwise veering of the current vectors, in the central part of the
basin clearly seen from Fig. 27.26b, is a distinguished property of Poincaré waves. It
is exactly the feature of the oscillation with the period of 12 h viewed in the time series
of the wind-induced motion computed by the three-dimensional model (Fig. 27.19).
From observations (Heinz 1995, [12]; Hollan 1974, [14]) we know that periods
of approximately 12 h with clockwise veering currents are dominating the spectra at the centre of Upper Lake Constance. This agrees with the twelfth mode of
eigenoscillations of the two-layer numerical model. In general, Poincaré-type internal oscillations have smaller periods (always superinertial) the narrower the part of
the basin is where they occur. Here we only want to touch on observed short-period,
free internal oscillations in the transverse direction of Lake Überlingen with periods
of about 4 h, which Hollan (1974) [14] explained as response of stratified Lake
Überlingen to local winds in the transverse direction. Calculations with a numerical
two-layer model of high resolution (Bäuerle 1994, [3]) show that, in accordance
with observations, the 4 h mode is restricted to the very end of Lake Überlingen.4
Further observational evidence for this fact is given by Heinz (1995) [12] in extracting a 9 h period from the spectra of a measuring site between Lake Überlingen and
the main basin of Upper Lake Constance. Such a wave should be found in a higher
mode, the computation with higher resolution (near this domain) may be necessary.
All such Poincaré-type internal waves can also be identified in the time series of
the wind-induced motion computed by the three-dimensional model (Wang 2000,
[48]).
Many other (e.g. 11. and 13.) modes of eigenoscillations possess complex
structures and are hardly excited by uniform winds. Therefore, it seems that the
fundamental subinertial Kelvin-type oscillation (1. mode) and the superinertial
Poincaré-type oscillations (e.g. 12. mode) can be easily excited by a spatially uniform wind. The other modes may occur under more complex wind distributions.
Which of the superinertial Poincaré-type oscillations actually possesses relatively
simple structure should depend on the value of the internal Rossby radius compared to the width of the basin. In the numerical results of the three-dimensional
4

For a detailed analysis, see Vol. 2, Chap. 14.
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Fig. 27.26 Elliptical fluid particle trajectories (a) and the corresponding horizontal velocities for
four successive phases (b) at 1/8 cycle time intervals for the twelfth internal oscillation mode
(Poincaré-type oscillation), plotted only for the region where this mode is strongest. The second
half of the cycle continues with reversed currents, adapted from Wang et al. (2000) [48]. © Annales
Geophysicae, EGU, reproduced with permission of the authors

wind-induced circulations in Lake Constance, wave modes calculated not only with
the turbulent subgrid-scale parameterizations displayed in Sect. 27.3.2 but also
with the presumed viscosities shown in Sect. 26.5.2, could indeed be easily identified from the velocity field. Their behaviour is the same as in the eigenoscillations:
Kelvin-type oscillations circulate counter-clockwise around the basin and possess
large amplitudes near shore; Poincaré-type oscillations occur mainly in the center
of the basin and rotate in the clockwise direction. The periods of the oscillations
estimated from the wind-induced circulations and the eigenoscillations basically
coincide.
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27.5 Review and Outlook
Turbulent closure has to cope with adequate flux parameterization of momentum
and energy (temperature) to depth of moderate to large winds and maintainance
of possibly existing internal water dynamics, particularly in the metalimnion, over
several days to weeks. These competing effects require flux parameterizations that
can adjust to the local conditions of turbulent intensity. In modern turbulence theory this is done by stress tensor and heat flux parameterizations via balance laws
for the flux quantities. However, they generally require large computational expenditures to the extent that physically realistic scenarios cannot be computationally
modelled. It is therefore customary in limnology and oceanography that gradient
type closure postulates are applied to the Reynolds averaged Boussinesq approximated Navier–Stokes equations for the Reynolds stress tensor and the turbulent
heat flux vector with turbulent viscosities and diffusivities which are described by
algebraic relations. This procedure—admittedly simplified and fraught with certain
inaccuracies—allows computation of dynamic processes in lakes which are economically feasable.
Whereas on small scales measurement of turbulent correlations point at isotropic
behavior, diffusive properties on typical macroscopic scales in limnology and
oceanography are distinct in the vertical and horizontal directions. Consequently
horizontal and vertical viscosities/diffusivities are correspondingly differently parameterized. In the horizontal direction we used the Smagorinsky subgrid parameterization, in which the turbulent viscosities depend on the second invariant of the mean
strain rate and the area of the grid size, but on no other variables characterizing the
local turbulence (e.g. turbulent kinetic energy, its dissipation, or a turbulent length
scale), see (27.3). In the vertical direction the Mellor–Yamada level-2 scheme, the
turbulent vertical viscosities/diffusitivies are set proportional to the product of the
turbulent kinetic energy with a turbulent length (yielding dimensionally a kinematic
viscosity/diffusivity). So the associated factors of proportionality, S M and S H (for
momentum and heat), in the parameterization (27.4) are dimensionless and follow
from a steady state balance of the turbulent kinetic energy,in which its disipation
rate and the power of working of the buoyancy forces balance, see (27.5), with a
Richardson number dependence.
In the computations of wind induced water motions in a thermally stratified rectangular basin of constant depth and in Lake Constance it was demonstrated that
the numerical values for the horizontal diffusivities are of the order of (0.1–1.0)
m2 s−1 , but that their exact magnitudes are of little effect to the resulting dynamical response of the velocity and temperature distribution, provided their values
are not too high to smear possible steep gradients too much. Their values are
selected to guarantee the stability of the numerical scheme. The vertical viscosities/diffusivities adjust their values to the local turbulent intensity and reflect the
evolution of the dynamics. In a set-up motion from rest they penetrate at early time
the upper water layer and thus contribute to the associated vertical movement of the
thermocline, see Figs. 27.3 and 27.4. They follow the Kelvin-and Poincaré-type
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dynamics through several periods. The attenuation of these periodic features critically
depends on the absolute velues of the turbulent viscosities/diffusivities. Since measurements show in most lakes intensive internal wave dynamics in small, mid-size
and large lakes, realistic circulation scenarios obtained by computation must show
them with relaxation properties comparable to those inferred from measurements.
The corroboration that these internal wave features are reasonably resproduced for
Lake Constance lends support for an adequate turbulence parameterization for this
medium size lake.
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Part II

Observation, Measurements and
Laboratory Experiments

Preamble to Part II
Theory directs science
and experiment pushes it ahead
P. KAPITZA
1960s
As one of the Earth Sciences, physical limnology is based on field data, natural
observation, and physical measurement. This part of the book is devoted to a
descriptive overview of methods, tools, and instruments for the main traditional
hydrophysical measurements in lakes, however, without specific technical details.
Examples of field measurements are given; they are carefully selected in order to
demonstrate to the reader the possibilities of the various instruments, and/or
remarkable physical effects taking place in lakes. Among the latter are internal
waves, coastal heating, thermal bar formation, wind induced water-level variations
and thermocline motions, water gyres, autumn cooling, daily heating, LANGMUIR
circulations, step-like structures and small-scale turbulence, and thermocline
intrusions, etc.
Historically, scientific observation of natural physical processes is well-known
since the fifteenth century, and brilliant examples of it can be found already in the
works of Leonardo DA VINCI (1452–1519). It was Galileo GALILEI (1564–1642)
who added experimentation to observation. From the times of GALILEI’S first
thermometer (1592, see Fig. II) and hygrometer (1623), TORRICELLI’S barometer
(1643), the very idea of physical measurement remains the same—to record
quantitative parameters of physical processes. However, measuring instruments
and techniques have developed incredibly, in particular in the second half of the
twentieth century. Pioneering experiments have, for instance, been done in the
second half of the nineteenth century by Professors Francois-Alphonse FOREL
(1841–1912) and Edouard SARASIN (1843–1917) in measuring lake surface
oscillations with limnigraphs. FOREL made temperature measurements in Lake
Geneva also in the nineteenth century and WEATHERBURN took temperature profiles
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in Loch Earn in 1912. Early measurements of physical parameters were largely
restricted to temperature measurements from boats, while currents were recorded
with drifters and generally had a rather low level of sophistication. At present,
physical limnology, together with all the Earth Sciences, has already passed in its
historical development a descriptive period of observations of lake behavior;
collecting general information about lakes, gathering short-lived observations, and
single measurements of selected parameters.
Present-day methods and instruments of physical measurement in lakes aim at the
investigation of the current processes by considering a lake as a complicated
hydrophysical system in which processes occur with complex feedback relations.
Modern measurements in lakes are necessarily accompanied by full meteorological
information, supported by remote sensing data, and guided by current information
from lake diagnostic systems. They are often dictated by either ecological
monitoring assignments or a particular physical idea of scientific experiment, when
one needs to prove theoretical predictions or provide data for numerical modeling.
Following these requests of practice, new physical methods of measurement and
new instruments have been and are continuously being developed and put into
practice. Here, only a review of the main types of measurements is given; traditional
methods and key physical principles are described. Even though such descriptions
do not contain an information on most recent devices, they provide that basic
understanding on what and how things are measured in a lake, thus allowing for
deeper data interpretation. In addition, the major part of the newest equipment and
modern methods use the same old physical principles, and it is always profitable for
the researcher to consider first those principles for a particular measurement task.
The main physical parameters of interest for physical limnological field
measurements, embrace mostly questions of water properties and water motion,
namely:
– water currents,
– velocity fluctuations,
– water temperature and its fluctuations,
– electrical conductivity,
– water-level variations,
– hydrostatic and dynamic pressure,
– water transparency, light absorption, and scattering,
– bathymetry, its accurate recording and its temporal change by sediment
transport,
– dissolved/suspended substances, tracers,
and so on. To be treated correctly, this data should be provided with information
about its accuracy. Furthermore, it should be accompanied by information on lake
forcing factors and boundary conditions: wind field, atmospheric pressure, air
temperature, and other meteoparameters; river discharges, precipitation, solar
irradiation, and other hydrological features of a lake; bottom sediments and
vegetation, bottom filtering, underwater sources, and other bottom characteristics.
Chapter 28 is devoted to the description of equipment with which parameters from
the main list can be measured, without consideration of specific meteorological,
hydrological or geological tools.
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Fig. II. a Reconstruction of GALILEI’S thermometer (1592). The device is constituted by
a glass cylinder containing a liquid with a density that considerably increases with
decreasing temperature. Within the cylinder there are some glass cruets with a colored
liquid inside. These cruets have different average densities and carry name plates from
which one can read the temperature (http://www-toys.science.unitn.it/toys/en-html/
en-t-galileo.html); b Galileo GALILEI (1564–1642), portrait by Justus SUSTERMANS
painted in 1636 ( http://www-gap.dcs.st-and.ac.uk/history/Mathematicians/Galileo.html)
Galileo GALILEI (Feb, 15, 1564–Jan, 8, 1642) was an Italian physicist, mathematician,
astronomer, and philosopher. The motion of uniformly accelerated objects, taught in nearly
all high school and introductory college physics courses, was studied by GALILEI as the
subject of kinematics. GALILEI championing of Copernicanism was controversial within his
lifetime. The geocentric view had been dominant since the time of Aristotle, and GALILEI
was eventually forced to recant his heliocentrism and spent the last years of his life under
house arrest on orders of the Inquisition. GALILEI considered his theory of the tides to
provide the required physical proof of the motion of the earth. This theory was so
important to GALILEI that he originally intended to entitle his Dialogue on the Two Chief
World Systems the Dialogue on the Ebb and Flow of the Sea. GALILEI circulated his first
account of the tides in 1616.
About 1592, GALILEI constructed a thermometer; between 1595 and 1598, he devised and
improved a Geometric and Military Compass suitable for use by gunners and surveyors. In
1609, GALILEI was among the first to use a refracting telescope as an instrument to observe
stars, planets, or moons. In 1610, he used a telescope at close range to magnify the parts of
insects, and by 1624 he had perfected a compound microscope. In 1612, having determined the orbital periods of Jupiter’s satellites, GALILEI proposed that with sufficiently
accurate knowledge of their orbits one could use their positions as a universal clock, and
this would make possible the determination of longitude. In his last year, when totally
blind, he designed an escapement mechanism for a pendulum clock. GALILEI created
sketches of various inventions, such as a candle and mirror combination to reflect light
throughout a building, an automatic tomato picker, a pocket comb that doubled as an
eating utensil, and what appears to be a ballpoint pen.
Text: http://en.wikipedia.org/wiki/GalileoGalilei
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Methodologically, measurements of a particular parameter (or a set of
parameters) are performed in natural basins
– at an isolated point (single measurement, or time series),
– as point measurements along spatially fixed line segments (single measurement,
or time series),
– as three-dimensional field registrations (single measurement, or time series),
– in the form of vertical profilings (variations in space or space and time),
– as horizontal towings (variations in space and time),
– from drifting buoys (variations in space and time).
Typical of the three first methods is that a single or several measuring devices
are positioned at spatially fixed positions and record a particular parameter at these
positions with a certain time step. Alternatively, the remaining three techniques
move the instrument through space along a preselected or measurable trajectory
while the instrument records the parameter(s) in question. This may also request
that along with the position on the trajectory also the time is recorded. Because the
instrument is fixed in space in the first measuring techniques, they are also called
EULERIan; correspondingly, since in the last method the instrument moves
essentially with the fluid, it is called LAGRANGIAN. In Chap. 29, these measuring
methods will be described and examples will be given, how the collected data are
explored.
Measurements, conducted in Nature, i.e., with the actual object, and
experiments in the laboratory, usually at smaller geometric and possibly distorted
scale, are both designed and performed to validate a conceptual model.
Technically, it involves comparison of computed field variables (velocity,
temperature, concentration distributions) with corresponding measured quantities,
which are identified with those of the theory and judging the degree of agreement
by objective measures of deviation. Chapter 30 ‘Dimensional analysis, similitude
and model experiments’ are devoted to the delicate question whether physical
processes in Nature—the so-called prototype—can be down scaled to smaller
size—the model—performed in the laboratory at this smaller size. If yes, the
physical process, mapped to the model size reflects complete similitude and
inferences from the model can exactly be upscaled to the prototype, else this is at
best approximately possible with errors, which are reflected in the so-called scale
effects. The theory, which describes the mapping properties from the prototype to
the laboratory model and vice versa is called Dimensional Analysis and explains
how and when laboratory experiments may deliver trustworthy results. Examples
on tidal flow and wind-induced currents illustrate the application. Consequently, if
theoretical computational models are validated by use of laboratory experiments,
the validation process concerns the physical model at the laboratory scale as well
as the mathematical model against results of the physical model. Attractiveness of
the laboratory experiments lies in easier and more complete data collection;
however, in hydraulics of lakes, where the Earth’s rotation has to be accounted for
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by putting the model lake onto a platform, which is rotated, rules of similitude
require relatively rapid rotation, making installations on such platform generally
expensive and measurement difficult. This may be the reason, why such experimental techniques are presently still in a relatively virgin state.

Chapter 28

Instruments and Sensors

...The general principle for oceanographic instruments
has been to keep them simple and reliable,
a principle underlined by the long-successful use
of the Nansen bottle and reversing thermometer...
D. James Baker
Evolution of physical oceanography
1981

List of Symbols
Roman Symbols
B
f
f¯
f≈
FT
g
H
Hsw (z)
L
LK
l
p
Re
Rt , (R0 )
T
TK
U
V
zs

Magnetic field of the Earth
Symbol for a physical variable
Mean value of f
Fluctuation/pulsation of f
Frequency of eigenoscillation
Gravity constant
Depth, water depth
Radiation
Characteristic length
Kolmogorov length (1 mm)
Distance between electrodes
Pressure
Reynolds number
Electric resistances of the interior (exterior) of a region
Temperature
Kolmogorov time (1 s)
Velocity modulus
Velocity vector
Secchi disk depth
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Greek Symbols
α, β, γ
β
Δρs
ε
κ
ν
ρ
ρ√ = ρw
ρT
σt = ρ − ρ√

Coefficients in parameterizations
Isothermal compressibility
Density anomaly due to dissolved substances
Electric/magnetic potential, light extinction/absorption coefficient,
Specific turbulent dissipation rate
Specific turbulent kinetic energy
Kinematic viscosity
Density
=1000 kg m−3
Density of pure water
Density anomaly

28.1 Measurement of Water Currents
π άντ α ρ̀ει̃...
Everything flows...
Heraclit
∼540–475 B.C.
The current or velocity field in a water body is a quantity that can relatively easily
be observed. The identification of its structure and variations and the reasons of its
formation are central questions for physical limnology, as well as for oceanography,
hydrology and hydraulics. So, a wide variety of methods, tools and instruments have
been and are still being developed to investigate the structure of the current field, to
measure the speed and direction of the current, the velocity fluctuations and other
dynamical characteristics.
The variability of the speed of the natural current1 in lakes is not very broad.
Horizontal wind driven surface currents in large lakes might be up to 1–2 m s−1 , and
they rapidly decrease with depth; a typical scale is several units of cm s−1 . Velocities
of up/downwellings are typically in the range of 0.1–10 mm s−1 and horizontal
bottom velocities in the hypolimnion are seldom larger than a few mm s−1 . However,
the current field is a most variable parameter, reflecting almost all the processes taking
place in water basins. Wind action, inhomogeneity of the solar heating, internal
or surface waves cause complex current patterns that are variable both in space
and time. In lakes, small current speeds are frequently occurring, particularly, in
the hypolimnion and the benthic boundary layer.2 So, continuous small velocity

1 In oceanography and limnology the common terminology to characterize the water motion is
as follows: ‘current’ is used to denote the velocity vector of a water particle. In connection with
observations ‘current’ often only characterizes the projection of the water velocity onto the horizontal plane. Generally, the meaning can easily be inferred from the context. ‘Speed’ is used to
characterize the modulus of the velocity vector, again either in three dimensions or in the horizontal
projection and ‘direction’ almost exclusively means the direction of the projection of the current
vector in the horizontal plane.
2 This is a thin layer immediately above the bottom.
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recordings are important, if processes are to be properly understood, but it is exactly
these, which are difficult to measure.
Various instruments, constructed for current velocity measurements, can roughly
be divided into two general types: (i) current meters for more or less long-lasting
measurement of the speed and direction of the water at a certain position or from
a boat, and (ii) various drifting bodies, floats and tracers, moving together with
the water and providing information about the water motion through space and time,
represented by averaging the current velocity along some part of the trajectory during
the course of the motion.

28.1.1 Current Meters
Autonomous current meters are the most commonly used instruments in field
practice. They are usually placed at anchored buoy stations (on the surface, or submerged), called moorings (see Fig. 29.1 for details); the measuring method is therefore Eulerian. They are so constructed that registration of the water motion during
long intervals (days to months) is possible by saving the collected information on
some internal carrier or transmitting it by cable or radio. Often, in addition to sensors
of current speed and direction, modern instruments have also sensors and measuring channels for temperature, electrical conductivity, speed of sound and hydrostatic pressure. Sometimes, for accurate measurements with instruments tied to long
chains, the deviation of an instrument from its vertical alignment is also measured
by recording its inclinations in two perpendicular vertical planes. Depending on the
construction and principle of the operation of the sensing device, current meters are
usually subdivided into (i) instruments with mechanical converters and (ii) devices
which use an interaction of the flow with acoustic, magnetic, light or other fields.
In the simplest case of horizontal current-velocity recordings, two parameters
must be measured: the current speed and its direction (an angle φ between the
plane of a meridian and the direction of the current vector). Traditionally, φ = 0
corresponds to a current towards North, 90∈ —towards East, 180∈ —towards South,
270∈ —towards West, i.e., positive angles are calculated in the clockwise direction
from geographical North (see Fig. 28.1). Note, that, by tradition, the directions of
wind and water currents are denoted in different ways: oceanographers say that
‘the current goes from whilst the wind blows into the compass’. This way, φ = 0∈
corresponds to a current towards North but a wind from North, φ = 90∈ —current
towards East but a wind from East etc., always calculating degrees in a clockwise
direction from North.
There are two common schemes for horizontal current measurements: (i) recordings of two horizontal components of the velocity vector by a local movable (rotary)
device with a fixed co-ordinate system and an angle of orientation of the device
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Fig. 28.1 Traditionally, directions of wind and water currents are denoted in different ways: looking
at the compass, one records the direction to which the current is moving, but from which the wind
is blowing. So, φ = 0 corresponds to a current towards North but a wind from North, 90∈ —current
towards East but a wind from East etc., always calculating degrees in a clockwise direction from
geographic North

relative to the geographical axes and (ii) recordings of the velocity modulus and
the sine or cosine of the direction angle with the plane of the meridian. Measuring
the speed and direction requires in general different techniques, which also exhibit
distinct error properties.3 This implies that the analysis of the current itself needs
some caution, because it is a composition of the two.
Let us consider the main principles of operation of modern current meters:
mechanical, acoustic and electro-magnetic instruments.
Main principles of operation of current meters
Mechanical current meters were and still are the traditional a nd most widely used
velocity instruments employing impellers, rotors or screws. Their angular velocity is
correlated to the strength of the flow and can be recorded (i) instantly with a certain
time interval or (ii) averaged over the time of measurement. The direction of the
flow is determined, as a rule, by recording the deviation of the flow direction from
magnetic North. Often the sampling method for the speed is different from that of
the direction.

3 For instance, for small currents, it often happens with such instruments that the speed is smaller
than the corresponding threshold value of the instrument and thus cannot be recorded—whilst the
direction is still reliably measured.
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Fig. 28.2 Examples of typical five-blade propeller (a) and the Savonius rotor (b), which is a
propeller in reverse that spins when placed in water moving perpendicular to its axis

Mechanical primary converters,4 i.e. rotors, propellers, impellers, are known since
centuries. An example of a typical propeller is given in Fig. 28.2a. It is a device which
uses (two, three or more) profiled blades to convert the forward movement of water
into rotation along an axis. The Savonius rotor (Fig. 28.2b) was originally developed
in 1922 and patented in 1925 by the Finnish ship officer Sigurd J. Savonius for
power generation. It has been extensively used as a sensor In various current meters.
Its advantages are that it is rugged, omni-directional and linear in steady flow, but
its response to time-varying flow and its susceptibility to contamination by vertical
flows make it unsuitable for measurements near the surface where wave action creates
both time-varying and vertical flow fields. The impeller is a type of propeller which
produces suction when rotated; one can see it as part of a pump that moves the
water. One of the first documented examples (see Fig. 28.3) is the Archimedes
screw, whose original principle of operation is still in use in some of today’s current
meters.

4 A primary converter is a physical body (a liquid, crystal, membrane etc.) or simple construction
(screw, capacitive cell, etc.) whose characteristics vary significantly in accordance with some external parameter to be measured. The most valuable converters are those which provide information
via frequency modulated signals, since they can be immediately transmitted and recorded, without
additional transformation.
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Archimedes
screw

Fig. 28.3. Detail of an antique engraved portrait of Archimedes and his screw
Famous ancient Greek mathematician and inventor, Archimedes was born ca. 290–280 BC
in Syracuse (Sicily). The most commonly related story about Archimedes tells how he
invented a method for measuring the volume of an object with an irregular shape. According
to Vitruvius, a new crown in the shape of a laurel wreath had been made for King Hieron
II, and Archimedes was asked to determine whether it was of solid gold, or whether silver
had been added by a dishonest goldsmith. Archimedes had to solve the problem without
damaging the crown, so he could not melt it down in order to measure its density as a cube,
which would have been the simplest solution. While taking a bath, he noticed that the level of
the water rose as he got in. He realized that this effect could be used to determine the volume of
the crown, and therefore its density after weighing it. The density of the crown would be lower
if cheaper and less dense metals had been added. He then went to the streets naked, so excited
by his discovery that he had forgotten to dress, exclamating ‘Eureka!’ ‘I have found it!’. The
story about the golden crown does not appear in the known works of Archimedes, but in his
treatise On Floating Bodies he gives the principle known in hydrostatics as Archimedes’
Principle. This states that a body immersed in a fluid experiences a buoyant force equal to
the weight of the displaced fluid.
A large part of Archimedes’ work in engineering arose from fulfilling the needs of his home
city of Syracuse. The Greek writer Athenaeus of Naucratis described how King Hieron II
commissioned Archimedes to design a huge ship, the Syracusia, which could be used for
luxury travel, carrying supplies, and as a naval warship. The Syracusia is said to have been the
largest ship built in classical antiquity. According to Athenaeus, it was capable of carrying
600 people and included garden decorations, a gymnasium and a temple dedicated to the
goddess Aphrodite among its facilities. Since a ship of this size would leak a considerable
amount of water through the hull, the Archimedes screw was purportedly developed in order
to remove the bilge water. It was turned by hand, and could also be used to transfer water
from a low-lying body of water into irrigation canals. The Archimedes screw described in
Roman times by Vitruvius may have been an improvement on a screw pump that was used
to irrigate the Hanging Gardens of Babylon.
Text: http://en.wikipedia.org/; http://www.brown.edu/

Mechanical converters of different types may behave differently under particular
conditions of the experiment. To see this, imagine some instrument exposed to a
current which flows from West to East, then pauses, then flows from East to West
with the same strength as before, so that there is no net flow (the mean current is zero).
How will the propeller-type converter, the Savonius rotor, the paddle-wheel rotor and
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Fig. 28.4 Different mechanical primary converters subject to alternating currents of equal magnitude behave differently in alternating flow. Left to right propeller (a), Savonius rotor (b), paddlewheel (c) and Archimedes screw (d) (adapted with changes from http://www.es.flinders.edu.au)

the Archimedes screw respond to such a current (see Fig. 28.4). It is assumed that
the orientation of the speed sensors is not changed in space during the experiment.
The propeller rotor (Fig. 28.4a) turns as the current flows from West to East,
stops, and turns backward as the current flows from East to West. The backward
turn, however, is not the same as the forward turn, because the propeller response
to flow from its back is different to its response to flow from the front. Unless the
propeller is specifically designed to have a cosine response to the flow, a propellertype current meter thus only gives a reliable reading if the propeller always points
into the current direction and its orientation is recorded along with the measured
current speed.
The Savonius rotor (Fig.28.4b) turns anti-clockwise, stops, and continues to
turn anticlockwise, effectively integrating over the current speed. It therefore gives
a large apparent current speed. It does this independently of its orientation in space.
The Savonius rotor thus gives a reliable reading only in situations where there is
no high frequency alternating flow (such as produced, for example, close to the lake
surface by wind waves or near boundaries). Its reading has to be supplemented by
independent information on current direction.
The paddle-wheel rotor (Fig. 28.4c) does not rotate at all unless one side of it is
sheltered from the current. If it is sheltered, the paddle-wheel turns anti-clockwise
first, then stops, then turns clockwise, and the clockwise rotation cancels the anticlockwise rotation exactly. A paddle-wheel rotor thus produces a reliable reading in
a given situation. Its reading has to be supplemented by independent information on
current direction as well.
The response of the Archimedes screw (Fig. 28.4d) is a combination of features of
the other converters: it moves forward and backward symmetrically, does not measure
properly high frequency alternating flow and requires independent measurement of
the current direction.
Thus, important conclusions come out of these simple considerations. First, when
choosing the device for the particular experiment, one should foresee probable field
conditions—the current magnitude and regime. Second, one must always take into
account the construction of the current meter when analyzing the obtained data. This
is why an information about various technical details of measurement is at least as
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Fig. 28.5 Examples of routinely used current meters: a DISC-1, Ukrainian Marine Hydro-physical
Institute, 1980, with 4-vane impeller; b Geodyne-850 (Geodyne Division, USA, 1963) and Vector
Averaging Current Meter (VACM, Woods Hole, USA, 1975) are constructively alike and use a
Savonius rotor; c RCM-4 (Aandreaa, Norway) with rotary sensor and steering plate for device
orientation along the flow direction; d horizontally oriented MO 21 (Plessey, UK) with impeller,
hanging freely on the track cable; e Model-135 of Inter Ocean System (USA) with Savonius rotor;
f ACIT (AANII, USSR, 1977) with two impellers at 90∈ to one another; g CT-3 of Sea-Link System,
USA, with electro-magnetic principle of operation; h CROUSET (France) is a Doppler acoustic
current meter with two gauge lengths at 90∈ to one another; i acoustic two-component current meter
ACM-1 (N. Brown, USA); j POTOK (Institute of Oceanology, USSR) with impeller and steering
plate. Adapted from Fomin et al. (1989) [18], with changes. © Nauka Publishing House, reproduced
with permission

important as the measurement itself; in other words, the measured data is practically
useless without an information on how it was taken (Fig. 28.5).
The range of the measured velocities is for mechanical current meters 0.02–
4 m s−1 ; the accuracy of them is usually ± 3−10 % for speeds and ±5 % for the
current direction. The lower value of approximately 0.02 m s−1 defines the threshold
at which the moveable devices are set in motion. This threshold value can vary
considerably if instruments are exposed for longer periods over which algae can grow
on the sensing parts of the instruments. Mechanical converters have quite restricted
operating characteristics: high signal-detection threshold, high time lag, different
rates of acceleration and deceleration in time-dependent flows, bio-fouling under long
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Fig. 28.6 Flowmeter, model 2030 series mechanical flowmeter of general oceanics, Canada. It has
a precision molded rotor coupled directly to a six digit counter which registers each revolution of
the rotor. The counter is located within the body of the instrument and is displayed through the clear
plastic housing. Threshold: approximately 6 cm s−1 ; range: approximately 10 cm s−1 to 7.9 m s−1
(photo from http://www.i-ocean.com/gometers.htm)

exposure etc. On the other hand, these simple and reliable constructions can be used
successfully in flowmeters—instruments for flow measurements in rivers, estuaries,
canals, sewage outfalls, and offshore applications. They usually measure water speed,
volume, or discharge. An example of Model 2030 Mechanical Flowmeter, produced
by General Oceanics,5 Canada, is given in Fig. 28.6.
Acoustic current meters. These instruments record phase shift, frequency, travel
time variation or amplitude modulation of acoustic signals propagating in moving
water and correlate these to the water motion. Two or three components of the current
vector are usually measured. Let us describe them in greater detail.
Pulse acoustic current meters. Two sound speed gauges are used as a sensing
device with opposite direction of signal propagation (see Fig. 28.7a). The device is
so oriented that the direction of the acoustic pulse transmission is parallel to the
direction of the flow under measurement. One gauge is measuring the sum of the
velocities of sound and flow, and the other the difference between them. The difference
of the times of the acoustic pulse passages is then proportional to the speed of the
current, irrespective of the variations of the sound speed. The current meter GY-3,
constructed by Chr. Michelsen Institute (CMI, Norway), for example, is using this
principle and measures the current speed in a range from 0 to 2.5 m s−1 with an error
of ±1 %.

5

Use of trade names in this book is for identification purposes only and does not constitute endorsement by the authors. This is said here once and for all and will not any further be repeated.
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Fig. 28.7 Current speed converters based on acoustic principles of operation: a pulse acoustic
current meter; b Doppler current meter: 1—water flow, 2—sound emitting device, 3—acoustic
receiver, 4—volume of fluid dispersing and reflecting a signal

Acoustic Doppler current meters6 (ADCP, ADP).7 There are acoustic current
meters, which radiate an uninterrupted signal. The principle of their operation is
based on the measurement of the phase shift between a base sinusoidal signal and
a signal that passed through a volume of water under investigation (see Fig. 28.7b),
which exhibits phase shift due to the Doppler effect. Current meters of N. Brown
ACM-1, ACM-2 (see Fig. 28.5i) are measuring two velocity vector components by
using this principle.
One of the construction principles of a Doppler acoustic current meter is based
on the property of water to disperse and partially to reflect an ultrasonic signal due
to its inhomogeneity and impurity inclusions. An ultrasonic signal that is reflected
by a moving water particle has a frequency which differs from that transmitted (see
Fig.28.5h—CROUSET acoustic current meter; Fig. 28.8 the UCM-60 current meter
as an example).
The Doppler sensing device (Fig. 28.7b) includes a sonic beam transmitter 2 and a
receiver 3. Since particles reflecting a signal move together with the flow of the water,
the reflected signal carries information about its speed. Use of high frequencies allows
to enhance the resolution of the device to form a narrow beam and to use small-size
transmitters. 2–10 MHz is the optimal frequency range for Doppler current meters.
6

The every-day manifestation of the Doppler shift is the sound of a blowing horn from a police car.
When a car is approaching the tone arriving at a receiver is higher—i.e., its frequency larger—than
when the car is moving away from the receiver. Christian Doppler (1803–53) was an Austrian
physicist who described this frequency shift first in 1842.
7 The acronym ADCP stands for ‘Acoustic Doppler Current Profiler’. Sometimes, the acronym
ADP (‘Acoustic Doppler Profiler’) is used for such instruments.
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Fig. 28.8 The UCM-60 3
Axis Acoustic Current Meter
of General Oceanics, Canada,
is a three dimensional,
high performance ultrasonic
current meter. Acoustic travel
time difference is used for
current measurements. The
current velocity sensors have
a resolution of 1–2 mm s−1
at the 6 m s−1 range (photo
from http://www.i-ocean.
com/gometers.htm)

A size of the scattering centers bigger than, or commensurable in size to, a wave
length of γ = 0.15 mm is sufficiently large in natural basins. Plankton, suspended
particles and air bubbles serve as scattering centers.
The volume of the water under sounding is usually more than 30–60 cm away
from the transmitter, and this is one of the main advantages of Doppler current
meters: the volume of the water under measurement is far away from the device so
that the instrument is unlikely to distort the flow in the medium. However, Doppler
current meters operate badly in pure water, in which the signal suffers weak reflection
and thus is comparable to a noise. High resolution capacity makes Doppler current
meters especially useful for turbulence measurements.
As mentioned above, in two-component measuring systems one uses two pairs
of transmit-receive cells, usually placed perpendicularly to one another. It is still a
challenging technical problem for present-day current meters to measure all three
components of the velocity vector. In addition, handling ADCP-data is rather difficult,
needs specific computer tools and requires substantial experience for successful use.
In summary, the above described acoustic converters measure current speeds from
0.01 to 5 m s−1 with an accuracy of ±1 % for the speed and ±2 % for the current
direction. The reaction time is in the milliseconds and the nonlinearity is small
through the entire range of applicability about 1 %. The measurement technique is
almost inertia-less, and so the instruments can be used for measurement of both mean
currents and velocity fluctuations. However, measurements near boundaries such as
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Fig. 28.9 Von Kármán vortex street behind a cylinder in uniform flow from the left (http://www.
icfd.co.jp/menu1/thermalconvection/therm.html)

the water surface or the bottom are distorted by the reflected signal, which is the
main imperfection of ADCPs.
Vortex current meter. The principle of operation of a vortex current meter is based
on the measurement of pulse vortex oscillations that are generated by a cylinder
placed in a flow of water. The velocity field that passes the cylinder generates a
Von Kármán vortex street (see Fig. 28.9) of which the eddies are intermittently
produced left and right. The mechanism works as follows. As a fluid particle flows
toward the leading edge of a cylinder, the pressure in the fluid particle rises from the
stream pressure to the stagnation pressure. The high fluid pressure near the leading
edge impels flow about the cylinder as boundary layers develop at both sides. On the
other hand, the high pressure at high Reynolds numbers is not sufficient to force the
flow back to the cylinder. Near the widest section of the cylinder, the boundary layers
separate from each side of the cylinder surface and form two shear layers that trail
aft in the flow and bound the wake. Since the innermost portion of the shear layers,
which is in contact with the cylinder, moves much more slowly than the outermost
portion of the shear layers, which is in contact with the free flow, the shear layers
roll into the near wake, where they fold on each other and coalesce into discrete
swirling vortices. A regular pattern of vortices, called a vortex street, trails aft in the
wake, according to Fig. 28.9. The vortices interact with the cylinder and they are the
source of the effect called vortex induced vibration. The frequency of this vibration
is proportional to the speed of the flow, and it depends on the diameter of the cylinder.
Since an amplitude modulation of the acoustic signal is used for measurement, this
kind of current meter also belongs to the acoustic tools.
A sketch of the converter is shown in Fig. 28.10. In the region where the vortices 3
are generated, a sound emitting device 5 and a sound receiver 6 are placed on opposite
sides of the vortex street. They are oriented in such a way that the ultrasonic beam
crosses the flow under measurement. As a result of the influence of the vortices on
the acoustic signal, the latter undergoes an amplitude modulation with a frequency
defined by the vortex oscillations.
The minimum measurable speed of the current for such converters is 5–10 cm s−1 .
The main disadvantage of vortex current meters is their poor signal modulation for
speeds of more than 80 cm s−1 ; this leads to an underestimation of the speed indi-
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Fig. 28.10 Vortex current meter: 1—water flow, 2—cylindrical rod, 3—vortices generated in the
flow, 4—acoustic wave, 5—sound emitting device, 6—acoustic receiver

cation. Furthermore, the dependence of the signal upon the orientation of the device
is ambiguous: readings are increasing up to 2–3 % at angles up to 10∈ , however, at
10–30∈ the signals decrease by 20–25 %. This is a non-monotonic response. Overall,
these current meters do not have optimal properties for lake applications.
Electro-magnetic current meters. The principle of operation of an electro-magnetic
current meter is based on the effect, that in a flow of an electrolyte (water), which
crosses a magnetic field, an electromagnetic force is induced, which is proportional
to the speed of the flow and the magnetizing force. In order of magnitude, the Earth’s
natural magnetic field can successfully be used. However, there are several difficulties
here. The very first is a physical one: since the potential difference, ε is proportional
to the sine of the angle between the flow velocity V and the local magnetic induction
B of the Earth’s magnetic field,
ε = κV| lB| sin(V; B),
it becomes very small near the equator. In this formula, l is the distance between
the electrodes and κ is a coefficient of proportionality. In addition, the records are
influenced by cosmic noise, electric currents in the ionosphere, telluric currents near
the shore etc. So, in addition to the vertical component of the Earth’s magnetic field,
special magnetic systems are used which create a permanent or alternating magnetic
field in a flow under investigation. As an example, the CT-3 current meter of Sea-Link
System, USA, is shown in Fig. 28.5g. This device is inserted in a mooring line in such
a way that it is free to pivot in a horizontal plane; the large vertical tail orients the
meter in the direction of the current flow. At both sides of the hull electrode meters
are placed. A permanent magnet is placed inside the hull, generating a magnetic
field near the electrodes; so a potential difference is established that is proportional
to the speed of the flow. The range of velocity measurements with this current meter
is 0.03–3 m s−1 with an accuracy of ±3 % for the speed and ±5 % for the current
direction. One or two components of the current vector can be measured.
Many other principles of current measurements are used in the oceanographic
field practice, each having its own merits and demerits. At least the hydrodynamic
converters (Prandtl pressure tubes, spherical or cylindrical dynamic pressure sen-
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sors) should be mentioned. Well known are also the heat-loss anemometers, known
as hot film anemometers, which make use of the cooling by the water flow of a sensor
element, heated by an electric current. They can also be used for measurement of
velocity fluctuations; examples of such instruments are described in Sect. 28.5 (‘Measurement of turbulence’). Technically difficult but promising is the use of Doppler
optical current meters, which are based on laser techniques.
Since currents are three dimensional vector fields, varying in both time and space,
a question of their presentation and data handling becomes a serious and complicated
problem. In order to illustrate this, Fig. 28.11 shows various possible data presentations for a simple case of a two-dimensional current, measured with a certain constant
time step in one single point, whose north-ward component is constant in time while
the east-ward component varies sinusoidally,
u = um ,

v = vm sin ωt.

(28.1)

Every kind of presentation—the (u, v), (V, φ), velocity stick plot, progressive
vector diagram, the current rose—demonstrates some specific features of the current
in different ways, and may be suitable or unsuitable for understanding of certain
features of the process under investigation. They are complementary, so that it is
often useful to plot the same data in several presentations. One may also find it
suitable to use histograms, spectral distributions, u(v) graphs, statistical plots, and
many others.
Modern current meters (ADCP, laser current meters) can measure all three components of the current, as they vary in space and time. Then, the very presentation of the
measured data becomes an important part of investigation, which requests (i) field
experience, (ii) understanding of physical processes, and (iii) computer skill. An
example of a data file structure after the current velocity measurement on the Mainau
Sill (Lake Constance) using ADCP, fixed near the surface, is given in Fig. 28.12. The
table shows an eastward component of the current only, measured every 50 cm along
the vertical (starting from 1.1 m below the water surface) with time step of 3 min. The
northward component was measured simultaneously. It is clear that data presentation
and analysis here requires specific computer tools and ample experience.

28.1.2 Buoys, Floats, Tracers, Profilers
Drifting buoys are freely moving together with the water, i.e., their use implies a
Lagrange an technique of measurement of water current. From ancient bottle mail
and first drifters made and used for flow investigations by Leonardo da Vinci in the
15th century, they still remain the most effective tools for the observation of transport
and the tracing of currents at large distances. Their shape, size, buoyancy and weight
are to be selected especially in order to minimize a possible influence of the wind
on the buoy motion under given wind and current conditions. In early investigations,
their positions were registered by an accompanying boat or from a shore-bound
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Fig. 28.11 Various kinds of presentation of two-dimensional water current, which varies with
time in accordance with equation (28.1): a progressive vector diagram, which clearly displays a
generally north-ward current and times of certain measurement steps; b two velocity components:
East-ward and North-ward components are separated to demonstrate their principally different
variations in time; c velocity: speed and direction, both varying periodically; d velocity stick plot—
the most natural presentation of current, measured at individual points; e current rose, displaying both
predominant current directions and percentage of different velocity gradations. For convenience,
two columns of figures (left bottom) show the very data calculated in accordance with equation
(28.1): velocity modulus (=speed), in cm s−1 , and deviation from the north-ward direction
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Fig. 28.12 Fragment of an ADCP data file. Eastward component of the current (in mm s−1 ),
measured on the Mainau Sill in Lake Constance in November 2001. The file contains in total 128
columns (depth levels) and 480 lines (time steps) per day (Courtesy Dr. Lorke. Data contributed to
ConstanceDataBand 2001)

station by echo-sounders. At present, satellite systems are used for buoy tracking
with GPS or remote fixation. For oceanic constructions, as a rule, the underwater sail
is arranged like a cross of rigid metallic rectangular frames covered with sailcloth.
This sail, supported by underwater buoyancy, is attached to a flashing light on the
surface. In lakes, lighter and less sophisticated constructions are used, however, it is
very important to select an area for the underwater sail sufficiently large so that the
drag of the approaching flow on the supporting line and its underwater buoyancy,
as well as the drag of the wind on the surface buoy can be ignored. This is usually
achieved by using a large light sail combined with a small weight of the whole
construction. Several examples of drifter constructions for lake research are shown
in Fig. 28.13. Such drifters are very convenient and often used for local purposes, like
estimation of general flow direction, short (up to several hours) tests of the current
structure in an area of investigation, and so on, and usually they are traced by the
observer from the boat, while performing other measurements or sampling.
Floats of neutral buoyancy are used to trace in situ the course of currents at a prescribed depth. Some devices are also constructed for the investigation of the velocities
of vertical currents in upwellings. Deep floats are equipped with a hydro-acoustic
responder beacon and constructively made so as to accurately maintain a prescribed
depth or isopycnic surface during a long time period. Locations of floats are usually
fixed by boat, a coastal acoustic system or an autonomous acoustic buoy station. These
measurements require some specific methods of tracking in situ-moving floats. They
were of great interest in the mid 20th century, when strides, made in acoustics during
World War II, yielded the necessary technology for acoustic tracking of instruments.
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Fig. 28.13 Simplest constructions of drifters

Such floats are often called SOFAR-floats, named after coastal network stations for
remote tracing of acoustic signal sources (SOund Fixing and Ranging). For deeper
information the reader may consult the exhaustive investigations by John Swallow
(1955) [71] and Henry Stommel (1955) [70]. Nowadays, the substantial progress in
oceanic techniques allows construction of almost truly Lagrangean floats, which
follow all three components of oceanic velocity on all time scales. As an example
of a new float type, an Mixed Layer Float IInd generation (MLFII) is presented in
Fig. 28.14: it is autonomous with exposure durations of months; it can alternate
between Lagrangean and profiling modes, relay data via satellite, and can carry
a variety of sensors. A novel hull design is light, strong, and has a compressibility
close to that of seawater (D’Asaro (2002) [3]).
Free-fall and attached velocity profilers are used for the measurement of currents as functions of depth and/or horizontal position. Their primary function in
modern systems is to allow accurate data collection without the need to stop the
vessel. The simplest construction of a free-fall sinking-float is the analogue of the
meteorological balloon. It is tracked acoustically as it sinks, and the horizontal projection of its path is differentiated with respect to time to yield the velocity as a
function of depth. A subset of this class is the transport float, whose position before
and after a trip to the bottom is shown by dye patches at the surface. More complicated
is the free-fall device which has a current sensor on it, including electromagnetic and
airfoil lift probes. Finally, there are instruments consisting of a current meter that
moves up and down a line attached to a ship, to a mooring or drifting buoy [5].
Various molecular tracers like spots of fluorescent dyestuff (fluorescene, rhodamine, etc.) or natural radioactive isotopes (e.g. SF6) areused for the observation
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Fig. 28.14 Lagrangean float MLFII (Mixed Layer Float IInd generation) of Applied Physics
Laboratory and School of Oceanography, University of Washington. Float depth is measured using a
pressure sensor. The float’s buoyancy is controlled by a piston that pushes out of the bottom endcap.
SeaBird T-C modules on the top and bottom measure temperature and salinity. A Sontek pulsepulse coherent Doppler sonar measures velocity relative to the float. Orbcomm, GPS, and Argos
radio system provide positioning and two-way communications. Downward irradiance, chlorophyll
fluorescence, and altitude off the bottom can also be added. The cloth drogue folds downward
during profiling and autoballasting. Reproduced from D’Asaro (2003) [4]. © AMS, Atmos.-Ocean
Technol., reproduced with permission

of global water transport, as well as for analyses of the current field structure and
processes of turbulent diffusion. Whilst the use of dyestuff is a traditional method,
tracing of radioactive molecules is a rather new kind of measurement technique. It
became possible when the accuracy of measurements of weak radioactivity became
sufficiently high. At present, it is possible to detect radioactivity with a level of
the order of 10−14 Curie Ψ−1 , i.e. 1–2 decays during 1 minute in a volume of 100
l; this is up to 1,000 times less than the natural radiation of water in the World
Ocean (10−10 –10−15 Curie Ψ−1 ). Depending on the ratio of the time scale of the
processes under investigation and the period of half-decay, four types of nuclear
tracers are distinguished: radioactive conservative (Sr90 , Cs137 , T, Ra226 , Ra228 ) and
non-conservative (C14 , Rn222 , Si32 ) tracers, and stable conservative (O18 , D) and
non-conservative (C12 , C13 ) tracers. Two methods of analyses are applied: (i) collecting samples followed by determination of the isotope concentration and further
analysis in the laboratory and (ii) direct measurement of the gamma-radioactivity
by submerged gamma-spectrometers. It goes almost without saying that all tracer
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substances participate in the diffusion processes to which the lake water itself is also
subject. So, whilst such methods may give a rough estimate of the velocity of a spot
of dyestuff, by tracing the center of the spot with time, this method is very difficult
and rather ineffective for the determination of the velocity. The growth of the spot,
however, may yield estimates of the (turbulent) diffusivity along the trajectory of the
spot.

28.2 Measurement of Water Temperature, Electrical
Conductivity and Density
Whatever you would desire to measure,
your device is noting a temperature
N. V. Vershinsky,
1981
For many physical processes in limnology, the water temperature is definitely the
most valuable water parameter. It varies in lakes both with space and time, in the
surface layer with a maximum range of variation on a seasonal time scale from 0∈ in
freezing fresh water lakes to more than 40 ∈ C in tropical lakes, and even sometimes
up to 100 ∈ C and more in boiling mineralized geyser reservoirs. A typical seasonal
variation of the vertical temperature profile in a deep lake is displayed in Fig. 1.8
of the Introduction in Vol. 1: it shows a relatively large temperature variation in the
upper epilimnion, that is ‘monitored’ by solar radiation and turbulence and follows a
seasonal circle, versus an almost stable deep hypolimnion temperature, more or less
close to the most dense 4 ∈ C-water.
This slow and monotonous adjustment to a seasonal cycle is, however, only a
rough background for the real ‘life’ of the temperature field of a lake. Powerful
internal wave dynamics, wind-induced and gradient currents, wind and wave mixing, turbulence and heat exchange with the atmosphere and land—all these manifest
themselves through variations in the temperature field by a multitude of time scales.
So, it is not surprising, that the temperature field in a lake is composed of spots, strips
and step-like structures, and that everyone investigating lake physics is doomed to
measure the structure of the temperature field and its variations. Its temporal variations due to internal waves have periods from several days to minutes; moreover, the
periodicity range from hours to seconds is filled with many other meso- and smallscale processes as well. The natural scale of the spatial variations of the temperature
fields in lakes is from millimeters (fine structure, turbulent cells) to tens and hundreds
of meters (convective cells, coastal heating, thermocline etc.). Many figures in this
book display various physical phenomena which are clearly observed through temperature field data: internal waves (e.g., Figs. 13.4, 14.13, 16.12 in Vol. 2), differential
coastal heating (Fig. 28.16), day/night variations in the upper layer (Fig. 28.17), penetrative and non-penetrative autumn convection, wind-induced thermocline motions
(Fig. 28.18), Langmuir circulation, down-slope gravity currents (Fig. 8.5 in Vol. 1)
and many others. Thus, measurement of the very temperature field and its variations
is extremely informative for the investigation of lake dynamics. Besides that, there
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Fig. 28.15 Vertical conductivity and temperature profiles measured near the Island Mainau in Lake
Constance on 11 November 2001, indicating an intrusion in the upper thermocline, manifested only
in the field of conductivity (Courtesy Dr. Bäuerle)

is one more physical reason for temperature recordings, namely, the all-embracing
influence of the temperature on many other water parameters. To illustrate this,
consider the measurement of the electrical conductivity of water as an example.
The size of the water molecule is very small in comparison with usual non-organic
and especially with organic molecules. In addition, it has a rather high electrical
dipole moment. These two facts lead to an important consequence: pure water is an
extremely active natural solvent. As a result, chemically pure water can be maintained
only in the laboratory for a few seconds, and the liquid which fills natural basins is
actually a solution of gases, liquids and other substances from the surrounding area.
So, the electrical conductivity of natural water is the composition of the pure water
conductivity and the conductivity due to the dissolved substances; in most cases its
characteristics are manifestations of the chemical composition of the surrounding
area, and they vary from one lake to another, sometimes to a very large degree. The
point to emphasize here is that the conductivity measured in natural basins results
from the transport of electrical charges by both water molecules and dissolved substances, whose speeds of motion increase together with the temperature. In other
words, the electrical conductivity depends physically not only on the chemical composition, but also on the intensity of the movement of the molecules in solution,
i.e., on the temperature. Thus, to obtain an amount of dissolved substances (the very
reason to measure conductivity!) one should subtract from the measured signal the
pure water conductivity and make a correction for temperature.
When considered together with the water temperature, conductivity data can provide an important information on internal lake dynamics. For instance, it is a very
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Fig. 28.16 Two temperature profiles in the 5–10 cm sub-surface layer versus bottom profile across
Lake Constance on 30.10.02 (12:40–14:20), demonstrating coastal heating of shallow littoral water
in day-time (Chubarenko et al. (2003) [11]) © Limnology, PAGEPress, Pavia, Italy, reproduced
with permission
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Fig. 28.17 Records of thermistor chains placed in Lake Constance in October, 2001 show daily
sun heating and night cooling in the surface layer (http://www.cwr.uwa.edu.au)
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Fig. 28.18 Wind-induced inclination of the thermocline surface: temperature depth-time series of
two thermistor chains, placed near opposite shores of Lake Constance in November, 2001. Wind
speed time variation is shown in the central panel (http://www.cwr.uwa.edu.au, with additions)

effective instrument for tracking trajectories of sewage flows or water from mineralized underwater sources, which may have the same temperature as the surrounding
water. Figure 28.15 gives an example of a situation measured in Lake Constance in
November, 2001: the conductivity data indicates an intrusion flow at the depth of
30–40 m; its different chemical composition can be affirmed because the temperature
profiles do not show accompanied variations.
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The electrical conductivity depends on the hydrostatic pressure as well, but not
very significantly: for the temperature in the range of 0–28 ∈ C the variation of the
electrical conductivity is about 2.2–2.3 % per 1 ∈ C, whereas a change of the hydrostatic pressure by 1 atmosphere (ca. 10 m of water depth) causes a change in electrical
conductivity as small as 0.01 %.
One more principal aspect of the importance of temperature measurements is
reflected in the epigraph to this section: to a certain extent, almost all instruments, as
well as principles of their operation depend on the temperature. Resistance of wires
and electrical networks, sizes of mechanical parts, volumes of liquids, frequencies of
eigen-oscillations of membranes in sensors—all these depend on temperature, and as
a rule in a nonlinear fashion. So, in order to treat the fine recordings of an instrument
correctly, one must know the circumstances of measurement: i.e., necessarily the
temperature itself, the principle of the operation of the instrument and appropriate
temperature-related corrections to measured data.

28.2.1 Main Principles of Operation of Temperature Sensors
The following physical phenomena are most widely used in present-day oceanographic temperature sensors:
• thermal expansion of liquids,
• dependence on temperature of the resistance of an electrical conductor or semiconductor,
• generation of thermo-emf8 (thermocouple voltage),
• dependence on temperature of rigid body eigen oscillations,
• dependence of the speed of sound on temperature.
In correspondence with this list, the following primary converters of temperature are used: liquid-filled volumes; wire-wound-type conducting thermo-resistors
or semi-conducting thermo-resistors (briefly called thermistors); cupric, constantan
or semi-conducting thermocouples; quartz resonators or thermo-acoustic cells.
Liquid-filled thermometers, the direct derivatives of Galilei’s thermometer
(Fig. II) constructed in 1592, participated in almost all oceanographic expeditions of
the 20th century under the names ‘surface thermometer’, ‘reversing thermometer’9
(see Fig. 28.19), ‘bathy-thermograph’, ‘photo-thermograph’ etc. These were simple
and reliable instruments, successfully used in the whole temperature range of hydrophysical measurements. However, their analogue-type signal is difficult to transmit,
it does not easily allow modern electronic data handling, let alone fulfill the requirements of today’s data accuracy. So, they are used nowadays only for the most simple
surface temperature measurements.
8

Electromotive force; or voltage.
Defant (1961) [12] gives a description (in German) of reversing thermometers and refers to
Schumacher (1923) [62] for detailed use.
9
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Fig. 28.19 Reversing thermometer is a mercury thermometer for measuring the temperature in deeper water
layers. The principle is that the indication of the thermometer at a given depth should be fixed, after which
the thermometer is taken up again without change
through overlying water layers with different temperatures, so that the indication can be read aboard. This
fixation of the indication is realized by reversing the
thermometer, which is constructed in such a way that
the connection between the mercury in the capillary
and the reservoir is thereby interrupted. The indication
of the reversing thermometer should be read aboard
along with the temperature of the second—normal—
thermometer; the two readings give the temperature of
water at the depth where the thermometer was reversed.
The reversing thermometer is carried inside a glass
tube which protects the thermometer from the pressure. If the thermometer is unprotected, the apparent
temperature read aboard is proportional to the temperature and pressure at the depth where the thermometer was reversed. A pair of unprotected and protected
thermometers (both are shown on the figure) gives
temperature and pressure of the water at the depth at
which the thermometer was reversed. By attaching the
thermometer to a NISKIN bottle (see Fig. 29.15) or
some other sampler with a reversing frame a simultaneous observation of temperature and salinity can be
obtained. The temperature can be read by this instrument to about 0.01∈ C. The break-off point appendix
on the tube with mercury is shown by the arrow (from
http://oceanworld.tamu.edu, with changes)

Wire-wound-type conducting resistance thermometers (cupric, platinum,
tungsten, nickel, cobaltic) make use of the following relationship between electrical
resistance and temperature:
Rt = R0 (1 + αT + βT 2 ),

(28.2)

where T is in centigrades, R0 is the resistance at 0 ∈ C and α and β are thermal
coefficients of resistance. For the metals listed above, the value of α varies between
(3.5–6.6) × 10−3 , [∈ C−1 ], and that for β lies in the range {−5.5–17} ×10−7 , [∈ C−2 ].
Semiconductor-thermoresistors (thermistors) exhibit a non-linear dependence
of the resistance on the temperature
Rt = e−γ/T ,
2

where T is the absolute temperature, with negative or positive coefficient γ.

(28.3)
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Fig. 28.20 Two different constructions of quartz resonators for measurement of water temperature:
1 quartz resonators (thickness 0.2–0.3 mm); 2 electrodes; 3 outlet to generator of external oscillation
signal; 4 metallic cap for better heat contact

High accuracy and sensibility, stability and linearity in a wide temperature range,
and a frequency-type generated signal are the features of quartz resonators. Their
principle of operation uses the following phenomenon: the frequency of the eigenoscillations of the quartz crystal, cut under a certain angle to its optical and mechanical
axes, is proportional to its temperature, with coefficients depending on the angle of
the cut; the following polynomial approximation is used:
FT = F0 (1 + αT + βT 2 + γT 3 )

(T is absolute temperature).

(28.4)

Here, FT is the frequency of the eigen-oscillations (Hz), T is the temperature (∈ K)
and α, β, γ are coefficients which depend on the angle of the cut. Figure 28.20 gives
examples of quartz resonator crystals of different shapes, used in field instruments.
The performance of quartz sensors is excellent, their response time is milliseconds
and their accuracy higher than 0.001 ∈ C. They open a wide perspective in future
investigations.
Actually, the accuracy of temperature measurements, though depending on the
measuring principle, should be defined by the purpose of the investigation. The
most accurate measurements are required for calculations of the water density and
acoustical fields; for these, errors must be as small as 10−3 ∈ C or smaller. Instruments, routinely used for standard measurements nowadays, have an accuracy of
0.1– 0.01 ∈ C or somewhat higher.10

28.2.2 Salinity Measurements
At the times of reversing thermometers (Fig. 28.19), i.e., before the 1960s–70s,
the standard technique for the determination of the salinity was the collection of
water samples for later processing in the laboratory by titration or conductivity mea10

The accuracy that can be achieved depends also on the response time of the instrument at which
a reliable temperature value is reached.
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surement. Very likely, the first reference to the use of conductivity as a means for
measurement of sea water salinity appeared in Nansen’s report (1902) [45] of the
Norwegian Polar Expedition. Instruments were initially called salinometers, and
were used in Salinity-Temperature-Depth probes (STDs). Later, when conductivity
was proved to provide reliable field data on water salinity, such probes were renamed Conductivity-Temperature-Depth (CTDs). Since modern probes are equipped
with programs re-calculating the density, the acronym CTD is often considered as
‘Conductivity-Temperature-Density’. These probes have proved to be very reliable
instruments and relatively simple to use, so they are most popular in present-day lake
research practice. Figure 28.22 shows a working instant—the beginning of vertical
sounding by CTD Idronaut during the measurement campaign in Lake Constance in
2001 (Chubarenko et al. (2003) [11]).
One way to express how much salt is dissolved in water is to measure the concentration of salt in the water. Concentration is the amount (by weight) of salt in water
and can be expressed in parts per million (ppm). Since the time when titration has
been the main method to measure salt content, scientists used to report salinity in
ppt (abbreviated ‘parts per thousand’, which is equal to the quantity of grams of salt
in one liter of the water sample; it is also called promille, from Latin—promille—
per thousand); however, reporting salinity in ppt is obsolete now as the method of
determining ocean salinity in ppt is no longer used. Instead psu (‘practical salinity
units’) are used: 1 psu = 1 ppt = 1 g Ψ−1 . One determines salinity by measuring the
conductivity of the water as would be measured by a CTD instrument.
The development of a new standard TEOS10 [29] for the calculation of the properties of seawater, adopted by the Intergovernmental Oceanographic Commission, the
International Association for the Physical Sciences of the Oceans and the Scientific
Committee on Oceanic Research (see Sect. 28.2.3 on density calculation for more
detail), has required the next step in characterization of water salinity. Different salinity measures were reviewed (such as Practical Salinity, Reference Salinity, Preformed
Salinity, Density Salinity, Solution Salinity, Added-Mass Salinity (see, e.g. Wright
(2010) [81]) and the Absolute Salinity (“Density Salinity”), traditionally defined as
the mass fraction of dissolved material in seawater, was shown to be a most proper
measure for calculation of the water density via TEOS10. Absolute Salinity is measured in SI units of kg kg−1 . The important thing is that, in field practice, we continue
measuring water conductivity by CTD-probes and continue reporting to data-bases
the Practical Salinity in psu; however, in order to calculate the water density, one
should now additionally estimate composition anomalies of the given water sample.
It is often convenient to use also qualitative characteristics of water salinity:
‘fresh’ waters are those with salinity less than 1 psu, ‘slightly saline’ waters have
1–3 psu, ‘moderately saline’ waters—3–10 psu, ‘highly saline’—10–35 psu, and
‘hypersaline’—more than 35 psu. Ocean water has a salinity that is approximately
35 psu, or 3.5 % (‘percent’—one part per 100). Lakes typically have low water salinities (less than 1 psu), i.e. lake water has about 0.1 % salt in it. To denote small values
of the lake-water salinity and its different chemical composition, one calls such salt
content water mineralization rather than salinity.
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There exists one more classification of natural waters due to their salinities,
which is based on physical argumentation, see Fig. 28.21. If its freezing point (which
depends on salinity) is above the temperature of maximum density (which is salinity dependent as well), such waters are considered as ‘saline’. In the opposite case,
they are called ‘brackish’ waters. The freezing temperature equals the temperature of
maximum density at the salinity 24.695 psu. This way, oceanic waters freeze before
reaching the temperature of maximum density, whilst in rivers, lakes, inland seas,
where the salinity is less than 24.695 psu, the water body, when being cooled must
pass the temperature of maximum density before it freezes.
Even though the value of the salinity in lakes, as a rule, is very small, it provides
an important information on the chemical environment. Furthermore, its influence
on the density field may be significant; so, it has become standard now to measure
simultaneously the water temperature and the conductivity. In the most popular modern instruments, conductivity sensors of several kinds are used: contact pickups, or
so-called conductive sensors, where the salt molecules come in contact with metallic
electrodes (and typically destroy them quite soon); non-contacting detectors based
on the inductive coupling principle, which avoids the use of metal electrodes; or
capacitive pickups. The life time of conductivity sensors is typically much shorter

T md

(24.7; -1.33)

T fr

Fig. 28.21 Density of water as a function of its temperature and salinity, based on the formula by
Chen and Millero (1986) [10]. Strait lines show the temperature of maximum density (Tmd ) and
the temperature of freezing (T f r ), both depending on water salinity
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Fig. 28.22 Dr. Boris Chubarenko, making a vertical sounding in Lake Constance (2001) by CTD
Idronaut Ocean Seven Model 316 of General Oceanics, Canada. The probe is equipped with the
standard sensors to measure: pressure, temperature, conductivity, oxygen, pH, oxidation-reduction
potential. Salinity is automatically calculated from conductivity, temperature and pressure values

than that of the temperature sensors. This is the reason why almost all long-lasting
field measurements are limited to temperature registration only. The accuracy of
routinely used field instruments is 0.01–0.001 psu.

28.2.3 Density Measurements and Calculations
Structure and variability of the density field is of principal physical importance for
water dynamics in lakes. Density variations in natural basins are due to several different physical reasons, and thus the field of density provides an integral information
on ongoing physical processes. However, direct density measurement is presently
almost never applied in field practice. On the one hand, there do not yet exist proper
sensors with high accuracy, which would allow to record density variations in most
convenient digital form, i.e., one still has not yet found a frequency-type primary con-
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verter for density. On the other hand, modern indirect methods which re-calculate
the density from other measured parameters provide quite satisfactory data. Along
with the above mentioned CTD-probes, which re-calculate density from salinity and
temperature data, one commonly uses sound speed and laser optical measurements.
With the former, a new and promising field is three-dimensional acoustic tomography
by which the 3-dimensional picture of the density field can be determined. The latter
ones are still difficult and not yet sufficiently developed for wide practical use as
they require careful calibration by independent experimental data obtained by other
instruments. There exist several other kinds of density measurement techniques as
well, both direct and indirect ones; the need for the direct density measurements is
obvious nowadays and drives the development of new instruments and the use of
other physical principles.
Physically, water density depends on its temperature, amounts of minerals in solution (salinity) and suspension, and on the pressure. Natural variability of water density
and its dependence on temperature and salinity are shown on Fig. 28.21. The natural
variability of the density of pure water in the range 0–40 ∈ C is between 992.2 and
1,000 kg m−3 , i.e., 0.8 % only; so, the density anomaly σt is often used as a variable
σt = (ρ − ρΩ ),

(ρΩ = 1000 kg m−3 ).

(28.5)

If ρ is expressed in kg m−3 , σt , shows how many kilograms lighter (or heavier) one
cubic meter of water at a given temperature and salinity will be in comparison with
pure water at 4 ∈ C. For the temperature range 0–40 ∈ C it amounts up to 7.8 kg m−3 .
Dependence of water density on Temperature has a specific character. Contrary
to the temperature dependencies of the density of almost all substances (which have
decreasing density with growing temperature), the density of fresh water between
(roughly) 0 ∈ C and 4 ∈ C increases with increasing temperature by 0.2 %, has a maximum near 4 ∈ C and decreases beyond it, so that water at 0 ∈ C and 8 ∈ C has almost the
same density. Consequences of this anomaly are of global importance for the water
dynamics of lakes and lead to phenomena which do not occur in oceans (e.g., an
inverse vertical thermal stratification in winter, spring and fall overturns, formation
of thermal bars).
Salinity. Even though the majority of lakes has a water salinity less than 1 ppt, its
influence on the water density is also significant for many processes. Obviously, the
more salt is dissolved in the water, the heavier will be a cubic meter of it; however,
simple additivity of masses is not working here. For example, one cubic meter of
pure water at 0 ∈ C is only 8 kg lighter than 10 ppt-salty water11 at 0 ∈ C. Figure 28.21
displays the density between −1.5 ∈ C and 30 ∈ C, parameterized for a number of
salinities. It is seen that, besides a considerable change in the absolute value of the
density, the non-monotonicity of the temperature dependence of the density is lost
when the salinity exceeds 24.695 psu. Thus, while cooling, water with the salinity
above 24.695 psu freezes before reaching the temperature of maximum density,
11

10 ppt corresponds to 10 g salt per 1 kg of solution, i.e. 10 g of salt + 990 g of pure water.
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whilst the so-called brackish water (water with salinity less than 24.695 psu) passes
its maximum density in its liquid phase. This has e.g. severe consequences in the
upper layer mixing processes in spring and autumn. Most lakes on Earth comprise
of water of very low salinity, so that in the limnological field practice the density
reflects almost exclusively the variations of the temperature field.
Pressure. The influence of the pressure is rather weak, so that for many lakes it can
often be neglected. However, for deep lakes with depths larger than 500 m and for
thermobaric processes this pressure dependence cannot be ignored. For example, the
World’s deepest Lake Baikal, located north of the Mongolian border, has a maximum
depth of just over one mile (1637 m), hence, the pressure near the bottom is 164 times
the atmospheric pressure! Even a very small compressibility is significant under such
conditions. As the water pressure p rises an amount dp at a constant temperature,
the density of the water increases by dρw from its original density ρw , and a given
volume of water Vw will decrease by d Vw in accordance with
βdp =

dρw
d Vw
=−
,
ρw
Vw

(28.6)

where β is the isothermal compressibility of water. It varies only slightly within the
normal range of lake water temperatures, from β = 4.9 × 10−10 m2 N−1 at 0 ∈ C to
β = 4.5 × 10−10 m2 N−1 at 20 ∈ C.
To illustrate how (in)compressible water is, let us estimate the density difference
between water near the surface and at the bottom of a lake, 500 m deep, for the
simplest case of winter homothermy, when the temperature is constant through the
entire depth, and equals, say, 4 ∈ C. The density at the surface under atmospheric
pressure is ρw = 1000.0 kg m−3 . At the bottom, the additional pressure equals the
weight of the water column
p = ρw g H = 1000 kg m−3 × 9.8 m s−2 × 500 m = 49 × 105 Pa.
Using β = 4.8 × 10−10 m2 N −1 we obtain dρw = βdpρw = 2.35 kg m−3 . Therefore, the water density at the lake bottom is 1002.35 kg m−3 , or 0.2 % larger. It is
interesting to note, that the density difference between surface and bottom layers
due to summer temperature stratification of a typical value of (22 ∈ C–4 ∈ C) = 18 ∈ C
amounts to almost the same value (see Fig. 28.21), namely 2.2 kg m−3 !
Most lakes on Earth are much shallower, so (typically) the dependence of the
water density on the temperature is the dominant factor.
Calculating water density. Various reliable methods of calculation of water density
are available nowadays. Today’s CTD-instruments commonly contain sensors for
temperature, conductivity and pressure, and are equipped with an electronic module
for density recalculation. There is a great number of formulae expressing the density
(as well as other water parameters) as functions of temperature, salinity and pressure
(see also Chap. 10 of Vol. 1). Today’s almost universally accepted parameterisation
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of the density function for lake waters is that of Chen and Millero (1986) [10]; its
analog for sea water is known as EOS-80 (UNESCO (1981) [74]). Another formula,
still popular in the oceanographic literature, see Gill (1983) [23], is
ρ = ρT + Δρ S

(28.7)

where
ρT = 999.842594 + 6.793953 · 10−2 T − 9.095290 · 10−3 T 2
+ 1.001685 · 10−4 T 3 − 1.120083 · 10−6 T 4 + 6.536332 · 10−9 T 5

(28.8)

is the density of pure water in kg m−3 as a function of temperature (in ∈ C), and
Δρ S = (0.824493 − 4.0899 · 10−3 T + 7.6438 · 10−5 T 2
− 8.2467 · 10−7 T 3 + 5.3875 · 10−9 T 4 )S
+ (−5.72466 · 10−3 + 1.0277 · 10−4 T − 1.6546 · 10−6 T 2 )S 1.5
+ 4.8314 · 10−4 S 2
(28.9)
is the change in density due to the dissolved substances, where T is the temperature in
∈ C and S is the salinity expressed in g salt per kg water, or ppt=parts per thousand [23].
A great advantage of such formulae, deduced mainly from sets of laboratory measurements, is that they deliver quite easy-to-use explicit expressions of the dependency of water density on parameters measured in field; this is convenient for both
calculations and theoretical work. Overall, this approach (the Practical Salinity Scale
1978 and EOS-80), which expresses the density of seawater as a function of Practical
Salinity, temperature and pressure, has served the oceanographic community very
well for thirty years.
In 2010, the Intergovernmental Oceanographic Commission, the International
Association for the Physical Sciences of the Oceans and the Scientific Committee
on Oceanic Research jointly adopted a new standard for the calculation of the properties of seawater (IOC, SCOR and IAPSO (2010) [29])—the International Thermodynamic Equation Of Seawater (TEOS10). It uses a principally new approach: the
thermodynamic properties of seawater are now calculated on the basis of one of its
thermodynamic potentials—the Gibbs free energy, from which thermodynamic properties such as entropy, specific volume, enthalpy and potential enthalpy are directly
calculated and thus are fully consistent with each other. The main motivations for an
updated description were: (i) partial lack of consistency between several of the polynomial expressions of the EOS-80, (ii) development since the late 1970s of a more
accurate and broader applicable thermodynamic description of pure water, and better
measurements of the heat capacity of water, of the sound speed and the temperature
of the maximum density. At the beginning of the 21st century, the impact of the composition of the water in different basins on its density became better understood; thus,
the need arose for accurate expressions for entropy, enthalpy and internal energy of
seawater (which were not available from EOS-80). Moreover, heat fluxes across the
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interfaces between the water, the atmosphere and the ice became of primary emphasis
in interpretations of functioning of the global planetary heat engine.
Fundamental to TEOS10 are the concepts of Absolute Salinity and Conservative Temperature. The Gibbs free energy (or free enthalpy, Gibbs function or Gibbs
potential) is a function of Absolute Salinity S A (rather than of Practical Salinity
S P ), Conservative Temperature and pressure (IOC, SCOR and IAPSO (2010) [29]).
Absolute Salinity is traditionally defined as the mass fraction of dissolved material
in seawater, and it is preferred over Practical Salinity because the properties of seawater are directly influenced by the mass of dissolved constituents whilst Practical
Salinity depends only on conductivity. With this new approach, the particular water
composition becomes of importance, as well as the solubility of salt constituents, the
alkalinity, the pH value, etc. (The variations in the relative concentrations of water
constituents caused by biogeochemical processes actually cause complications in
even defining what exactly is meant by “absolute salinity”.) At the same time, the
difference between S A and S P even for oceanic water is only about 0.47 %. The use
of Absolute Salinity is a major departure from present practice. Absolute Salinity is
also the appropriate salinity variable for the calculation of freshwater fluxes and for
calculations involving the exchange of freshwater with the atmosphere and with ice,
freezing temperature, latent heats of melting and of evaporation.
The new TEOS10 temperature variable, in replacement of the Potential Temperature, is the so-called Conservative Temperature; it is defined to be proportional to
the potential enthalpy and is a very accurate measure of the “heat” content per unit
mass of seawater.
The definitions of various thermodynamic quantities (which follow directly from
the Gibbs function of seawater by simple mathematical processes such as differentiation), the computer software (the Gibbs-SeaWater (GSW) Oceanographic Toolbox)
to evaluate these quantities, introductory articles about TEOS10 and user manuals
are available from http://www.TEOS-10.org.
Although there are substantial advantages to using TEOS-10, the price to be
paid for this is that the mathematical equations making up this standard are rather
complex and involve many coefficients specified to 16 significant digits (IOC,
SCOR and IAPSO (2010) [29]). It is obviously not recommended to programme
these—instead, one is supposed to use the developed software, which is now freely
available in FORTRAN, Visual Basic, and MATLAB at http://www.teos-10.org.
It is important to emphasize here once again: when in field, we continue measuring
Practical Salinity and in-situ temperature by common CTDs, and we archive these
data as they are measured. When calculating the density field and writing papers, we
now use Absolute Salinity and Conservative Temperature instead (in place of former
Practical Salinity and Potential Temperature).
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28.3.1 Water Level Elevation
Water level elevation, or the height of the water surface in relation to an established
datum, is a vital parameter for almost all hydro-physical processes in lakes, and
its measurement is of utmost importance in lake research. Nowadays it is routinely
needed as a parameter in water-quality control and environmental monitoring. Furthermore, it is required for lake modeling: both for model calibration and as a boundary condition. So, it became a routine matter to continuously record the stage of the
water level.
In the mid 19th century, reports on measurements of water level variations in lakes
were devoted to the investigation of surface seiches. For instance, Nöschel in (1854)
[46] reported water level measurements in Lake Goktscha (Sevan) in the Caucasus.
Moreover, the Russian engineer Stabrowski [66] published in 1857 a small paper
on the seiches of Lake Onega, in which he used the term seiche to characterize a
periodic oscillation of the water level. The term ‘seiche’ was, however, made popular
by Forel (Fig. 28.23) in his monumental work ‘Le Léman’ [19], published in 1895,
where he devotes in volume 2 more than 150 pages to their manifestation, mostly
in Lake Geneva. He states on page 41 of volume 2: ‘Les seiches sont signalisées
pour le première fois en 1730, par Fatio de Duillier , ingénieur des fortifications de
Genève’ [19]. Forels quotation from Fatio ends with the statement: ‘…Cette sorte
de flux et reflux s’appelle à Genève des seiches’.12 This shows that the term ‘seiche’
is known in the environs of Lake Genève and has been in use already in the 18th century, see also e.g. Jallabert (1742) [30]. On more than 20 pages Forel discusses
observations and attempts of interpretations by physics, mostly for Lake Geneva,
but also for other lakes worldwide. We may quote here (i) Vaucher (1833) [76], a
‘theologist’ and ‘naturalist’, whose work Forel charges to be particularly complete
for the time it appeared, (ii) Schulthaiss (1549) [61] description of the wonder of
Constance in 1549 as a ’curious’ manifestation of a seiche in Lake Constance and
likely the first historical description, and (iii) his bibliography of seiches between
1870 and 1892 with 35 entries, many his own contributions, and those of Sarasin .

12

‘The seiches are for the first time mentioned in 1730 by Fatio de Duillier, a structural engineer
in Geneva . . . This sort of fourth and back flow is called in Geneva “seiche”.’
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Fig. 28.23. Left Portrait of F.-A. Forel. Right Water painting by Ernest Biélier showing
Forel in his working chamber
Francois-Alphonse Forel (1841–1912) was born in Morges, a town located by the Lake
of Geneva between the two largest cities of the region : Geneva and Lausanne. Although a
professor of medicine at the University of Lausanne Mr. Forel devoted his life to study the
lake. With his integrated investigations of biology, chemistry, circulation and sedimentation
in modern Lake Geneva he was setting up the bases of modern lake studies. His book ‘Le
Léman’ (Lake Geneva) is the first and most famous treaty dedicated to this new scientific
discipline that he called limnology. In the opening chapter of his treaty he apologized for
coining this new term: “This book should be called limnological monograph. But I have called
it differently and have to explain the reasons why I had created this word and apologize for
that it would be necessary (...). The subject of this book is dealing with a part of the Earth
and, therefore, is geography. The geography of the oceans is in turn called oceanography. But
a lake, as big as it can be, is by no means an ocean. Its limited area gives it a special feature
which is very different of the endless ocean. I had to find a more modest word to describe
my investigations, such as the word limnography. But, because a limnograph is a device to
measure the water level of lakes, I had to coin the new word limnology. The limnology is in
fact the oceanography of the lakes.
(After F.-A. Forel, ‘Le Léman’, Editions Rouges & Cie, Lausanne, 1892–1902. Translation
D. A.).
Text: Homepage of Institute F.-A. Forel, University of Geneva

A typical view of a station for water level measurements in the middle of the 20th
century is presented in Fig. 28.24b. The photo is taken from the report on measurements in Lake Geneva in 1949–1951 (the report’s cover see panel a). An example of
a record of water level variations from a Lake Geneva campaign and the very device,
used in the 1951 campaign, called limnigraph, are shown in Fig. 28.25.
In principle, manual readings of a partially submerged graduated staff gage provide the simplest measuring device. The staff gage can be placed vertically or at an
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Fig. 28.24 a Report on water level measurements in Lake Geneva in 1949–1951 and b the station
for the measurements

incline on a boat ramp or other construction. Gages can be placed permanently or
temporarily for a particular study. However, to perform long-term measurements,
comparable to any other ones, one needs a very accurate initial fixation of the instrument; special surveys are used to tie the staff gage to an elevation datum such as the
mean lake level or an arbitrary reference datum. This last difficulty, on the one hand,
and routine need of data, on the other hand, result in the establishment of a system
of automatic stationary measurement stations in many lakes, rivers and channels.
The most common stage-recorder devices use a float-type primary converter (like
that shown in Fig. 28.24b) or a hydrostatic pressure gage (Fig. 28.27) to measure
variations in water surface elevations that are then converted to stage readings.
Float-type converters. Routinely, in studies of large water bodies, the stage height
is measured by using float-type devices, moored to the bottom and enclosed in pipe
stilling wells to attenuate short-term fluctuations in the water surface. If the measurement station is located at the shore, the stilling well has water intakes, as illustrated
by Fig. 28.26, and the water level within the stilling well changes in response to
water level changes in the main basin. A float, connected with counter-weight by a
rope, follows these changes. While the float moves up and down, the rope turns a
wheel. A pointer connected with the wheel moves simultaneously and shows water
level on some ruler; in many devices, a pen writes a line on a paper roll. The stilling well damps out the short-term variations in water levels due to short periodic
surface waves and serves to protect the float gages and recording devices. Stage is
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Fig. 28.25 An example of a record of water level variations at permanent station Genèva-Sècheron
and the limnigraph from the report ‘Les dénivellation du lac Léman. Recherches executes de 1949
à 1951. Communications du Service Féderal des Eaux. Département Féderal des Postes et des
Chemins de Fer’. Berne, 1954

recorded continuously but can also be AD-converted and telemetered directly to a
central location, providing real-time monitoring of stage heights for flood warnings
or reservoir operations.
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Fig. 28.26 Float-type station for water level measurements: stilling well (1), tube-intake (2), limnigraph (3); after Dimaksian (1972) [15]

Devices with remote control are developed as a result of evolution of float-type
gages. These instruments convert some non-electric signal, like the turning angle of
a wheel or the linear displacement of the counter-weight, to an electric signal, and
transmit it to a distant receiver by cable or by radio. A value of an electric current
or voltage in the output circuit, as well as its parameters (most often, the resistance;
but also capacity or inductance) can be used to this end. In modern instruments, a
frequency-type signal is often preferred, because it is the most convenient parameter
to transmit [15, 39].
Observation accuracy for these instruments is mainly defined by the accuracy of
time registration, instrumental error of the floating unit and delay of the pen response
to float motion. Typically, the overall accuracy is estimated to be 1–2 cm.
Hydrostatic water gages. Stage gages of this type record the hydrostatic pressure
of a water column. In one modification, the water pressure changes some parameters
of a sensor, placed at a certain level (or at the bottom) of a basin. In another modification, the sensor is placed at the shore (manometer, membrane, silphon gage),
whilst the very pressure is transmitted by a connecting line. This principle has certain advantages over the float-type gages: no wells are needed, and in wintertime a
possible freezing of the float is avoided that may falsify the recording components.
One of the well-known examples of the second modification is a gas bubbler,
which measures the pressure required to produce bubbles and converts this pressure
to submergence depth. Gas-bubbler gages, as shown in Fig. 28.27 (after Dimaksian
(1972) [15]) have the advantage of allowing the pressure recorder to be located away
from the point of measurement in a shelter or building. In this instrument, air from a
balloon or compressor (1) is pumped at a pressure of approximately 20 atm through
a tube (5) into an air dome (6) placed in a basin. The pressure in the dome is equal
to the hydrostatic pressure of the water around it, and is measured in the presented
instrument by balancing it by pressure of a column of mercury in the manometer
chamber (7). A small float on the surface of the mercury (4) is connected with a
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Fig. 28.27 Principal scheme of a bubbler gage: 1 balloon/compressor, 2 manometer, 3 recorder, 4
float, 5 tubes, 6 air dome, 7 chamber. After Dimaksian (1972) [15]

pen of a recorder (3). This construction was used extensively in the Netherlands
in 60s–70s of the last century. The length of the underwater air pipe may be as
long as 200–300 m; it is essentially only limited by the resistance of the pipe to
airflow, possible moisture condensation, and gas leakage. The observation accuracy
is typically 1–2 cm; however, it depends on the surrounding air and water temperature
and the length of the connecting tube, and, under unfavourable conditions, can be as
large as 3–5 cm.13
Many types of sensors are developed to measure water pressure in situ (first modification, mentioned above). They can be placed on the basin floor or attached to some
other (temperature, conductivity, etc.) sensor—to monitor temporal variations of the
depth. Such instruments convert the indications of the sensor to an electric signal and
transmit it to a receiver. Most common types of such pressure sensors use mechanical
(silphon) and electro-mechanical primary converters (vibrational; membrane; resistive, inductive, capacitive strain-gage; thermo-electrical, quartz, magneto-resistive,
etc). Among them, the membrane, vibrational and quartz sensors are the most promising ones: they use the dependency of the vibration frequency of the sensors on the
pressure; thus, the very sensors produce a frequency-type output signal. Hence, no
other converters are needed, and the digitized signal can be directly transferred to a
receiver, which ensures high accuracy of the measurement (less than 0.01 % of the
pressure value). A sample construction of a quartz crystal resonator and absolute
pressure transducer is presented in Fig. 28.28.
Pressure sensors can be used not only for water level variation and depth measurements, but also for the investigation of turbulent processes, analyses of the microstructure of the current field, surface wave heights and stroke pressure.

13

If such pressure gages are used as substitutes for direct surface elevation gages, they should not
be placed in too deep waters, because the frequency spectra of pressure and surface elevations are
not the same.
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Fig. 28.28 Schematic of absolute-pressure transducer and quartz-crystal resonator used in the
Digiquartz pressure transducer of Paroscientific, Inc. (after Baker (1981) [5]). http://ocw.mit.edu
© Creative Commons BY-NC-SA 396–433, reproduced with permission

28.3.2 Measurement of the Water Depth
Measurement of the water depth, bottom profile and bathymetry is usually the very
first step of limnological reconnaissance of a water basin. More specifically, accurate monitoring of the depth is required for every-day practice of navigation and
fishing. Knowledge of the bathymetric field is an absolute necessity for any biological, chemical, physical field investigation, as well as for all kinds of numerical
modelling.
Methods of water-depth measurement can be subdivided by the principle of operation into (i) primary mechanical methods, (ii) echo-sounding and (iii) use of pressure
sensors.
Primary mechanical methods are used for ages: these are measurements using
punt-pole and sounding lead (Fig. 28.29). A punt-pole is a smooth straight wooden
pole, 4–6 cm in diameter, typically 4–8 m long, with steel chock at the lower end
and level marks after every 5–10 cm. Sounding lead is an iron or lead weight
(2–5 kg) attached to a graduated (in decimeters and meters) lead-line. As usual,
sounding leads can be used for depths down to 25 m in rivers, and down to 100 m
in still water. In order to increase the accuracy, one can use heavier weights; then,
a winch is used, and the whole instrument is called a sounding machine. The accuracy of these methods is rather low (with errors in decimeters) and depends on the
water current, possible boat drift, weight and shape of lead, and other circumstances.
However, the tools are so simple, reliable and convenient under field conditions that
not a single vessel is put out without them, let alone small boats and crafts.
At present, the most common method of depth measurement is echo-sounding.
The instruments (called echo-sounders) transmit a burst of sound of 10–30 kHz and
listen for the echo from the basin floor. The time interval between the transmission
of the pulse and the reception of the echo, when multiplied by the velocity of sound,
gives twice the depth of the basin. Even though the speed of sound depends on
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Fig. 28.29 Primary
mechanical tools for water
depth measurement: puntpole, with steel chock (1) or
pan (2) for crumbly bottom
sediments, and sounding led
(3) with end loop (4) and
lead-line (5). Adapted from
Dimaksian (1972) [15]
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the water density (i.e., its temperature, salinity, and depth), the accuracy of these
instruments is rather high (relative errors are 1–2 % of water depth). The method
has also other valuable advantages: the data is provided immediately while the ship
continues its motion; not just a single point, but the bottom profile or even a (more
or less) wide bottom zone is sounded at once.
Satellite altimetry may also be mentioned here as the most contemporary source
of basin-wide data about surface elevation. Satellite altimeters register the shape of
the water surface, however, ground-truth observations are still required to obtain an
information in digital form. In the ocean, water surface elevation is shown to be very
similar to the shape of the floor, so, it is used to fill the gaps of the bathymetry field
in-between ship tracks [68]. Such data is not yet of common use mainly because of
difficulties of data obtaining and handling. Its great advantage, however, is allowing
for analysis of the entire basin at once.

28.4 Optical Measurements
If I might have guessed all deduced from the results of my experiment,
I’m sure,
I’d never made it!
A. Michelson,
1852–1931
Optical characteristics of the water were most probably the very first physical observations in lakes. Definition of the water color and the transparency are well known
and widely applied since centuries. Nowadays, optical investigations are significantly
extended by accurate measurement of the light scattering, attenuation and absorption
characteristics, of the turbidity and the concentration and composition of suspended
or dissolved solids, and the investigation of the current structure and turbulent diffusivity by optically-traced dye stuff. Recently, various oceanographic applications of
lasers have complemented traditional water optics and opened new directions e.g. fine
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laser density field tomography and measurement of water current and its fluctuations
by optical tools. Here, we will consider mainly traditional optical applications in lake
hydro-physics, which are targeted to (i) the definition of the optical properties of the
water and the distribution of the field of light (day light mostly) in natural reservoirs
and (ii) some applications of optical instruments in hydro-physical research.

28.4.1 The Optical Properties of Natural Water
and the Distribution of the Field of Light
These are physically defined by three optically-active components of the water: pure
water, dissolved (inorganic and organic) substances and suspended (mineral and
organic) matter. In addition, air bubbles and the inhomogeneity of the water density
due to the influence of the turbulence on the propagation of light in a lake.
The most easily determined and basic optical properties of water in physical
limnology were historically and still are the water colour according to the hue (colour)
scale and the water transparency as determined by the Secchi disc.
The water colour is different in different basins and can be used as a qualitative characterisation of natural water. A special scale was introduced at the end of
the 19th century, called now Forel–Uhl scale: a set of numbered tubes with well
defined coloured liquids is compared with the water under observation. The number
of the tube corresponding best to the water specimen defines ‘the colour of the water
according to the scale of chromaticity’. Later, one more scale—the platinum-cobalt
scale—was introduced for transparent water; so the Forel–Uhl scale is used now
for water of low transparency [6, 39], see Fig. 28.30.

Fig. 28.30 Hue scale for waters of low transparency
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Fig. 28.31. Left Portrait of Angelo Secchi (http://www.faculty.fairfield.edu/). Right The
Secchi disc is a round white plate (sometimes with alternating white and black arcs) of
25 cm in diameter that is lowered through the water until it is no longer visible. The marks
on the rope allow to estimate this depth
Angelo Secchi, S. J. (1818–1878) was born in Reggio, Italy and died in Rome. He was
a physicist and mathematician with remarkable ability and passion for astronomy. Father
Secchi worked in stellar spectroscopy, made the first systematic spectroscopic survey of the
heavens, pioneered in classifying stars by their four spectral types, studied sunspots, solar
prominences, photographed solar corona during the eclipse in 1860, invented the heliospectroscope, star spectroscope, telespectroscope and meteorograph. He also studied double stars,
weather forecasting and terrestrial magnetism. He became director of the Vatican Observatory
at the age of 32 and dedicated himself energetically to the task. He acquired an equatorial
telescope of Merz with an aperture of 24 cm and a focal length of 435 cm, an excellent
instrument for those times. Father Secchi decided to transfer the observatory to the top of
the Church of St. Ignatius, a perfect foundation for an observatory, because the Church had
been originally designed to support a dome 80 meters high and 17 m wide. This Pontifical
Observatory, famous for the discoveries of Father Secchi, was certainly more known to many
generations of Romans for the simple, practical, daily service it offered them—it gave them
the exact time of day. Angelo Secchi had regular teaching assignments in astronomy and
physics at the Gregorian University. He observed double stars, nebulae, planets and comets.
He discovered three comets in the years 1852–1853. He studied terrestrial magnetism and
meteorology; he was in charge of setting up a new triangulation base on the Via Appia; he
went to various cities to repair or install new water systems; he established lighthouses in the
ports of the Papal States; and he even had to look after the positioning of solar clocks. He
invented a new instrument, the so-called Secchi disk, which is widely used for estimation
of water transparency up to now. In addition to his great works on the sun, on the fixed stars,
and on the unity of physical forces, he published about 730 small papers in various scientific
journals.
Text: http://www.faculty.fairfield.edu/jmac/sj/scientists/secchi.htm
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The Secchi depth, determined by the Secchi disc, is the characteristic parameter
of the water transparency (turbidity). The Secchi disc was devised in the 1860s
by the Italian astronomer Angelo Secchi while he worked in the Mediterranean
aboard the papal vessel Immacolata Concezione [6]. Its strength is its simplicity and
the possibility to compare data collected with the same apparatus for more than a
century. Presently, the Secchi disc (Fig. 28.31) is a round white plate (sometimes
with alternating white and black arcs) of 25 cm diameter that is lowered through the
water until it is no longer visible; and that depth is called the Secchi depth.
Usually in field practice, the Secchi depth and the water colour are measured
simultaneously and as follows. One lowers the Secchi disc down to the depth where
it is no longer visible and moves it up and down several times, in order to obtain more
exactly the depth of the appearance/disappearance of the disk. The averaged value,
usually taken with an accuracy of ±10 cm, is qualified as the Secchi depth. Then the
disk is lifted to half of this depth—and the water colour is determined by comparison
of the colours of test-tubes in the scale of chromaticity, placed nearby, with the colour
of the water as it is visible on the background of the white disc. Even though the
determination of both the water colour by the hue scale and the water transparency
by the Secchi disc are rather subjective, they are routinely used in practice because
they can immediately and easily provide reliable data about the water mass near the
shipboard; they help to define the general hydro-physical situation and to find the
proper place for instrumental measurements.
Data on the attenuation, absorption and scattering, and on the spectral and spatial distributions of the field of light can be used for the analysis of a number of
physical processes in lakes. The relative water transparency, determined by the
Secchi disc and the water colour are good indicators of water masses. For example,
a water body formed by river run-off, as a rule, can often be easily distinguished in
lakes by their transparency and water colour. The vertical hydrobiological structure
of the water body manifests itself also in the optical characteristics of the water:
the relation between the structure of the vertical current and the distribution of the
attenuation of the light is an experimentally established fact (see, e.g., Fedorov
and Ginzburg (1988) [16]). In particular, an accumulation of suspended particles
is very often formed in the vicinity of a density jump. Layers of low transparency
may trace processes of horizontal turbulent diffusion during the penetration of a
stream current in a region of otherwise calm water of different transparency. Observations of the dynamics of nepheloid layers (layers of different optical qualities)
may provide information about the presence of internal waves. For many lakes, the
concentration of suspended substances is relatively small so that suspended particles do not significantly influence the water dynamics. If so, this fact provides the
possibility to deduce from the data on particle concentration and the picture of the
distribution of suspended matter information about turbulent mixing. In particular,
it allows estimation of values for the coefficients of vertical and horizontal turbulent
diffusion. The features of light dispersion in natural basins also provide information
about the detailed characteristics of the suspended matter: kind of matter, size of
grains, concentration. An example of an interesting physical process deduced from
optical measurements is the daily variation of the water transparency observed in
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the ocean, when light attenuation decreased during the day and increased during the
night (Fedorov and Ginzburg (1988) [16]). A possible reason is the strengthening
of the upper layer stratification due to solar heating, which entails reduction of the
turbulence intensity and precipitation of suspended matter.
For quantitative measurements of the light variation, transparency meters and
nephelometers are widely and successfully used in all natural reservoirs. The first
typically record the light attenuation in the water, whilst the latter measure the light
scattered by particles. This division is rather conventional, since both instruments
provide physically the same information on the field of light and suspended matter,
however the range of data variation is slightly different. The upper bound of the linear
relationship between the output signal and the concentration of suspended matter for
most part of nephelometers does not exceed 5 × 10−4 g cm−3 , but for transparency
meters it is (5 − 10) × 10−4 g cm−3 . Despite their high processing speed, the vertical
soundings with velocities more than 1 m s−1 can be distorted, especially in areas with
high density gradients. The reason usually is related to constructive features of the
particular instrument, when the water domain is slowly changing under measurement,
sometimes with a different rate for sinking and raising.
In lakes, transparency meters of light-weight construction are applied. For spectral observations of daily and seasonal variations of the horizontal underwater and
under-ice exposure one uses a device called photo-pyranometer, or photometer. The
same instrument, equipped with a scanner is applied for measurement of the angular
distribution of the brightness. Modern optical field measurements are supported also
by equipment which provide information in real time: laser probing, observation on
index of water chromaticity, spectral analysis of the back radiation of the water, etc.
To provide absolute values, these devices require calibration obtained in the water
under measurement by another methods.
Photo-pyranometers provide numerical data which are close in physical interpretation to the definitions of the water colour and the Secchi depth. Indeed, both the
Secchi depth coupled with the water colour and data on the variation of light with
depth measured by a photometer, can be used for the evaluation of the depth of shortwave radiation penetration into the lake, i.e., the thickness of the photosynthetic layer.
The relationship from which the vertical radiation profile is computed is Beer’s law.
It states that the absorption of the radiation per unit length Hsw (z) is proportional
to the radiation itself. Thus, for steady conditions and a strictly one-dimensional
variation
d Hsw (z)
0
Hsw (0) = Hsw
,
(28.10)
= −εHsw (z),
dz
0 is the value
where z is the downward distance counted from the water surface, Hsw
−1
of the radiation at the water surface and the coefficient ε [m ] is called the light
extinction or light attenuation coefficient. If ε is constant, integration yields
0 −εz
e .
Hsw (z) = Hsw

28.4 Optical Measurements

257

extinctionc oefficient (ε), m-1

10

1

ε =1.1·z s-0.73
2

R =0.89

0.1
0.1

10

1

Secchi depth (zs), m

Fig. 28.32 Comparison of the Secchi depth with the data taken by more sophisticated instruments.
Adapted from Martyn and McCutcheon (1998) [39], data originally reported by Williams
(1980) [79] © Copyright 1998, reproduced with permission of TAYLOR & FRANCIS GROUP
LLC—BOOKS in the format Textbook via Copyright Clearance Center

In this form ε has a simple physical interpretation: at the depth z e = 1/ε the (shortwave) light intensity is e-times less than at the surface. This depth is also known
as e-folding depth of light absorption. Obviously, the light absorbed in a particular
layer is simply the difference between the light at the upper and lower boundaries
of that layer. Typical extinction coefficients for a number of lakes are provided in
Table 28.1 (modified from Martyn and McCutcheon (1998) [39]).
When ε is not constant, but a function of z, ε = ε(z), then integration of
Eq. (28.10) yields


z
0
ex p − ε(ξ)dξ .
Hsw (z) = Hsw
0

Such a situation may occur, for instance, when large algae blooming shadows a region
and increases the value of the extinction coefficient.
Comparison of the Secchi depth with the data taken by more sophisticated instruments delivers empirical formulae to estimate the attenuation (extinction) coefficients for the visible part of the spectrum. One example is the relation developed
by Williams (1980) [79] (Fig. 28.32; adapted from Martyn and McCutcheon
(1998) [39], data originally reported by Williams (1980) [79]). This figure justifies
a power law relation between the Secchi disc depth, z s (in m), and the extinction
coefficient, ε,
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Table 28.1 Examples of light extinction coefficients
Site

Description

ε [m−1 ]

Source

Pure water
Lake, Tahoe CA
Wintergreen Lake, MI
Crystal Lake, WI
Crater Lake, OR
Lake Borralie,
Scotland
Neusiedler See,
Australia
Loch Unagan,
Scotland
Black Loch,
Scotland
Loch Levan,
Scotland
Lake Paajarvi,
Finland
Highly stained lakes

–
Oligotrophic
Eutrophic
Oligotrophic
Oligotrophic
Calcareous,
blue-green
Turbid,
sediment-coloured
Yellow substances

0.03
0.2
0.46–1.68
0.2
0.18
0.34

Popov et al. (1979) [55]
Wetzel (1975) [78]
Wetzel (1975) [78]
Wetzel (1975) [78]
Spence (1981) [64]
Spence (1981) [64]

3.31

Spence (1981) [64]

0.93

Spence (1981) [64]

Brown, peaty

1.53

Spence (1981) [64]

Turbid,
dense phytoplankton
Brown stained

2.58

Spence (1981) [64]

0.7

Verduin (1982) [77]

Average

4.0

Wetzel (1975) [78]

ε = 1.1z s−0.73

(m −1 ).

(28.11)

Data show a scatter with a coherence R 2 = 0.89 and a root mean square deviation
of 0.081 [79].
It was also found that the euphotic zone (surface water layer down to the depth
to which only 1 % of the surface illumination penetrates) is roughly three times the
Secchi depth (Baretta- Bekker et al. (1998) [6]). As follows from Table 28.1 and
relation (28.11), the Secchi depth in pure water should be about 30–35 m, and in
highly stained natural waters ca. 20 cm. Field experience shows that in the cleanest
and most transparent waters of Lake Baikal the Secchi disk is visible down to 19–
21 m (Pokatilova (1984) [54]) in the second largest pre-alpine Lake Constance with
some water of glacial origin the Secchi depth is at most 15 m (Stabe (1986) [65];
Tilzer (1983) [73]).
The light attenuation coefficient, ε, depends also on the wave length, λ, of the light.
The function ε(λ) is different for pure water and water that is loaded with dissolved
and suspended matter. Typical curves ε(λ) for different compounds are presented in
Fig. 28.33a: curve (I) with a sharp minimum of the light attenuation in the blue part of
the spectrum is for pure water; curve (II) with a significant rise of ε in the violet and
ultra-violet parts describes ε(λ) for water with dissolved organic matter; curve (III) is
for water loaded with relatively small mineral particles; finally, curve (IV) is for water
loaded with large particles of biological origin (diatomite algae, foraminifera, detritus
etc.). Contributions of each of the compounds (II), (III) or (IV) depend also on their
concentrations. Figure 28.33b displays the light attenuation in the Baltic sea water,
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Fig. 28.33 a Dependence of the light attenuation coefficient on the wave length for different
compounds of natural water. b Light attenuation in the Baltic sea water, with general behaviour in
accordance with curve (I) for pure water, but values show the presence of dissolved and suspended
matter. Adapted from Monin (1978) [41] © Nauka Publishing House, reproduced with permission

with general behaviour in accordance with curve (I) for pure water, but the values
show the presence of dissolved and suspended matter (after Monin (1978) [41]).
Examples of field measurement data for different lakes and reservoirs are given
in Fig. 28.34 showing the range of variability of the light attenuation index in natural
waters. These figures demonstrate that, whereas the coefficient of extinction in natural
waters depends on wave length, this dependency is not dramatic, and selection of a
mean value that is representative for all wave lengths may be justified.
Analysis of the variation of absorption spectra with depth is also a method to
obtain information about dissolved and suspended matter. As an example, Fig. 28.35
shows light-absorption spectra for the depths 50 m and 200 m, measured in marine
water.
Another optical water characteristic is the dispersion of light. It can naturally arise
due to molecular dispersion or dispersion by suspended particles. The former, molecular dispersion, may arise due to three kinds of fluctuations: density fluctuations,
an-isotropic orientation of the water molecules and fluctuations of concentration of
dissolved substances. The latter, dispersion by suspended particles, depends on the
concentration of particles, grain composition, shape and orientation of the particles
and their refractive index. From an optical point of view, grains within the size range
10−2 ÷ 101 μm are of significance. Smaller particles do not influence the optical
characteristics of water; moreover, the concentration of very large particles is usually insignificant, and their influence on the optical properties can also be neglected.
The index of light dispersion, σ, and the angular distribution of the scattered
light are the measured parameters. As an example, the index of light dispersion (in
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Fig. 28.34 Spectral distribution of light attenuation index e [m −1 ] in lakes and rivers: 1–3—
Southern Baikal , 4—river Irkut, 5—river Chulym (Siberia), 6–7—Sheksna storage pond, 8—lake
Beloe. Numbers near the curves indicate water transparency by Secchi disc in meters (adapted from
Pokatilova (1984) [54]) © Nauka Publishing House, reproduced with permission
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m

, nm
400
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Fig. 28.35 Light absorption spectra for the depths of 50 m (a) and 200 m (b), measured in marine
water. Solid curve gives the light absorption, additional to that of pure water; oblique hatching
shows an absorption by suspended matter; double hatching—absorption by dissolved substances
(adapted from Monin (1978) [41]) © Nauka Publishing House, reproduced with permission
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50

100

z, m
Fig. 28.36 Index of light dispersion (in arbitrary units) in a near-shore zone of the Bengal bay
(adapted from Monin (1978) [41]) © Nauka Publishing House, reproduced with permission

arbitrary units) in the near shore zone of the Bengal bay is presented in Fig. 28.36.
The sharp increase of the light dispersion near the surface is due to river run-off.

28.4.2 Instruments for Optical Measurements
The field of the variations of the intensity of light due to the properties and the concentrations of dissolved and suspended matter can be measured by an instrument
called nephelometer, or turbidimeter, or tyndallometer. Modern instruments combine advanced laser technology and fiber optics. Since they are rather simple in use,
give high accuracy, sensibility, and fast response of a particle counter, they are widely
used for water quality monitoring and drinking water control. However, nephelometers require verification and calibration on site, thus, to obtain not only relative but
also absolute quantitative values, simultaneous classical water sampling is required
(Fig. 28.37).
Physically, the nephelometer measures the scattering of light. It detects the scattering properties by measuring the light directed into the monitored water and scattered
backward or under some angle to the initial direction of propagation (examples for
90∈ and 45∈ , see Figs. 28.38 and 28.39) by particles of suspended matter. Some
instruments split the scattered light into red (wave length 700 nm), green (550 nm)
and blue (450 nm); other instruments use 12 wavelengths in the range 350–700 nm
(Kireev et al. (1985) [32]). The detected light intensity is proportional to the turbidity
of the water. A second light detector may be used to correct for light intensity variations, colour changes, or lens fouling. The readings are recorded either in so-called
nephelometric turbidity units (ntu) or in parts per million (ppm).
Figure 28.37 displays a scheme and calibration curve of a photoelectrical device
for the measurement of the concentration of suspended matter. It has variable dis-
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Fig. 28.38 Example of a typical nephelometer of backward scattering (a) and its calibration
curve (b): 1—head of the sensor, 2—infrared filter, 3—photodetector, 4—infrared radiant diode
(Samoliubov (1999) [60]) © Publishing House Naunchy Mir, reproduced with permission

tance (1–5 cm) between the halogen source of radiation and the removable conic
nozzles. The nozzles have a quartz window, through which the beam passes to a
photo-detector (Samoliubov (1999) [60]). Figure 28.38 shows an example of a
typical nephelometer of backward scattering (Samoliubov (1999) [60]) and its calibration curve.
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Fig. 28.39 Principal arrangements for measurements of volume scattering function. Adapted from
Haltrin et al. (1996) [26], with changes

The most complete understanding of the light-scattering properties of water can
be obtained by measurements of the volume scattering function over the full angular
range from several tens of minutes to angles close to 180∈ . A typical scheme for
the measurement of the volume scattering function is illustrated by Fig. 28.39 [26].
Panel (a) presents the principle, typically used in such instruments, panel (b) shows
its variation in which a light source and a photo-detector are fixed, and the angle
deviation is implemented via the rotation of a special periscope prism with three
reflecting facets. The shape of the prism and precisely adjusted dimensions allow
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detection of the scattered radiance practically over the full angular range including
direct measurement of the attenuation of the beam.
The main problem in the development of a polar nephelometer photoelectronic
circuit is the very large dynamic range of the scattered light intensity. Due to the
elongated shape of the volume scattering function this range may span seven or
more orders of magnitude. To provide accurate measurement of the intensity over
such a wide range, light attenuation is generally used by means of a combination
of a diaphragm and standard neutral filters which reduce the light flux at certain
times. Because of the complexity of the design, this method of measurement is preferred for instruments measuring the volume scattering function at a few discrete
angles. In instruments with uninterrupted angle deviation, photomultipliers are usually employed with a logarithmic mode and degenerative feedback through the power
source of the photomultiplier. This photometer scheme, despite its relative simplicity, allows for easy expansion of its dynamic range to the required 7 to 8 orders of
magnitude; however, the accuracy of the resulting measurements is rather low and
the stability is poor (Haltrin et al. (1996) [26]).
Measurement using fluorescent dyes. Intense fluorescence is the principal property
that makes commercial dyes suitable for use in water tracer studies. Most commonly,
rhodamine (B and WT) and fluorescene are used in field practice. These materials
fluoresce or emit radiation in the form of light, upon receiving radiation from an
external source. The emission of light fluorescence terminates when the radiation
source is removed. Since some energy is lost in the process, the light is emitted at a
lower frequency and longer wavelength than that absorbed. The more fluorescent the
materials are, the greater will be the percentage of absorption of the received energy.
The characteristics of a dye directly affect the amount of the light absorbed and
emitted at a particular wavelength as well as the difference between the absorbed
and emitted wavelengths. Depending on the molecular characteristics, different dyes
will have different characteristic wavelengths at which the absorbed and emitted light
are at a maximum. For example, rhodamine dyes (such as rhodamine B and WT)
have their greatest excitation at a wavelength in the green band at 555 nm and emit
light in the yellow-green band near 580 nm. The relative intensity of the emitted
light is also a function of the amount of the fluorescent material present. Therefore,
combination of wavelengths and intensities of the light absorbed and emitted can be
used to measure the amount of the material present.
A filter fluorometer is a spectrometer that measures the relative intensity of light
emitted by a fluorescent substance. A fluorometer consists of a light source, primary
fi1ter, sample holder, secondary filter, sensing device, and readout device, Fig. 28.40.
The light source varies depending on the characteristics of the dye to be measured.
Light from the source passes through the primary filter that limits the light reaching
the sample to a narrow band centered about the wavelength of maximum excitation
for the dye. For measurements, the filtered light is directed through a sample placed in
a holder of known volume and optical properties. The light emitted from the sample
passes through the secondary filter that limits the light reaching the photomultiplier to
a narrow range fluoresced by the dye. A photomultiplier detects the incident radiation
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Gives values proportional to the
light reaching the sensing device.

5. Sensing device
Responds to the spectral band
passed by the secondary filter.

1. Energy source
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Emission
2. Primary filter
Passes only a selected band of
the sources output spectrum
matching a selected band of the
dye’s excitation spectrum.
90

4. Secondary filter
Passes only a selected band of the
d ye ’ s e m i s s i o n s p e c t r u m a n d
preferably none of the light passed by
the primary filter.
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Right angle in light minimizes
amount of scattered light
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Fig. 28.40 Principal scheme of a simple filter fluorometer (after Martyn and McCutcheon
(1998) [39]) © Copyright 1998, reproduced with permission of TAYLOR & FRANCIS GROUP
LLC—BOOKS in the format Textbook via Copyright Clearance Center

and produces an electronic signal. The signal intensity is converted to the amount
of dye present in the sample. The types of filters, sources, and photomultipliers vary
with the instrument and dye that are used [39].
Applications of lasers. Remote laser analyses of water media using the light interference, coherent spectrography, Doppler frequency- or phase-spectrography are
very fine methods to measure the composition of water and suspended matter and
the concentration of small admixtures, water density variations, particle velocities,
spatial configuration of surface waves, etc. It has many advantages in field practice
such as remotability and on-line data supply, handy data format, high sensitivity and
accuracy, both universality and high selectivity due to a wide range of exploitable
wavelengths and methods of registration.
The principal scheme of a lidar (light detection and ranging), a device for remote
sensing of atmospheric or water layers, is presented in Fig. 28.41. It works not exactly
as, but much alike a radar, using light instead of the radio waves. The control unit
gives, via the power module, a signal to the laser, which emits a frequency- and timemodulated beam. Features of the (complicated) emitted signal modulation depend
on the goal of the measurement, the distance to the sounded layer and the particular
instrument characteristics. The beam, reflected from the particles of the sounded
layer, is guided through a telescope and spectral filters to the photodetector and
processing unit. The direct result of the measurement—the distribution of the number
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Fig. 28.41 Principal scheme of a lidar—a device for remote sensing of atmospheric or water layers

of photons versus their wavelengths—together with the information about the emitted
signal is recalculated with the aid of a computer and transferred into data concerning
particle concentration, their velocities, composition of admixture, etc. In the water,
those measuring methods are commonly used, which are based on the mechanisms
of re-emission of the light with the frequency shifted relative to that emitted by the
laser. One example (described above) is the use of fluorescence, when the emitted
light has a red shift. When several substances fluoresce, the fluorescence excitation
spectrum (i.e. fluorescent intensity dependence on the length of the excited radiation)
is used to identify the admixtures. These methods can provide an accuracy of the
concentration of the suspended matter as small as 10−10 moles per litre (or 2 particles
of the admixture to 1 million of the medium particles). The use of combinational
scattering features can provide even higher accuracy, up to 1 particle of admixture
per 1 million of the environment particles.
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28.5 Measurement of Turbulence
Big whorls have little whorls,
Which feed on their velocity;
Little whorls have smaller whorls,
And so on unto viscosity.
Richardson

28.5.1 Turbulence in Lakes
Direct observations show that the nature of the flows of a fluid or gas can be
of two principally different kinds: quiet and smooth, so called laminar flows and
their antipode, turbulent flows, where current speed, pressure, temperature and other
hydro-physical parameters are chaotically fluctuating, varying seemingly randomly
in space and time. The quantitative measure for this feature is the Reynolds number.
Physically, it characterizes a relative balance of inertial and frictional forces, and, in
order of magnitude, can be expressed as
Re =

UL
U 2 νU
: 2 =
,
L
L
ν

where U is a typical scale of the current speed, L is a length and ν is the kinematic
viscosity.
Flows with small Reynolds number, for which viscous frictional forces are high
as compared to the inertial forces, tend to be laminar, whilst large Reynolds numbers
correspond to turbulent motions. Typically, motions are laminar for Re < 1000 and
turbulent when Re > 1000.14 It is easy to see that in natural reservoirs like lakes
or estuaries, where typical length scales for flows are from meters to kilometers and
typical velocities are centimeters to meters per second, the Reynolds number
Re =

U L ∼ (10 ÷ 100) m × (0.1 ÷ 1) ms −1
∼ 104 ÷ 107
=
ν
10−5 m 2 s −1

is very large. So, almost exclusively we observe in lakes (more or less developed)
turbulent processes. A typical example of a measured signal is presented in panel
(a) of Fig. 28.42. It shows the time variations of the northward current component
as measured by an ADCP probe in Lake Constance. This graph was generated from
data that were collected at time intervals of 10 minutes, but it is clear that on longer
time scales, say, 1 h, the graph of the northward velocity can be seen as a smoother
process (shown as dashed curve) plus ‘chaotic’ fluctuations superimposed on it.
These are orders of magnitude; a value Re = 2000 or even larger can well also characterize the
transition from laminar to turbulent flow.
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Fig. 28.42 Typical example of a measured signal: a time variations of the northward component of
current speed during the period of 100 hours measured by ADCP in the middle of Lake Constance at a
depth of 2 m on 24–28 October 2001 (courtesy of A. Lorke, data delivered to ConstanceDataBand);
b water temperature in laboratory flume, measured with a time step 5 ms

In panel (b) of Fig. 28.42 a similar curve is shown but now the time step is 5 ms. In
this case, the process in focus is smooth on time scales of seconds and fluctuations
arise in the milliseconds. It transpires that the division into smooth and fluctuating
contributions of a measured process is a matter of choice of the time (or length) scale
that one wishes to resolve.
It is natural, but not necessary, to describe such signals by statistical characteristics, e.g. spectra of probability densities associated with a certain given variable. On a more mundane level, the time scales of the process under consideration,
when recorded over a sufficiently long time, may be regarded as a (quasi) periodic
function and (after subtracting a linear trend) subject to Fourier transformations.
The time series is then transformed into a spectral distribution in which the amplitudes (or more common their squares) of the Fourier components are plotted against
their frequency, usually in doubly logarithmic representation. Such spectral distributions, calculated for currents measured in lakes Ladoga and Ontario are presented
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Fig. 28.43 Spectral distributions of current speed S(ω), in doubly logarithmic presentation, for
a Lake Ladoga (Filatov (1983) [17]) and b Lake Ontario (Palmer (1973) [53]). © J. Geophys.
Res., reproduced with permission

in Figs. 28.43 and 28.45. The same analysis performed for time series of the water
temperature for two thermistors placed in Lake Zurich at 14 m and 30 m depth are
given in Fig. 28.44 (Hutter and Vischer (1987) [27]).
The spectral plots constructed from the measured time series provide information
about the distribution of periodic processes which are contained in a given time series.
The long periodic components are usually presented with large amplitudes; the saying
is, they are the large energy components. Small periodic processes contribute with
lesser energy and the ‘chaotic’ high-frequency components are represented by the
‘tail’ of the spectrum, see Fig. 28.43. To separate the two, one must construct the
time series of the mean or averaged processes f¯(t) and thereby automatically decide
which time and length scales are significant; thus
f (t) = f¯ + f ≈ (t),
where f (t) is the original time series, whilst f¯(t) and f ≈ (t) are the mean and the
turbulent fluctuations. The position is now that f (t) is a stochastic function.
There are many physically distinguishable ways to calculate the mean value,
f¯, of a stochastic function f . However, experience shows that turbulent heterogeneities have time and space scales that are several orders larger than those typical
for molecular motions. Thus, the smallest scales of the turbulent heterogeneities are
seconds and millimeters (see, for example, Monin and Yaglom (1965) [40]).15 This




The turbulent kinetic energy κ m2 s−2 and the turbulent dissipation rate ε m2 s−3 characterize the intensity of the turbulence. Their smallest values characterize the transition of the
smallest
and oceanography these smallest values are κmin =
 eddies
 to dissipation. In limnology

10−6 m2 s−2 , εmin = 10−6 m2 s−3 . They allow construction of the Kolmogorov time TK and
15
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Fig. 28.44 Spectral distribution of time series of water temperature for two thermistors placed in
Lake Zurich at 14 and 30 m depth, (Hutter and Vischer (1987) [27]). © Elsevier, reproduced with
permission

fact is of utmost importance for both theoretical and experimental investigations of
turbulence. On the one hand, at distances comparable to the dimension of the smallest
heterogeneities and for time periods comparable to the minimum periods of turbulent
fluctuations, all hydrodynamic fields vary smoothly and can be described by differentiable functions, i.e. the description of turbulent flows by the usual differential
equations of hydromechanics is warrantable. On the other hand, field turbulimeters
must resolve fluctuations down to (fractions of) millimeters.

length L K
TK =

κmin
= 1 sec,
εmin

LK =

κ2min
ε3min

= 10−3 m = 1 mm.

Thus, on time scales of seconds and length scales of millimeters the flows in lakes and the ocean
are laminar.
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Fig. 28.45 Spectra of large-scale turbulence observed in Lake Ladoga for stratified (a) and homothermal (b) episodes as calculated on the basis of measurements by current meters placed on 16
moorings (Filatov (1983) [17])

Time and space variations of currents at any scale can be presented in the form
f = f¯+ f ≈ , in which f¯ explicitly depends on the chosen mean length/time scales; this
decomposition automatically selects the character of the turbulence: large-, meso- or
small-scale. In this way, e.g. meanders of lake-scale currents, large gyres and riverine
water lenses in a lake may be considered as manifestations of large-scale turbulence.
Typically, these fluctuations have a size larger than the thickness of the epilimnion,
i.e. they extend over more than a few dozens of meters, and they have typical time
scales of hours. Spectra of large-scale turbulence observed in Lake Ladoga (Filatov
(1983) [17]) are given in Fig. 28.45. They characterize stratified (a) and homothermal
(b) conditions as calculated on the basis of measurements by current meters placed
on 16 moorings; they are very similar.
Conventionally, meso-scale lake turbulence covers fluctuations due to Langmuir
circulations, surface and internal wave breaking, wind pulsations, current instabilities
near coastal or bottom topographic obstacles, etc., which have length scales of tens
to hundreds of meters and time periods of the order of up to tens of minutes. Finally,
small-scale turbulent processes, often, simply called turbulence, have smaller time
and space scales, i.e., seconds in time and centimeters to millimeters in space. They
are at the very end of the energy cascade,16 so that all hydrodynamic processes,
dissipating with time, contribute to these micro-fluctuations. Figure 28.43 illustrates
small-scale turbulence by spectra derived from measurements of water currents in
lakes Ladoga (Filatov (1983) [17] and Ontario (Palmer (1973) [53]).
16

A somewhat picturesque description of turbulence is that large gyres generate through their
interaction smaller gyres cascading down to the smallest eddies which have the dimension of the
Kolmogorov length below which they dissipate into heat. Richardson expressed this poetically
as stated in the epigraph to this subsection.
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An extremely high intermittency in time and three-dimensional space is one of
the most characteristic features of turbulence in natural basins. For small-scale turbulence, oceanographers and limnologists usually distinguish between internal and
external intermittency. Internal small-scale intermittency is caused by fluctuations
at scales related to the inertial-convective and viscous sub-ranges, and refers to the
variability of fluctuations within a given turbulent patch. Such intermittency is inherent to any turbulent flow with high Reynolds numbers. External (or meso-scale)
intermittency refers instead to the intermittency of the occurrence and variability
among different oceanic turbulent events. Owing to the random breaking of internal
waves, sporadic convective processes, and Kelvin–Helmholtz instabilities, baroclinic instabilities at fronts, etc., the amplitudes of any turbulent parameter, averaged
over r > L 0 , where L 0 is an external turbulent scale, are subjected to variations with
typical scales of tens of meters vertically and hundreds of meters horizontally.
Large- and meso-scale turbulence can be observed by almost any standard instrument, but to capture the fine structures at small scales requires special, very sensitive
instruments for their registration as well as specific techniques of experimentation.
However, they are very informative, so that the overwhelming majority of field measurements of turbulence is devoted to the microstructure of hydrodynamic fields.
Later, we shall also use the term turbulence to denote the small-scale fluctuations of
the hydrodynamic fields. For currents this means a typical scale of velocity fluctuations of the order of mm s−1 , and turbulent kinetic energy
κ=

1 ≈2
(u + v ≈2 + w≈2 ) ∼ 10−6 m2 s−2 .
2

Wüest and Lorke (2003) [82] have used an ADCP probe to investigate turbulent
processes in a medium-sized lake. Figure 28.46 (panel (b)) shows the spatial structure
of the turbulent activity: an energetic surface boundary layer, a slightly less turbulent
bottom boundary layer, and a strongly stratified and almost laminar interior. On the
panel (a), the dissipation of the turbulent kinetic energy ε into heat
ε = 7.5ν

∂u ≈
∂z

2

is presented, which is an important quantity of the physical processes and structure
of the field of turbulence. The very boundary layers have their own specific turbulent
structure, which are connected mainly with sediment re-suspension over the bottom
and various mixing processes below the surface. Strong stratification suppresses the
turbulence, so that suspended solids make the benthic layers less turbulent. Wind and
waves generate turbulence at the lake surface and homogenize the upper layer, so that
turbulence is highly developed throughout the mixed surface layer. However, density gradients at seasonal and daily thermoclines or jumps between a fresh rainwater
layer and more mineralized lake water ‘lock’ the turbulence, preventing its penetration from one mixed layer to another, i.e., from the lake surface or the bottom into
the lake body (Fedorov (1988) [16]). It causes, in particular, daily variations due
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Fig. 28.46 Turbulence in a medium-sized lake. Panel b shows the spatial structure of the turbulent
activity: an energetic surface boundary layer, a slightly less turbulent bottom boundary layer, and
a strongly stratified and almost laminar interior. On panel a, the dissipation of the turbulent kinetic
energy is presented. Redrawn from Wüest and Lorke (2003) [82]. © Annual Rev. Fluid Mech.,
Parabolic Press, reproduced with permission

to solar heating: the upper turbulized layer becomes much deeper during the night.
Measurements in the equatorial Pacific Ocean, for example, show a daily increase of
the intensively turbulized surface layer from 15–20 m in the afternoon at 1–4 p.m. to
60–80 m at night (Paka (1982) [51]). Suppression of turbulence by thermal stratification causes interesting effects of ‘clearing’ of the upper warm layer (down to ∼ 10 m
depth): A decreasing concentration of suspended matter due to the secession of turbulence manifests itself in a decreased light attenuation (Δa/a ∼ 0.004, ..., 0.2),
seen immediately after the beginning of the daily heating at weak wind (Vasilkov
et al. (1985) [75]). The depth where the turbulence generated at the surface suddenly
stops, is often called turbocline, by analogy with the thermocline; however, because
of the difference in mechanisms of generation, their depths are generally not the
same.
Starting in the seventies of the last century, measurements and investigations of
small-scale turbulence in lakes were performed by many researchers: by Anisimova
and Speranskaya (1977) [1] in Lake Baikal, by Palmer (1973) [53] and Cannon
(1971) [8] in the Great Lakes, by Kenney (1979) [31], Thorpe (1977) [72], Dillon
and Powel (1976) [14] and many others.
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Fig. 28.47 Vertical profile characteristics of a turbulent patch in Lake Kinneret, showing density
ρ and its fluctuations ρ≈ , as well as vertical and horizontal velocity fluctuations w ≈ , u ≈ , v ≈ . Their
covariances allow determining buoyancy flux ρ≈ w ≈ , dissipation 7.5ν(∂u ≈ /∂z)2 , and TKE, 1/2(u ≈ 2
+ v ≈ 2 + w ≈ 2 ). Adapted from Saggio and Imberger (2001) [59], after Wüest and Lorke (2003)
[82]. © Annual Rev. Fluid Mech., Parabolic Press, reproduced with permission

28.5.2 Instruments
An event is such a little piece of time-and-space
you can mail it through the slotted eye of a cat.
Diane Ackerman
Mystic Communion of Clocks
Small-scale turbulent processes can be observed through fluctuations of not only
currents, but also temperature, conductivity, pressure, density, transparency or other
hydrophysical parameters. The first successful measurements of turbulent fluctuations in a marine environment were made by Stewart and Grant [69]. The instruments that can directly measure small-scale fluctuations of vertical shear, conductivity, and temperature in profiling and towing modes were first developed in the United
States (Osborn (1978) [49]; Gregg et al. (1982) [24], Dewey et al. (1987) [13],
Canada (Oakey (1982) [47], Russia (Monin and Ozmidov (1985) [42], Arvan
et al. (1985) [2], Germany (Prandke et al. (1985) [56]) and Australia (Carter and
Imberger (1986) [9]). As an example of typical field measurements of the turbulent
microstructure, see Fig. 28.47: it shows panels of vertical profile characteristics of a
turbulent patch in Lake Kinneret (adapted from Saggio and Imberger (2001) [59],
after Wüest and Lorke (2003) [82]) and in the ocean (Paka et al. (1999) [52]).
Microstructure profilers, towed bodies or stationary instruments, as well as various
tracers are commonly used. Much of the progress in measuring microturbulence is
linked to the enormous development of instrumental techniques, such as microstructure probes, often called turbulimeters (Gregg (1991) [25], Imberger and Head
(1994) [28], Prandtke and Stips (1998) [58], Luketina and Imberger (2001)
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[38], Paka et al. (1999) [52], Osborn and Crowford (1980) [50], Oakey (1982)
[47], etc.). Nowadays it is possible not only to measure high-resolution current and
shear17 profiles with coherent ADCP, but also calculate simultaneously with the same
instrument, the TKE (turbulent kinetic energy), Reynolds’ stress, the production of
turbulence, and the inertial dissipation (Lohrmann et al. (1990) [35], Lhermitte
and Lemmin (1994) [33], Lu and Lueck (1999) [36], etc.). The submersible Particle
Image Velocimetry (PIV) instruments (Bertuccioli et al. (1999) [7]) allow performance of measurements of the two-dimensional velocity vector maps down to the
dissipative scales. For measurements closer to the sediment bottom, flow microsensors are now available to measure velocity profiles at a 50μm vertical resolution
through the viscous boundary layer, the lowest cm of the benthic boundary layer
(see Wüest and Lorke (2003) [82]). Such instruments will also make the ultraweak turbulence, often found in lakes, better accessible. For the quantification of
diffusive boundary layer fluxes and early-diagenesis in the sediment, a large number
of in-situ microsensors are now available, which capture concentrations of Fe, Mn,
−
+
2−
O2 , CO2 , NO−
3 , NO2 , N2 O, NH4 , H2 S, CH4 , CO3 , among others (Müller (2002)
[44]). These sensors are especially suitable in fresh waters, which contain fewer electrolytes but usually more nutrient species than oceanic waters, so that usual oceanic
conductivity sensors cannot be used in lakes.
Measurements of turbulence in the near-shore zone of lakes are usually performed
from stationary platforms or floating pontoons (see Fig. 28.48). Surface waves, cable
and instrument vibrations and the noise of electric systems influence the measured
signal, so, for measurements from pontoons or ships, some rocking stabilizers and
submerged buoys should preferably be used, and instruments are to be equipped with
special accelerometers.
In lakes, small-scale velocity, temperature and conductivity fluctuations associated with turbulence are usually measured by microstructure profilers and towed
bodies. The family of profilers consists of free-fall and tethered instruments (Osborn
and Crowford (1980) [50]; Oakey (1982) [47]). Free-fall profilers do not have a
firm connection with the ship and are usually recovered by a change of their buoyancy
at the end of the cast. Tethered profilers are recovered by using a flexible cable with
near-neutral buoyancy. Towed bodies are distinguished by the method of vibration
suppression. ‘Slow’ bodies use a ‘fuzzy’ towing cable (or ‘haired fairing’), which
prevents shedding of eddies behind the cable and reduces vibrations (Lueck (1987)
[37]). ‘Fast’ bodies use a towing cable with fairing (Lilover et al. (1993) [34]). The
main advantage of tethered profilers and fast towed bodies is the large amount of data
that can be taken over a relatively short time in a wide depth range and over long distances. However, the noise levels of the signals are usually higher than with falling
instruments. One of the main objectives of the measurements is a comprehensive
analysis of the interrelations between small-scale thermal processes and mesoscale
dynamics.
In large water bodies, tethered profilers and towed bodies are used to carry
turbulimeters (as well as other sensors). Different research groups and commer17

This is ∂u/∂z, where u is the horizontal velocity and z the downward coordinate.
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Fig. 28.48 Measurements of turbulence in the near-shore zone of lakes are usually performed
from stationary platforms (I), floating pontoons (II) or boats (III). 1—anemometer for wind
measurements, 2—recorders, 3, 4—current meter and turbulimeters, 5—buoy, 6—stabilizer
(Filatov (1983) [17])

cial enterprises continue to improve and develop new microstructure instruments,
e.g., Amp and Chameleon (Moum et al. (1995) [43]), Fly (Simpson et al. (1996)
[63]) and Epsonde (Oakey (1988) [48]), Mss, (Prandke and Stips (1996) [57]),
Baklan and Grif (Arvan et al. (1985) [2]; Paka et al. (1999) [52]), Turbomap,
(Wolk et al. (2002) [80] and Pme (Stevens et al. (1999) [67]). In order to demonstrate some technical details, examples of constructive embodiment and instrument
possibilities, consider the instruments Grif and Baklan, developed in the P. P. Shirshov Institute of Oceanology (Kaliningrad, Russia) (Paka et al. (1999) [52]). Baklan
is a vertical profiler, whilst Grif is a towing body; they can carry the same set of sensors and electronics, and are used together or separately, depending on the goal of
the measurements. Table 28.2 shows their main technical parameters.
Vertical profiler Baklan (Arvan et al. (1985) [2]), which is similar to
Cormorant (Gibson et al. (1993) [21]), consists of a streamlined cylindrical
pressure case with a sensor array at the nose and with a drag tail in the form of
a crown made from cylindrical brushes (Fig. 28.49). Data transmission to the ship,
and instrument recovery, are carried out with an inelastic, rubber-coated, three-wired
cable that has a negative buoyancy. The maximum depth of the measurements (400 m)
is limited only by the cable length. The sensor’s set can be modified, depending on the
scientific objectives. The kinetic energy dissipation rate is usually measured by two
perpendicularly placed shear probes in order to obtain two horizontal components of
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Specification

Baklan

Grif

Total length, m
Maximum diameter, m
Brash diameter/fin-tail, m
Cable diameter, m
Breaking strength, N
Wire resistance, ohm km−1
Maximum operating depth, m
Fall/towing speed, m s−1
Weight in air, N
Weight in seawater, N
Power supply, W
Fairing length/width, m

2.63
0.15
0.45
0.01
3 000
6.0
400
0.5–0.7
330
20–30
20

2.1
0.60
0.75
0.012
70 000
3.5
300
2–3
3000
2600
20
0.2/0.05

the vertical small-scale shear. When accurate measurements of salinity and density
are desired, one shear probe is replaced by a precise low-frequency conductivity
sensor. Temperature and conductivity sensors are extended 0.15 m beyond the lower
end of the profilers.
A sensor of vertical accelerations and a pressure sensor are installed inside the
case at the top cap. All output signals are digitized by a 15-bit AD converter and then
transmitted to the onboard computer via the tether cable. The sampling rate for each
signal is adapted to the time constant and spatial resolution of the corresponding
sensor.
Baklan is launched from the windward side of a ship. The cable is released from
a winch capable of being horizontally turned, so that its rotation axis is always
perpendicular to the tether line. The speed of the cable release exceeds the sum of
the fall speed of the profiler and the ship’s drift. The cable sinks with slack loops
slightly slower than the profiler in order to minimize adverse effects of the cable
movement on the measurements.
Towed turbulimeter Grif (Fig. 28.49) is used for long-term horizontal measurements of the microstructure. It consists of a heavy streamlined body carrying a
pressure case with sensors and electronics. Three sensors extend 0.15 m ahead of the
body to measure the mean temperature, conductivity fluctuations, and the horizontal
component of small-scale vertical shear.
The streamlined body is fabricated from a metal buoy with a tail. A strain gauge
pressure sensor is inserted into the front part of the case, and a lead ballast is affixed
to the bottom of the container. Grif is connected to the towing ship by an armored
three-wired cable with detachable plastic fairings. Measurements can be carried out
down to a maximum depth of 200 m at a towing speed of ca. 3 m s−1 and down to
300 m if the speed is about 2 m s−1 .
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Fig. 28.49 Vertical profiler Baklan and towing body Grif: 1—temperature, conductivity and shear
sensors, 2—lead ballast, 3—pressure sensor, 4—pressure case, 5—electronics, 6—acceleration
sensor, 7—cable connection, 8—drag tail, 9—cable, 10—streamlined body, 11—towing line with
fairings (Paka (1999) [52]). © J. Atmos. Ocean. Tech., reproduced with permission
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Fig. 28.50 Sensors used in Baklan and Grif. a small-scale shear probe: 1—bimorph piezo-element,
2—polyurethane shell, 3—ebonite tip, 4—metal shell, 5—output wires. The main sizes are diameter
d = 0.0065 m, the length of the front section Ψ = 0.02 m, and the total length of the sensor L = 0.03
m. b capillary conductivity probe: 1—inner electrode, 2—outer electrode, 3—open cell, 4—inner
cell, d = 0.001 m—diameter of the capillary, Ψ = 0.0003 m—the length of the front dielectric
section (Paka (1999) [52]). © J. Atmos. Ocean. Tech., reproduced with permission

Sensors used in BAKLAN and GRIF
Small-scale shear probe. The micro-scale velocity shear is measured using an airfoil
shear probe. A piezo-bimorph beam is covered by polyurethane. The diameter of
the shell is 6.5 mm (Fig. 28.50). The head of the beam covered by polyurethane has
a rigid tip, increasing the bending moment and maximizing the probe sensitivity to
transverse velocity fluctuations.
For turbulent processes, the question of the accuracy of the measurement is especially important. The accuracy of this sensor depends mainly on the following factors:
calibration errors, frequency response limitations, variations of the fall speed, nonlinearity due to changes of the angle of attack, and anisotropy in the turbulent velocity
field. It is shown that the calibration-related uncertainty of the turbulent dissipation
rate ε for in-situ testing in the ocean is at least 30 %; this is about twice as large as for
a standard laboratory testing of airfoil probes (Gargett et al. (1984) [20]). The error
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in the fall speed of the probe (usually calculated from the pressure signal) does not
exceed 5 %. If the angle of attack is less than 5∈ , which is most commonly the case
for Baklan measurements, the non-linearity of the output signal accounts for 3–5 %
of the total uncertainty in ε. Gargett et al. (1984) [20] showed that the error in the
response function of an airfoil sensor increases from 10 % at low wavenumbers to
about 40 % at 100 cpm (cycles per minute). The upper limit of the frequency response
is governed by the spatial resolution of the sensor (if V < 1m s−1 ).
Microstructure conductivity sensor. Small-scale conductivity fluctuations are measured in Baklan and Grif by using a capillary conductivity probe (Paka et al. (1999)
[52]). It is actually an advanced modification of the single-electrode probe (Gibson and Swartz (1963) [22]). The central solid circular microelectrode at the tip
of the sensor is replaced by a deep capillary channel. The area of the contact surface between the interior electrode and the fluid is increased, leading to a decrease
of the contact polarization noise. The interior electrode is inserted into the sensor
body (Fig. 28.50). The length of the dielectric section (i.e., between the sensor tip
and the capillary end) is half the diameter of the capillary. This design minimizes the
concentration of the electric current inside the capillary tube electrode. As a result,
polarization effects and overheating of the water near the sensor tip are decreased.
The sensor’s body is formed of ebonite, and the electrodes are made of stainless
steel. The internal part of the conic tip adjacent to the interior electrode, and including
the dielectric capillary, is made of glass. The sensor is driven by an alternating current
at a frequency of 10-kHz, and the sensing circuitry converts water conductivity
between the two electrodes to an output voltage. The stability of the sensor was found
to be much better than that of a conventional single-electrode micro-conductivity cell.
The sensor’s frequency response, and hence the spatial resolution, is complicated
by the influence of the dielectric fluid lying between the exposed orifice and the inner
electrode within the capillary interior. The total probe resistance is controlled by two
fluid regions: the flushed region exterior to the open cell with resistance Roc , and the
unflushed interior dielectric region with resistance Ric (Fig. 28.50). In homogeneous
water with uniform electrical conductivity σ0 we have
Roc =

1
4l
and Ric =
,
2dσ0
πd 2 σ0

where d is the exposed diameter of the capillary section. Here, the exterior resistance
of the open cell, Roc is modeled as the resistance of a flat disk in a semi-infinite
conductive fluid. The ratio of Roc /Ric is πd/8l and so depends linearly on the aspect
ratio of the dielectric region. For example, Roc /Ric = 0.8 for l/d = 0.3. Note that
the ‘internal resistance’ Ric is not negligible.
The interior and exterior resistive regions also have different frequency responses.
The attenuation of high-frequency components of the signal due to the open flushed
cell exterior is caused only by spatial averaging.
Temperature and pressure sensors, acceleration sensor. Baklan and Grif, as well
as many other turbulimeters, carry resistance-wire-temperature sensors. The design
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of the sensor is as follows. A bundled copper wire, 2 m in length and 2 × 10−5 m in
diameter, is placed into a 1-cm spiral nickel capillary tube with an interior diameter
of 6 × 10−4 m. The tube is filled with silicon oil to improve heat transfer between
the wire and the capillary. The time constant of the sensor is about 0.2 s, and the
total resistance is 100 Π. The temperature measurements are highly stable and can
be carried out with an accuracy 0.02 ∈ C over a few months. Pressure is measured by a
commercially manufactured strain gauge transducer with thermo-compensation. An
electromagnetic sensor for vertical accelerations is needed to show the level of the
instrument vibrations. It is especially useful for indicating instances when Baklan or
Grif are affected by cable tension during casts, and so, the measured turbulent signal
is not reliable.
The last example brought us close to the next page of an introduction to the science
of hydro-physical field measurements—to measurement methods and techniques.
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Chapter 29

Measuring Methods and Techniques

No one believes a theory, except the theorist.
Everyone believes an experiment... except the
experimenter.
Adage
Having described in the previous chapter the most common sensors and devices,
we proceed with the next step of measuring skill: measuring methods. Not long
ago—at the beginning of the 20th century—measurement techniques were still very
simple, and allowed just a discrete measurement at a single point, e.g. by taking water
samples for further investigation in the laboratory, or measuring the temperature by
a mercury thermometer or the time of the drift of some float.
Later, about in the mid 20th century or somewhat later, devices with data-storage
units were invented and introduced into practice; they permitted registration of time
variations of some parameters at the point of measurement. This principal step
allowed investigation of spatial variations as well: either several instruments could be
deployed simultaneously, or one instrument could be towed or attached to a drifting
buoy. The former method has been developed into the so-called polygon measurement
technique, when vertical chains of instruments, positioned at certain levels, are placed
at the points of some more or less regular grid, say, 3 lines × 3 chains × 5 instruments each. This allows monitoring time variations within the polygon volume (with a
certain space and time discretization, of course). Towing of the instrument appeared
to be especially useful for investigations in large water basins: up-and-down scanning
of the water body without need to stop the vessel takes the minimum time and covers
a maximum area. This way, for example, nets of standard cross-sections are regularly
monitored in the Caspian and Baltic seas. Attaching instruments to drifting buoys
is convenient for measurements in large basins, distant areas or under complicated
conditions of measurements (storms, ice cover, large depth etc.) Data obtained from
a drifting buoy or a towed instrument carries information about both temporal and
spatial variations. Even though such data should be treated with a certain caution
(and thus, special techniques are required), they are relatively cheap and efficient.
K. Hutter et al., Physics of Lakes, Volume 3: Methods of Understanding Lakes as Components of the
Geophysical Environment, Advances in Geophysical and Environmental Mechanics and Mathematics,
DOI: 10.1007/978-3-319-00473-0_29, © Springer International Publishing Switzerland 2014
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The next principal step in measuring complexity was introduced in today’s modern
optical and acoustical instruments: they are able to register the time variation of
some parameter along some line or in 3-dimensional space. These instruments are
not yet used systematically in field practice, mostly because of difficulties in data
processing. Indeed: just imagine, how would you plot an instant field of current
in a three-dimensional lake? A three-dimensional matrix is needed, with a vector at
every cell of it; thus, it cannot be drawn on a two-dimensional paper sheet. In order to
see the processes under consideration, one must imagine now the variation of every
vector of this matrix in time, which is really difficult. May this be as it is, future
measuring techniques are likely conducted with instruments and methods, which
allow measurement of time variations of the physical fields in three dimensions with
prescribed space and time discretization. Post-processing these data and putting them
in a graphical form such that physical processes hidden in the data can be identified
is the key step in their interpretation.
Present-day limnological measurements record time series primarily by motionless devices placed at the shore (like tide gauges), at the lake bottom (like pressure
sensors or ADCPs) or attached to anchored buoy stations, called moorings. Drifting
buoys of various constructions are also used, preferably in large basins. Field practice
has also worked out reliable methods of measurements from moving boats (echosounding, instrument towing, vertical profiling, etc.). Underwater vehicles and small
manned submarines are also occasionally used. Routine use of remote sensing data is
a matter of the immediate future. However, satellite (as well as aerial) sampling data
remotely requests a certain amount of direct contact measurements for calibration
purposes; so, they will be considered here only briefly. Selection of the method, as
well as the kind of instrument and its accuracy to use, is dictated by a particular task of
a measurement. Every method has its own advantages and disadvantages under real
field conditions, and the researcher must evaluate them properly, based on the goals
and ideas of the particular investigation. Today’s field campaigns, in particular those
with synoptic measurements from deployed instruments at different positions, often
require a considerable input into the logistics of the planning of the field campaign
prior and during the measuring period. Most institutions have full time specialists
who are only involved with this aspect of measuring techniques plus a first analysis
and acquisition of the recorded data after the field campaign.
Field experience of many oceanographers and limnologists has shown that the
very ‘design of the field experiment’ deserves to be considered like a special branch
of science. We will not discuss this topic here in more detail, and suggest to the
reader to consult works of well-known field experimenters (Henry Stommel, for
example, and the book ‘Evolution of physical oceanography’ [7], dedicated to his
60th birthday). In particular, this science tells us, that a scenario of scientific experiment must be based on some hypotheses to be proved or disproved. A detailed plan
of the measurements should be developed from it and written as a whole, taking into
account all possible influencing factors.
The in situ behaviour of instruments is most important among those factors. We
will discuss in this chapter, that moorings with submerged buoyancy floats are very
stable, but the line can be significantly inclined by the water current, while moorings
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with surface buoy provide much ‘noise’ in measured signals because of their own
vibrations and influence of surface waves. We shall explain that floats of neutral
buoyancy move 1.6 times slower than the water does, and turn to the right on the
N hemisphere (left, on the S hemisphere) from a stream by the Earth’s rotation;
surface drifting buoys request a proper load and a certain ratio between above- and
underwater windage. In fact, proper selection of a method to be used for particular
measurements is as important as is the selection of the proper instrument, accuracy, and time discretization. Moreover, the very data must always be analyzed only
together with an information about the method used; otherwise, the analysis may be
erroneous.

29.1 Stationary Instruments
All worthwhile problems
will eventually be solved
by some simple, ingenious idea
or clever gadget.
H. Stommel
(1965)

29.1.1 Anchored Buoy Stations: Moorings
Mounting autonomous instruments for long-lasting measurement requires some more
or less motionless basis. The type of construction most often used is an anchored buoy
station, or mooring. Even though moorings do not provide a perfectly immovable
basement, they are proved to be very flexible and reliable tools for deploying various
kinds of instruments. Moorings give a possibility to keep instruments in a certain
submerged position for a long time period. A number of them is often used to embrace
a certain aquatic area or entire lake. Field practice shows that such constructions are
seriously influenced by both external forcing (like surface waves, wind, currents)
and their own high-frequency eigenvibrations, inclination and sagging.
The main types of moorings are: (a) moorings with surface buoy, (b) moorings
with submerged buoy and (c) moorings with distributed buoyancy (see Fig. 29.1). All
types of moorings have three principal components: supporting buoyancy, steel or
synthetic rope and anchoring system. The surface buoy is usually equipped by a mast
with radio-reflector of flashing light, and often also by an autonomous meteo-station.
An obligatory constructive element in sub-surface moorings (sometimes used also
for surface stations) is an acoustical release between an anchor and lower part of
rope, which detaches the load to let the instruments float to the surface after the
termination of measurements. To avoid a kink of the rope due to rotary movement,
ball-bearing swivels are often placed between the buoy and rope on the top, or the
anchor and rope near the bottom.
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(a)

(c)
(b)

Ä Z1
Ä Z2
Ä Z3

Fig. 29.1 The main types of moorings: a moorings with surface buoy, b moorings with submerged
buoy and c moorings with distributed buoyancy

Moorings with surface buoyancy allow to locate instruments at any position
throughout the depth, from surface to bottom, and simultaneously use a meteostation to measure atmospheric conditions. Their main advantage is a relatively exact
positioning of its instruments at prescribed depths and maintainance of this position
under variable water currents. This is especially important when hydro-physical measurements are performed simultaneously by several chains of instruments, placed at
different moorings (so-called polygon measurements): all instruments should preferably be positioned at the same horizon, which is very difficult to achieve.
The most severe disadvantage of moorings with surface buoys is the deterioration
of data quality because of vertical oscillations and horizontal motions of the buoy
exposed to surface waves and wind. A weak point is also their comparatively low
reliability in long-lasting programs, when they are exposed to repeated storms.
Moorings with subsurface buoy provide qualitatively better data since they induce
a lower noise level, because they are not exposed to wind and surface waves. This is
also a reason why they are safer in comparison to surface buoys. However, moorings
with subsurface buoys do not allow measurements in the upper-most water layer,
above the buoy, and they prevent the deployment of meteo-stations at the same positions with measurement chains. Another difficulty in deploying subsurface moorings
is the accuracy of positioning of instruments at desired depths. Indeed, the length of
the cable is designed on the basis of a certain depth of the map, which in fact may
deviate significantly from the real depth of the actual position. In addition, the depth
of the location of the deployed buoy may vary when the construction is exposed to
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Fig. 29.2 Forces acting on surface and submerged buoys under static equilibrium: if the pressure of
the water current increases from R1 to R2 , the buoyancy force acting on a surface buoy (a) increases
from Q 1 to Q 2 , whilst the buoyancy of a submerged buoy (b) keeps the same value Q. This leads
to a smaller change in the instrument horizons in configuration (a)

currents. Figure 29.2 illustrates the forces applied to surface and submerged buoys in
static equilibrium. If the force due to the water current acting at the buoy, increases
from R1 to R2 , its buoyancy force also increases from Q 1 to Q 2 , so that the direction
of the resultant force F2 deviates only slightly from that of F1 . The displacement
of the subsurface buoy, caused by the same increase of the water current, however,
is not accompanied by a corresponding change of the buoyancy. It leads to both a
horizontal shift and a buoy deepening, which causes instrument displacements as
well. Moreover, as it is shown in Fig. 29.2, when the chain is inclined, the instruments attached at different depths are subject to different horizontal displacements.
Indeed, if an instrument is z meters above the bottom when the rope is vertical, it
will be z cos α meters above the bottom when the rope is inclined at an angle α from
vertical. The corresponding displacement in the vertical is δz = z(1 − cos α), i.e.,
its distance in the inclined mooring from the bottom depends on the initial depth of
the instrument. Thus, if the depth of the measurement is important by some reasons,
selection of a mooring with surface buoy is more suitable. The use of a distributed
buoyancy (Fig. 29.1c) can smooth the effect of water currents on the chain, but the
change of the depth of the instruments is still larger than for construction a).
An example of a so-called U-mooring consisting of current meters, a thermistor
chain and meteorological buoy, is given in Fig. 29.3. It was used in Lake Zurich
during the field measurement campaign in August-September 1978, when overall
10 thermistor chains and 40 current meters were deployed at 12 moorings [4]. The
left chain in Fig. 29.3 (for a typical arrangement) contained electronic instruments to
record the time evolution of the local lake current and water temperature at individual
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Meteorol. Buoy
Buoys
Current meter
with pressure
and temperature
sensors
Measuring chain
with 11 equidistant
temperature sensors

Buoys

Steel cable
Steel cable

Current meter
Pressure gauge
Ballast
weights

Bottom rope
(steel)

Ballast weight

Fig. 29.3 Example of a so-called U-mooring consisting of current meters, a thermistor chain and
meteorological buoy, used in Lake Zurich in August-September 1978 [4]. © Elsevier, reproduced
with permission

points, and a cable with 11 equidistant sensors at 2 m intervals to record temperature
in the metalimnion. Meteorological buoys (right chain) were positioned at fixed
points on the lake surface, equipped with electronic recording units for wind speed
(3, 5, 7 m above the water surface), wind direction (3 m above the water surface), air
temperature (at 3, 5, 7 m), and possibly solar irradiation and humidity (at 3 m).
An interesting example of simultaneous use of thermistor chains in different configurations is presented in Fig. 29.4: one of the chains is fixed along the bottom slope
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Fig. 29.4 Configuration of the instruments at the station ‘Litoral Garten’ (Lake Constance) during
the field measurement campaign in October/November 2001. Thermistors of one chain (A), placed
along the bottom slope, recorded water temperature, 15 cm above the bottom at 5-min intervals. The
second chain (B) is vertical, with the thermistors placed at 2 m vertical distance from 1.5 m above
the bottom. An Aanderaa current meter (ACM) recorded current (speed and direction) and water
temperature in 7 m depth at 5-min intervals. Inset Map showing location of the cross-section, from
[2] © J. Limnology, PAGEPress, Pavia, Italy, reproduced with permission

in the littoral area of a lake. This arrangement is effective for monitoring the water
temperature close to the shore, and was applied in Lake Constance in autumn 2001.

29.1.2 Lake Diagnostic Systems
A modern example of the use of a net of moorings for measurements in lakes is
the so-called Lake Diagnostic System developed at the Centre for Water Research
(CWR), University of Western Australia (http://www.cwr.au), designed to support
ecological and hydro-physical management of lakes and reservoirs. The system consists of lake stations (one or several) and shore stations, which communicate via
telemetry. The standard lake station (Fig. 29.5) has a surface buoy, a thermistor
chain, a wind anemometer, a wind direction sensor, a CWR-data logger, a canister,
solar panel, and either a radio modem or GSM phone modem. The lake station measures the parameters at a mid-lake position at regular intervals and transmits data via
telemetry, allowing close to real time data collection and analysis. The thermistor
chain is a single cable thermistor chain with up to 40 thermistors at user-specified
intervals along the cable. This design requires just one analog channel on a data
logger, unlike other temperature-chains that require one channel for each thermistor.
Other common optional features for the lake station, using commercially available
sensors, are a conductivity chain and a weather station, measuring relative humidity,
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Fig. 29.5 Lake diagnostic system of the centre for water research, University of Western Australia,
used in Lake constance in September-November 2001 (http://www.cwr.au)

air temperature, incident short wave radiation and net radiation. The shore station
consists of a radio modem or GSM phone modem and a computer running special
software.

29.1.3 Bottom Gradient Stations
Investigations of turbidity and density currents of different origin, moving rapidly
down the lake slopes, led to the development of a special equipment for measurements
of spatial and temporal distributions of current speed, temperature, conductivity and
suspended matter concentration. Typically, such stations are equipped by a pressure
sensor and indicator of a suspended matter composition. As an example, Fig. 29.6
shows an autonomous bottom gradient station for synchronous measurement of water
current at 5 levels, designed at Moscow University (Samoliubov 1999 [6]). The mast
carries 5 units for the registration of the current speed, and one detector of the current
direction. The height of the mast can be easily changed from 3–9 m. Recording unit
and batteries are placed in a waterproof container. In accordance with the programme,
the velocity profile, direction of the current and the mast deviation from the vertical
are recorded. The total weight of the station is about 250 kg.
Gradient stations placed near the shore are often connected with a coastal station by a cable. They may be equipped as well by sets of bathometers, photo- and
video-cameras, illuminating system, transparency meter, acoustic responder beacon,
wave-height detector (special pressure sensor), turbulimeter, suspended sediment
sampling units, sound speed detector, etc.
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Fig. 29.6 Bottom gradient
station for synchronous
measurement of water current
at 5 levels: 1—mast, 2—props,
3—guy lines, 4—container
holder, 5—containers with
the equipment, 6—current
meters, 7—indicator of the
current direction, 8—cutoff
switch (after Samoliubov
1999 [6]) © Publishing House
Naunchy Mir, reproduced
with permission

29.2 On-Board Methods: Towing, Profiling, Sounding
What wonderful and manifest conditions of natural power
have escaped observation
M. Faraday
1859
(cited after Baker (1981) [1])
Measuring water properties from a movable vessel is common practice in
hydrophysical investigations. This method is most flexible with respect to the point
and time of measurement and allows to obtain data via sounding at a certain
point, vertical profiling, horizontal (or variable depth) towing, and even (quasisimultaneous) records at cross-sections. It provides the advantage of following an
event, phenomenon or effect under investigation and tuning the entire measurement
program in accordance with the conditions on site. The researcher has the possibility to observe the situation as a whole and to control the process of measurement
by himself, which helps in further data interpretation. In fact, raw protocols of the
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general situation on site by an experienced observer are of the same importance for
the research as the data itself. They provide step-by-step a description of the process
of measurement, with all the information on possible pitfalls, errors, or wrong casts;
they contain all the qualitative details about current conditions of the measurement,
as e.g. weather, state of water surface, place relative to the shore objects, water colour,
algae blooming, foam lines etc. Since these protocols are collected at the same point
of time and space as the measurements are taken, they help to insert the measurement
data more exactly into a vivid physical picture of various ongoing processes. This
is why, when at all possible, the most experienced member of the team is ‘to sit on
protocols’ or at least dictate the notes.
The simplest and oldest measurements taken on board are water temperature and
transparency. Taking the outboard temperature by a hand thermometer, specially
framed, see Fig. 29.7, is the most routine limnological measurement up to now.
Water transparency (and sometimes its colour) is another easy-to-take characteristic:
it is estimated by measurement of the Secchi depth as described in the paragraph on
optical measurements in the previous chapter (see also Fig. 28.31). Sometimes, water
salinity must also be measured from board; a portable conductivity-meter is shown
near the thermometer in Fig. 29.7: it displays water salinity on a small screen, when a
tube with the conductivity sensor is deployed in the water. Such simple measurements
are able to provide a reliable information about current conditions very fast, which
makes them irreplaceable for many purposes.
Modern tools, which can be used manually on-board are various probes, profilers, etc. Depending on the aim, measurements may be performed from a moving,
drifting or anchored boat. Vertical profiles with CTD or ADCP instruments are usually performed from the windward side of a drifting boat, however, if currents are
strong, or the depth is large, or the profile must be close to the vertical, the boat should
be anchored. Winches (ratchet or automatic) and metallic frames (Γ - or Π -shaped)

Fig. 29.7 Simplest on-board tools: hand thermometer in metallic frame and portable conductivitymeter (photo I. Chubarenko)
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Fig. 29.8 Boat ‘Pomi’ of Rostock University (lower photo), equipped with small winch and
Γ -frame, and ‘Lauterborn’ of Constance University (upper photo) with Π -frame. Top left small
winch to assist in CTD profiling (boat of Constance University)

are usual on-board facilities to assist in such measurements, see Fig. 29.8. Manual
CTD/ADCP soundings are usually performed only to the depths of 15–20 m.
Bigger boats are equipped with automatic winches, a strong Γ -frame on the
right board and a Π -frame on the stern, which are used for both vertical soundings
(from the motionless ship) and towing of various instruments (while the ship moves).
With such equipment, it is convenient to perform measurements with several instru-
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ments. For that, specially constructed streamlined bodies may be used, see examples
of Baklan and Grif in the previous chapter. When several instruments (CTDs,
ADCPs and water samplers) are fixed together to one frame or to a rope, the arrangement is called ‘a garland’. As for example, Fig. 29.9 presents the profiling system
of Oregon State University: a free-fall package that resolves physical, optical, and
biological features over small vertical scales. The profiling package is designed so
that the instrumentation configuration can be modified easily. The presented deployment configuration consists of a Sea-Bird 911 CTD, dual multi-wavelength absorption and attenuation meters, a multi-wavelength spectro-fluorometer which measures
dissolved colored organic matter (SAFIRE), a data acquisition system (MODAPS),
an Acoustic Doppler Velocimeter (ADV), and a rosette system for obtaining discrete
samples during profiling.
As a common example, a technique, called ‘plunging fish’, should be mentioned
here. It has been developed to obtain long transects in large lakes and seas and allows
to perform measurements ‘on the way’: the streamlined body with many attached

Fig. 29.9 Free fall profiling system of the college of Oceanic and Atmospheric sciences, Oregon
State university: CTD, ADV, rosette sampler and other instruments in one package (http://www.
onr.navy.mil/sci-tech/ocean/onrpgahj.htm)
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instruments is towed behind the vessel along a (roughly) sinusoidal trajectory, up and
down, detecting this way both vertical and horizontal variations. It is, however, a very
difficult task to drive the ‘fish’ with instruments along the desired trajectory under
variable external conditions: its depth depends on the in-situ weight, buoyancy and
streamlining of the body with instruments, the length and shape of the rope, speed
of the boat and its maneuvers, let alone water current, surface waves etc. Successful
application of this technique requires long field practice, experience and intuition,
often obtained through sad incidents of loosing or destroying instruments which had
run into the ground or the ship bottom. Despite all this, the method is used very
often, especially in large basins, because it allows collecting data over considerable
distances and without stoppage of the ship. Even though only a mean picture of the
variable hydro-physical fields can be taken by this method, the information is very
valuable for many applications.
Free-fall profilers of various constructions are designed in a way which allows
them to fall freely through the water layer with a certain speed, prescribed by the
desired frequency and accuracy of measurements. This way, close to vertical profiles
can be taken, and without stoppage of the ship. Figure 29.10 presents trajectories of
the instruments, deployed from board. Free-fall profilers have almost vertical parts
of the trajectory, when they move downward. The above described ‘plunging fish’
may have constant horizontal speed (equal to the speed of the boat), whilst variable
length of the cable allows for changing the depth. Parallelograms of forces on the
left-hand side of the figure explain, how the change of the speed of the boat influences
the motion of a horizontally towed body: with the same length of the towing line,

(1)
v2

R2

v1
(2)

R1
T2

T1

R2
mg

R1
mg

Fig. 29.10 Trajectories of free-fall and towed instruments. In trajectory (1) the instrument is
deployed from the vessel and subject to free fall down to a certain maximum depth. Subsequently
it is lifted up to the vessel, while the vessel moves forward. Then this process is repeated. In trajectory (2) the falling and rising speeds are much smaller; the instrument is towed by the vessel and
moves horizontally almost together with it. Parallelograms of the applied forces at the left-hand
side illustrate the dependence of the depth of towing on the speed of the ship: the smaller the speed
is, the deeper will be the instrument
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the smaller the speed is, the deeper will be the instrument. This happens because the
resistance force increases with increasing speed of motion, whilst the buoyancy of
the instrument is (roughly) the same; thus, to maintain a uniform motion, balance of
forces requires a larger tightening force: it should have a constant vertical component
but a larger horizontal one, i.e. the angle of inclination of the line becomes smaller,
and the instrument’ depth decreases.
The main disadvantages of on-board methods are (1) ‘short’ duration of the data
sets in comparison with stationary equipment records, (2) collection of data, variable
with both time and space at the same time, which makes the analysis more difficult,
and (3) relatively large labour of data exploitation and need of experience.

29.3 Drifter-Based Measurements
Theory makes possible things in a right way.
Practice makes right things in a possible way.
Adage
Surface buoys and floats of neutral buoyancy are often used not just for tracing
currents but also for carrying some measurement instruments. A great advantage of
this method is its relative simplicity, low cost performance and safety for the user, who
is able to obtain this way rather long data sets from distant or deep regions, or under
otherwise dangerous conditions. Plenty of constructions are available at present, from
the most simple surface buoys with underwater sail (shown in Fig. 28.13) and internal
data carrier—to fully autonomous electronic systems, able to travel for months and
even years at a prescribed density level deep in the water body, and floating time
to time to the surface to transmit the collected data to the user via satellite. As an
example of the last instrument, the sonde of IFREMER (French Research Institute
for Exploitation of the Sea, http://www.ifremer.fr) is presented in Fig. 29.11.
Drifting systems may be traced in various different ways. The most simple one
is monitoring from the boat; another technique is acoustical tracing from stationary
buoy or from a coastal system. Almost all modern buoys have a GPS-unit to record
their geographical co-ordinates, and some are able to transmit data via satellite in
a certain time period. Such a buoy is shown in Fig. 29.12. It provides information
about currents, water temperature at several horizons, air temperature, atmospheric
pressure, surface waves, wind speed and direction. The life-time of the buoy is about
90 days, of the thermistor chain—about 80 days. It is typical at the present time, that
long-living drifting systems do not provide measurements of salinity and density;
the reason is lack of proper sensors. Seventy such buoys were used in the Black sea
in 1999–2005, and in 2006 they were put in the Caspian Sea.
Rather often, it is supposed that the speed of the current can be easily estimated
from variations of drifter co-ordinates with time. However, it appears to be not so
simple. Joint field experiments with floats of neutral buoyancy and current meters
placed on moorings, carried out in an open ocean, had initiated a special examination
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Fig. 29.11 Sonde of IFREMER (French Research Institute for Exploitation of the Sea), about to be
launched from the board of research vessel ‘Academic Ioffe’ in the Southern Ocean. It is able to drift
for 3 years at a prescribed water density level. Every 2 weeks, it rises to the surface and transmits
data via satellite (photo courtesy Dr. A. Kuleshov, Atlantic Branch of P.P. Shirshov Institute of
Oceanology)

of a problem of their inter-calibration. Both field data and theoretical estimations
show, that currents calculated by dividing a distance passed by drifting bodies by
corresponding time intervals are 0.6–0.9 times smaller than in reality. Moreover, the
inferred current direction is turned 10–15≈ to the right (in the Northern hemisphere)
when compared to that measured by anchored current meters (and averaged then over
the same time period). Two reasons are responsible for this result. The first, a physical
one, is that a float of neutral buoyancy, which is transported by the water current,
moves with a speed, not exactly the same as that of the water; so, it experiences a
pressure of approaching flow and the Coriolis force, which leads to a deviation
of the buoy trajectory from the surface-current trajectory. The second reason is a
mathematical one: space & time velocity averaging, inferred from a Lagrange
particle (the drifter), is not the same as time averaging, obtained by the current meter
in a particular point of the drifter’s motion. To evidence this discrepancy, let us
consider an easy
Example: Let a float of neutral buoyancy pass the distance S during the time
period T . So, its mean speed is
Vdrifter = S/T.
Assume that the speed of the current was V1 and V2 at the first and second halves of
the distance S. The mean velocity is then
Vcurrent = 21 (V1 + V2 ).
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Fig. 29.12 Drifting buoys in the Caspian Sea. a (left panel) Construction of the drifting chain.
Surface buoy carries pressure and temperature gages for measuring air pressure and sea surface
temperature. Chain attached to the surface buoy has a cylindrical holey sail and a chain with
temperature sensors. b (right panel) Map of the Caspian Sea with three buoys Nr 34265, 34266
and 34267 deployed at different positions and left free to drift. Each buoy performed the indicated
journey along the indicated trajectory which shows the influence of the rotation of the Earth by a
clockwise gyrelandic form (due to inertial effects). The boxes show the number of every drifter at
the beginning of the trajectory and the end date (2006.10.27) (data courtesy Dr. A. Aliev)

The time, spent by the drifter to pass the first half of S (with speed V1 ) and the second
half of S (with speed V2 ) is
S
S
T =
+
.
2V1
2V2
Hence,
Vdrifter =

2V1 V2
S
=
.
T
V1 + V2

This means, that
Vdrifter < Vcurrent ,
whenever
V1 √= V2 .
An analogous consideration can be performed for the case of a float motion in an
inhomogeneous field of current u(t), driven by inertial oscillations
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u(t) = V + A cos(2π/L + f t).
If we take V = 0.2 m s−1 , A = 0.18 m s−1 , L = 6.3 km, 2π/ f = 1 day, then the
speed of the float is u = 0.13 m s−1 , i.e. 1.54 times less than that measured by a
current meter at a fixed position. In this calculation, a lag of the float from the water
current was not yet taken into account!

29.4 Sampling Method
We know what a gear will catch
but... we do not know what it will not catch
M. R. Clarke
A brief review of sampling techniques and tools of marine biology
1977 [3]
Taking samples for further analyses in the laboratory offers additional opportunities
for data collection. It allows application of specific or expensive instruments, which,
by some means, cannot be used in the field. Long-lasting or complicated chemical
and biological analyses become possible, as well as thorough observation of the
particular reactions or the behaviour of living organisms.
Sampling as a method of investigation was and is used in lakes predominantly
by biologists. We only mention here various nets and trawls (see Fig. 29.13 for
some examples) for collection of phyto- and zooplankta, swimming and benthic
living organisms for further description and investigation. Water samples are taken
in order to investigate chlorophyll, dissolved, particulate, organic matter concentrations, organism-related pollutants etc. Nowadays, organic pollutants in the water and
particulate material can be measured by in-situ pumping systems, as well. Another
achievement of modern techniques for sampling is the application of submersible
vehicles (remotely operated via cable or even manned) equipped with video-cameras
and manipulators. For sampling from the very bottom, various grabs can be used;
for example, the Van-Veen grab used for sampling of macro-zoobenthos presented
in Fig. 29.13.
Sedimentologists collect both sediment and water samples. The latter are then
filtered in the laboratory—to obtain the concentration of the suspended matter. After
that, burning out the organic part of it gives information about the organic-inorganic
matter fraction. The next step is the determination of the grain-size distribution in the
inorganic part. Samples of sediments can be taken by various grabs, tubes, corers,
traps or storage devices.
Sometimes hydro-physical measurements are also taken by using the sampling
method. First methods of determination of the water salinity required water sampling: when a certain volume of the sample was evaporated in the laboratory, the
weight of the dry remainder was taken. Further (20th century) methods of salinity
determination—by titration and measurement of its conductivity—needed sampling
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Fig. 29.13 Biological net and Van-Veen grab (http://www.io-warnemuende.de)

and laboratory processing as well. The instruments for taking water samples from the
water column are called bathometers, and the first such construction—the Nansen
bottle—was developed by the famous polar explorer Fridtjof Nansen in 1910. Later
it was improved by Shale Niskin, see Fig. 29.15. A modern version of this very idea,
extensively used nowadays in field practice, is the so-called rosette sampler (photo
of Fig. 29.14). It contains many individual bottles (sometimes of different volumes),
which are closed one-by-one when the rosette sinks down. Thermistor temperature
sensors are more commonly employed on Niskin bottle rosettes due to their higher
accuracy compared to mercury thermometers. For specific sampling, other kinds of
bathometers may be used as well.
Nowadays, water sampling became very important due to the need of water quality control: parameters like nitrites, nitrates, phosphates, oil products, hydrocarbons,
surface-active substances, etc. are measured in water samples either immediately
on-board or under laboratory conditions. Many research institutions have their special long-lasting monitoring programs in large basins, which include water sampling
and further analyses. For example, the Baltic Sea Research Institute in Warnemünde
(Germany) monitors on a regular basis phosphorus, nitrogen, organic carbon compounds in water, oxygen and hydrogen sulphide in the Baltic water; petroleumderived and chlorinated hydrocarbons and heavy metals in water and sediments
(http://www.io-warnemuende.de).
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Fig. 29.14 Middle-size
rosette sampler with attached
CTD (photo courtesy
Dr. A. Kuleshov)

Water sampling and further physicochemical analyses in laboratory became
recently important due to the adoption by the Intergovernmental Oceanographic
Commission of a new TEOS10 standard for the thermodynamic properties of seawater and ice [5]. Since the concepts of Absolute Salinity and Reference Salinity
are fundamental to TEOS10, an information about the composition of a particular
water sample (and its deviation from the Reference Composition) is required for
calculation of the density and other properties. Water in lakes typically is a mixture
of waters from various rivers draining large areas. The rivers carry different loads
of salts washed out of the ground, which cause a composition anomaly of the salt
dissolved in a lake in comparison to any other lake and to Standard Seawater. The
evaporation-precipitation balance results in additional changes. In fact, when composition anomalies are present, no single measure of dissolved material can fully
represent its influences on all water properties, so it is clear that either additional
information will be required or compromises will have to be made. Along with studies of the water composition in different basins, the new standard of the Reference
Composition of seawater supports marine physicochemical investigations such as
the solubility of sea salt constituents, the alkalinity, the pH, etc.
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Fig. 29.15. a Fridtjof Nansen, famous polar explorer and oceanographer. b Niskin bottle (1966), the
direct development of the Nansen bottle (1910)
Fridtjof Nansen (1861–1930) is the worlds most famous polar explorer, and he was also an outstanding
scientist, later professor in both zoology and oceanography. He achieved world wide fame and acclamation
for his expeditions across Greenland and ‘Fram’s journey across the Arctic ocean. Nansen was a skilled
cross-country skier, and by skiing across Greenland he earned a reputation for being a trailblazer. In 1890,
he contacted the ship constructor Colin Archer, and commissioned a vessel that would endure extreme
ice conditions. The ship was called ‘Fram’ and it was launched in 1892. Using ‘Fram’, Nansen tried to
float across the north pole in 1893–1896. He never reached the north pole, but with Hjalmar Johansen
he set the farthest-to-the-north record, 86≈ 14 . The ship itself drifted to 85≈ 59 , also a formidable record.
A Nansen bottle was designed in 1910 for obtaining samples of seawater at a specific depth. The bottle,
more precisely a metal or plastic cylinder, is lowered on a cable into the ocean, and when it has reached
the required depth, a brass weight called a ‘messenger’ is dropped down the cable. When the weight
reaches the bottle, the impact tips the bottle upside down and trips a spring-loaded valve at the end,
trapping the water sample inside. The bottle and sample are then retrieved by hauling in the cable. A
second messenger can be arranged to be released by the inverting mechanism, and slide down the cable
until it reaches another bottle. By fixing a sequence of bottles and messengers at intervals along the
cable, a series of samples at increasing depth can be taken. The sea temperature at the water sampling
depth can be recorded by means of a reversing thermometer fixed to the Nansen bottle (see Fig. 28.19).
The Nansen bottle has largely been superseded by a similar construction, patented by Shale Niskin in
March 1966. Instead of a metal bottle sealed at one end, the ‘bottle’ is a tube, usually plastic to minimise
contamination of the sample, and open to the water at both ends. Each end is equipped with a cap which
is either spring-loaded or tensioned by an elastic rope. The action of the messenger weight is to trip both
caps shut and seal the tube. A reversing thermometer may also be carried on a frame fixed to the Niskin
bottle. A modern variation of the Niskin bottle uses actuated valves that may be either preset to trip at
a specific depth detected by a pressure switch, or remotely controlled to do so via an electrical signal
sent from the surface. This arrangement conveniently allows for a large number of Niskin bottles to be
mounted together in a circular frame termed a rosette (see Fig. 29.14).
In 1922 Nansen received the Nobel prize of peace for his merits as a Commissioner of refugees
http://nobelprize.org/nobel-prizes/peace/; http://en.wikipedia.org/
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29.4.1 Concluding Remarks
All scientific ideas were born
in a dramatic conflict between reality
and our attempts to understand it.
A. Einstein
In the complex, multiscale, turbulent geophysical systems of interest to limnologists
and oceanographers, the need for observation, measurement and field experiment
is obvious. Even though geophysical fluid dynamics can principally be described
by relatively few equations of motion and conservation laws, one must search long
and hard for the examples where theory has preceded observation in ocean/sea/lake
hydrophysics. Ideally, one should obtain first the results of field observations and
measurements, and then explain them theoretically (preferably, from the basic principles). This way, observations guide and define the development of ideas in physical
limnology and oceanography. “Remember, when discoursing about water, to induce
first experience, then reason”, - advised Leonardo da Vinci as early as in the 15th
century!
At the same time, our science has already passed the period of general geographical and geophysical descriptions of water objects; field measurements nowadays
are often driven by certain practical needs or research hypotheses. Here, theoretical understanding guides the progress. In such cases, the need or hypothesis behind
the field experiment should prescribe its particular details: “good” measurements (i)
should cover time and space scales much larger than that characteristic to the process
under investigation (ideally—to allow statistical analyses), whilst (ii) their temporal/spatial frequencies should also include those which are much smaller than the
characteristic ones. Practically, however, in limnology (and especially in oceanography) one or even both of these conditions cannot be met by objective reasons; as
a result, we commonly deal with measurement sets, which are ‘anything else than
ideal’. A bit ironically, oceanographers sometimes call this ‘a geophysical accuracy’,
warning against overly simplified understanding of natural processes.
In addition to these general complications, as we have seen in this Part III, all the
particular devices and particular methods of measurements have different advantages
and disadvantages in real field practice, which must be taken into account when
preparing the experiments, conducting measurements and handling data. We have
seen, that moorings with submerged buoyancy might be significantly inclined by
water current, moorings with surface buoy may provide much ‘noise’ in measured
signals because of their own vibrations and surface waves; floats of neutral buoyancy
are moving slower than the water does, and surface drifters need proper load and a
ratio between above- and underwater windage, etc. On the one hand, this objectively
limits data accuracy, but on the other hand, the range of traditional instruments and
methods is wide enough to meet various particular needs. We have limited ourselves
in this Part by traditional approaches and say nothing about many new techniques
and modern devices. The main reason for this is the simplicity and reliability of
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them, proven by real practice in many expeditions and field campaigns, whilst new
methods and principles still have to pass this examination by common practice.
The discussed ideas and the material, summarized in this Part, show that measurement techniques and the experiment design are an integral part of physical limnology, and the modern scientist needs a working knowledge of them along with a
basic understanding of Lake Physics.
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Chapter 30

Dimensional Analysis, Similitude
and Model Experiments

List of Symbols
Roman Symbols
A
a = 21 (νtop − νbottom )
ai j , i  m, j  N
A = [H ]/[L]
Am, p

b
Br = (ρνV 2 )/(κΔT )

≈ , C ≈≈
CD, CD
D
Ch
Ch
c
c = cr + ici
cα
cp
cw
cs
D
D, D0

Cross sectional area; Area of a body submerged in a
fluid perpendicular to the approaching velocity
See Eq. (30.63)
Coefficients of dimensional matrix
Aspect ratio
Aspect ratio in model and prototype
turb
Coefficient in a parameterization of νvert
(see Eq. (30.63)), channel width
Brinkmann Number
Dimensionless drag coefficient
Chezi drag coefficient
Chezi number
Phase velocity, specific heat
Complex velocity
Mass concentration of constituent α
Specific heat at constant pressure
Wind drag coefficient
Solid concentration
Particle diameter,—of a pipe
Diffusivity, reference diffusivity

This chapter is a partly abridged and partly extended version of the two chapters ‘Theoretical
foundation of dimensional analysis’ and ‘Similitude and model experiments’ in Hutter and
Jöhnk [25]. A preliminary version in the German language is also given by Hutter’s ‘Fluidund Thermodynamik—eine Einführung’ [23]. The topic is a relatively brief account of a popular theme in fluid mechanics, treated in several books e.g. Barenblatt [3, 4], Görtler
[16], Langhaar [29], Spurk [55] and others. For a fundamental mathematical approach see
Carlson [8, 9].
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D αβ
d
d√

E
Ed
Eu
Ek

f
[f]
F x , F y , Fz
Fr = V 2 /(Dg)
(Fr )d = (Δρ/ρ)Fr
g, g
g

H
H(x)

h, h 1,2
i
jα
K
k
k1 , k2 , ..., kn
L
Ψ
M
M = V /c
m, m ≈
N = αD/κ

n
P
P
Pe = RePr
Petracer = SRe
Pr ∈ Pr th = ν/κ
(Pr tracer = [V ][L])/([D])
Pr oud = [ν]2 [L]2 /(g[H ]5 )

p
p≈
p air
Q
Q j,0  j  N
q
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Species cross diffusivities
Nominal diameter of a sediment grain
Dimensionless particle diameter
Deviator of D (= D − 13 (tr D)I)
Dissipation number
Euler number, pressure coefficient
Ekman number
Symbol for an unspecified function
Order of magnitude value of f
Cartesian components of the viscous body force F
Froude number
Densimetric Froude number
Gravity constant, gravity vector
Gibbs free energy, free enthalpy
Thickness of a fluid layer
Heaviside function = 1 f or x ≥ 0, = 0 f or x < 0
Depths of fluid layers, heights of the free surface and
interface of the layers
∀
Imaginary unit i ∈ −1
Diffusive mass flux
Modulus of a force K
Surface roughness of a pipe, wavenumber, turbulent
kinetic energy
Exponents in the representation of a physical quantity
in terms of dimensional products.
Symbol for length units
Length of a pipe discharging water from a vessel
Symbol for mass units
Mach number
Masses of two bodies subject to Newtons law of gravitation
Nusselt number
Manning roughness coefficient
Pressure number, Work done by the external pressure
on the perturbation velocity
Pressure ratio
Peclet number
Tracer Peclet number
Prandtl number
Prandtl (Schmidt number of tracer diffusion
Proudman number
Pressure
Pressure perturbation
Air pressure
Volume flux through a cross section, volume discharge
of a density flow, rate of energy transfer from the mean
flow by the Reynolds stress τ13
Unspecified physical variable in a laboratory experiment
Source of volume flux
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q
R
Ra
Re = v D/ν
Re √
Re − Ψ
Ri grad
Ri c
Ri jump

r
s
s(t)
◦ s2≡
SE
S = [ν]/([Dspec ])
St = [L]/([V ][τ ])
T
t wind
tR
Th
U
U (z)
u = U (z) + u ≈
u≈
∀
u √ = τ /ρ
V
v
v
v≈
W
W
W = ρV 2 D/σ

w
w≈
xi
y
z
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Heat flux vector
Hydraulic radius
Radiation number
Reynolds number
Critical particle Reynolds number, outer boundary layer
Reynolds number
Viscous sub-layer Reynolds
Gradient Richardson number
Critical Richardson number
Jump Richardson number
Specific radiation source
Auxiliary velocity variable, specific entropy
Mean diameter of an oil spill on a lake
Standard deviation of s(t)
Slope of the energy gradient line
Schmidt number
Strouhal number
Symbol for time units, kinetic energy of the fluctuating motion,
temperature (Kelvin or Celsius)
Wind shear traction
Viscous Cauchy stress
Temperature number
Down-slope velocity
Basic state of x-velocity component
Velocity component in x-direction
Perturbation verlocity of u
Shear stress velocity
Symbol for velocity, Potential energy of a water particle vertically displaced from equilibrium level
Velocity component in y-direction
Velocity vector
Perturbation of v
Wind velocity at the lake surface
Total complex velocity
Weber number
Velocity component in z-direction
Perturbation of w
Cartesian coordinates, independent variable of a dimensionally
homogeneous function
y-coordinate of a Cartesian coordinate system
z-coordinate of a Cartesian coordinate system

Greek Symbols
α
β
γ
Ω
Δ

Heat transfer coefficient, parameter in Baranblatt et al. selfsimilar turbulent boundary layer in shear flows, see Eq. (30.122)
Exponent of the Reynolds number in a parameterization of the
heat transfer coefficient
Exponent of the Brinkmann number in a parameterization of
the heat transfer coefficient
Gravitational constant
= (ρs /ρ1) or Δ = ρ2 /ρ1
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Δp
ΔT
δ
δ(x)
ε
ζ(x, t)
ζ I (x, t)
ζ
ζ
η
θc
κ
κ = 0.4
λ = λ(Re, k/D)
λ L = L̄/L
λV = V̄ /V
λ f = f¯/ f
ν
νs
turb
νvert
νtop , νbottom
νvert
Π, Πi , Π √ , Π y , Πxi
πα
ρ
ρ0
ρ f , ρs
ρ̄
σ
τ ∀
τ = 2gh/(2Ψ)t
τc
∀
ϕ = v/ 2gh
φ = u(z)/u√
φ
π
ω, ω
Ω, Ω

Pressure difference
Temperature difference
Boundary layer thickness
⊗
Diracdelta function, defined as −⊗ f (x)δ(x − x0 )dx = f (x0 )
Specific dissipation rate of turbulent kinetic energy
Vertical free surface displacement
Vertical interface displacement
Bulk viscosity
Perturbation of ζ
Shear viscosity
Critical Shields parameter
Thermal conductivity
von Kármán constant
Turbulent drag function in pipe flow
Ratio of the scale length of a laboratory model and the corresponding scale length in the prototype
Ratio of the scale velocity of the model to that of the prototype
Scale of the variable f
Kinematic viscosity, volume fraction
Solid volume fraction
Turbulent kinematic viscosity
Top/bottom kinematic viscosities
Kinematic viscosity according to Eq. (30.64)
Various Π -products
Production rate of constituent α
Mass density (general, of the mixture)
Reference density, equilibrium density
Fluid, solid mass densities
Linear combination of ρ and ρs
Stress, surface tension, dimensionless density anomaly
Shear stress
Dimensionless time
Critical shear stress
Dimensionless velocity
Dimensionless universal boundary layer velocity profile
Inclination angle of a lake shore
Specific viscous dissipation rate
Angular velocity
Earths angular velocity

Miscellaneous Symbols
d(•)
dt
∂(•)
∂t

= (•)•

×
[[ f ]] = f + f −
[ f ] R = [ f¯]/[ f ]

Material time derivative, keeping the reference configuration
fixed
Time derivative, keeping the spatial position fixed
Multiplication sign in general text; vector product in R3
Jump of f across a singular surface
Ratio of f¯ in the model to f in the prototype
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30.1 Introductory Motivation
Physical problems are described by relations, which are determined by quantities
having a certain dimension—length, time, mass, force, temperature, etc. These relations must be so structured that dependent and independent quantities are combined
so as to yield dimensionally correct formulas. In an equation, defining a physical
process, in which several terms are added, these terms must have the same dimension; this is often expressed as ‘apples and pears cannot be added together’. Such
properties of expressions describing physical processes are connected with what is
called dimensional homogeneity. In other applied sciences and in humanities, dimensional homogeneity is not required to hold, a fact which allows equations with more
general structures.

30.1.1 Dimensional Analysis
Loosely expressed, dimensional analysis is a method by which physical intuition is
combined with rigorous mathematical analysis, leading to a functional representation, which shows upon which combinations of physical parameters an envisaged
physical process can depend. It is particularly useful, when experiments are planned
and helps to comprehend the sort and number of variables which one will encounter in
the performance of such experiments. If, for instance, the quantity y depends upon
x1 , x2 , ..., xn where all quantities have certain physical dimensions, then dimensional analysis shows that the envisaged physical process can only be described by a
functional relation f (Π y , Πx ) = 0 of all possible independent dimensionless products of {y, x1 , x2 , ..., xn } (their number is generally less than n + 1). The rational,
mathematical part is the selection of the variables {y, x1 , x2 , ..., xn }. The scientist
confronted with a particular physical problem must estimate, upon which kind of
physical parameters a certain fact may depend. The selection depends on the physical understanding of the studied process. If the chosen variables do not capture
the essential physics, the rational mathematical steps will either demonstrate this,
or physically meaningless relations (i.e., relations not corroborated by experimental
data) will be generated.
Example 30.1 Consider sediment transport in a very shallow lake (5 m depth) or
in a lagoon. Depending on the strength of the circulation due to wind, the primary
horizontal current might erode grains from the lake bottom and thus generate a
variable load of suspended sediments in the lake water. It is rather intuitive that the
erosion inception of the sediment in the bed will likely depend on the shear traction
exerted on the lake side of the basal surface, τc , the true densities, ρs and ρ f , of the
sediment grains and the fluid, and the concentration, cs , gravity constant, g, fluid
viscosity, ν, and the nominal diameter of the sediment grains, d. So, inception of
sediment transport can likely be described by an equation
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f (τc , ρs , ρ f , g, d, ν, cs ) = 0,

(30.1)

evaluated at the bed surface. We shall employ the identifications y = τc , x1−6 =
(ρs , ρ f , g, d, ν, cs ). Dimensional analysis will show that these 7 variables give rise
to 4 independent dimensionless products, namely e.g.,
Π1 =

τc
ρs
(g ν)1/3 d
, Π2 =
, Π4 = cs .
, Π3 =
ρ̄ g d
ρf
ν

(30.2)

ρ̄ may be a linear combination of ρs and ρ f ; in fact, since the detritus layer is
submerged in the lake water, the proper density for the definition of Π1 is ρ̄ = ρs −ρ f .
Moreover, since (g ν)1/3 has the dimension of a velocity, Π3 may be interpreted as
a particle Reynolds number. When written as Π3 = (g/ν 2 )1/3 d, the prefactor
of d has the dimension of an inverse length. With this identification Π3 allows the
interpretation of a dimensionless particle diameter d√ . In the sediment transport
literature Π1 and Π3 are used in the forms
Π1√



 g 1/3
τc
ρs
τc
√
=
, Π3 =
− 1 , (30.3)
=
d, Δ ∈
(ρs − ρ) g d
Δρgd
Δ ν2
ρ

where ρ is the mixture density. It is not difficult to see that for small mass fractions,
cs , the mixture density may approximately be replaced by ρ f . We may now write
f (Π1√ , Π2 , Π3√ , Π4 ) = 0 or

τc
= f˜(Π2 , Π3√ , Π4 ).
Δ ρ gd

(30.4)

The number of variables is now reduced from 7 to 4, a dramatic reduction! However,
even further reduction is possible. For sediment transport in the geophysical environment Π2 is very nearly a constant on the entire Globe (∼2,700/1,000 = 2.7), and
Π4 is very small ( 10−2 ); so, the Π4 -dependence may be dropped, i.e., expressed as
a Taylor series expansion of Π4 and restricted to the term f˜(Π2 , 0, Π3√ ) = fˆ(Π3√ ).
Thus, we may write
θc ∈

τc
= fˆ(Π3√ ) = fˆ(Re√ ) = fˆ(d√ ).
Δ ρ g, d

(30.5)

θc is called (critical) Shields parameter [52] and represents the dimensionless shear
stress at which value the detritus bed, consisting of particles with diameter d starts
to erode. Had we omitted the fluid viscosity ν in the variable set, Π3√ (or Π3 ) cannot
be defined, and fˆ in (30.5) is necessarily constant in this case, so that
τc = const. × Δ ρ gd.

(30.6)

The experimenter’s burden would simply be to determine this constant. The experimental facts are, however, such that (30.6) is not correct. It follows, including ν
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as a parameter in the list (30.1) is vital. Not including the Earth’s acceleration, g
is disastrous as it eliminates Π1√ and Π3√ , reducing (30.4)1 to f (Π2 , Π4 ) = 0, a
meaningless expression, not able to describe erosion inception.
The result (30.5) does not say that this equation indeed describes the correct
dependence of the Shields parameter as a function of Re√ or d√ . It only states
that θc is a function of Re√ = d√ , if the original variables are chosen as given in
(30.1) as the basic variables describing erosion inception. The proof that (30.1) is a
correct functional relation for sediment transport inception must come from experiments which will determine fˆ(Re√ ). This has been done in numerous laboratory
•
experiments and involves the most prominent hydraulic engineers.1

30.1.2 Similitude and Model Experiments
A physical model is a mapping of Nature or at least a sub-process that occurs in Nature
to smaller scale. ‘Projection mapping’ or simply ‘projection’ instead of ‘mapping’
would be the better denotation, since some information is generally lost in the mapping. Analogously, every theory expressed in mathematical equations and describing processes of any kind equally represents a mathematical model; ‘theory’ would
therefore also better be called ‘model’, and it is imputed that it adequately describes
certain processes which are observed in Nature. Physical and mathematical models generally describe partial facts of the reality, those which are important for the
purposes for which they have been designed. In this sense all theories or physical
models are projections of Nature, which enjoy some similarities but do not completely correspond. Complete correspondence is usually not possible for conceptual
reasons because scale invariance (i.e., invariance of the real processes by down- or
up-scaling to the modeled processes) is generally impossible to preserve; because of
these inescapable facts, it is vital that those aspects of the physical processes, which
are the intended focus of the study in question, are (nearly) preserved.
That physical models are subjected to loss of information by, say, geometrical
downscaling, is inescapable. To explain the situation, recall from the example above,
and accept in anticipation the fact, that any physical process, which is described by a
set of dimensional parameters y, x1 , x2 , ..., xn , must be dimensionally homogeneous,
i.e., expressible by a functional equation of the form
f˜(Π y , Πx1 , Πx2 , ..., Πx N ) = 0 or Π y = f (Πx1 , ..., Πx N ),

(30.7)

where Π y and, Πx j ( j = 1, ..., N  n) are dimensionless products of the variables {y, x1 , ..., xn }. If by a physical or mathematical model the same process as
that described by the prototype (by Eq. (30.7)) is to be identically reproduced by a
downscaled model, all the Π -products of the model must have the same values as in
1

See Chap. 32 Sect. 32.4.2 on erosion inception, or Meyer-Peter and Müller [35], Einstein
[13], Graf [17], van Rijn [62–64], Vetsch [65] and many others.
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the prototype. This defines complete similarity; it is exactly preserved in a process
whose dimensional analysis leads to a functional expression of the form Π y = f (Πx )
between only two Π -products. In all other cases this cannot be guaranteed. Those
Π -products, which are not preserved in the downscaling, may have a falsifying effect
on inferences drawn from model results at the scale of the prototype; they are referred
to as scale effects. By defining the Π -products adequately, such errors may be kept
to a minimum.
As far as mathematical models are concerned, scientists and engineers often presume as if the model equations would describe Nature per se. This interpretation is
for instance often given to the Navier–Stokes equations; in turbulence modeling it
finds enthusiastic defenders among all those who apply the Direct Numerical Simulation (DNS) technique to these equations. More specifically, turbulent modelers are
of the opinion that every turbulent flow of a fluid (e.g. water or air) can adequately
be modeled by the NS-equations if one simply succeeds in constructing solutions on
all scales, even the smallest possible ones. The stipulation is that all the eddies, no
matter how small, can be resolved by the NS-equations, if only the grid size used in
the numerical solution technique is smaller than the smallest eddies which can arise.
Naturally, also the NS-equations find their limitation as a model of Nature, namely
certainly at the length scales of the molecules themselves, when classical continuum
physics loses its validity.
The stipulation, that a set of equations for the description of certain physical
processes is correct in an absolute sense, suggests on the other hand, the following
question. Is it possible to identify certain structures in the equations, which suggest
certain invariance properties? For instance, is it possible by a scale analysis of the
physical variables to non-dimensionalize the field equations and boundary conditions? The answer is yes and because of this, non-dimensional quantities will enter
the field equations and boundary conditions as parameters. These parameters are
nothing else than the Π -products which are realized by the model equations. For
every set of values of these Π -products a whole class of solutions of the governing equations is defined. This suggests a principle of similitude: Physical processes
which are characterized by different length-, time-, velocity-, force-scales etc., for
which, however, the Π -products underlying the governing equations, have the same
values, are similar to each other.2

2

The method of using model equations for the description of certain processes as basis of dimensional analysis has been coined inspectional analysis after Birkhoff [5], and it is regarded as being
separate from classical dimensional analysis. This method is popular in hydraulic engineering and
its use ‘is recommended as a more rigorous approach to the theory of similitude’, Harleman [20].
Its use in downscaling processes from the prototype to the model size, obviously, assigns the notion
of absolute truth to the equations—and they must obviously be known beforehand. Here we regard
inspectional analysis, if used, as part of dimensional analysis.
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30.1.3 Systems of Physical Entities
Physical quantities have dimensions such as length, time, mass, force, temperature,
velocity, etc. Some of these must be introduced as basic or fundamental entities,
others are then obtained as derived quantities. Depending upon which quantities one
chooses as fundamental entities, a different physical system is chosen. As one of the
most important laws mention might be made of Newton’s Second Law which may
be stated as
Force = Mass × Acceleration,
which is not exactly correct in this form but sufficient to illustrate the point. With
this law the most important transformation can be performed. If the mass is set equal
to unity, 1, and the acceleration equal to the gravity, g, then the force unit is equal to
g. It follows: The weight of a unit mass equals exactly g units of the force.
Until about the sixties of the last century and also somewhat later, many different
dimensional systems were in use; today the International System (IS) of units is used
almost exclusively. It is an extension of the MKS-system (Meter, Kilogram, Second) to include thermal, chemical and electromagnetic entities. It has the following
fundamental entities:
Meter
Second
Kilogram
Kelvin
Ampere
Mol
Candela

[m] as unit of length,
[s] as unit of time,
[Kg] as unit of mass,
[K] as unit of absolute temperature,
[A] as unit of electric current,
[mol] as unit of substance,
[cd] as unit of light intensity.

(30.8)

Quantities, which appear in IS units as very large or very small numbers, are expressed
as multiples or fractions of the IS units in powers of 10 and are denoted by a prefix.
Table 30.1 collects these standard prefix notations: 1 micrometer (1 μm) is 10−6 m,
1 Hectopascal (1 HPa) is 102 Pascals, and today a standard unit for atmospheric
pressure; 1 femto second (1 fs) is 10−15 s, etc.
For any of the fundamental quantities (30.8) the IS system of units is fixed according to definitions now agreed upon by the United Nations. All other dependent
quantities, such as velocity, acceleration, specific heat, etc., are expressed as certain
products of powers of the fundamental units, e.g.,
velocity
force
acceleration
work
diffusivity
power
pressure

[ms−1 ],
[m Kg s−2 ] ∈ [N],
[ms−2 ],
[m2 Kg s−2 ] = [Nm] ∈ [J],
[m2 s−1 ],
[m2 Kg s−3 ] = [Nm s−1 ] = [Js−1 ] ∈ [W],
[Kg m−1 s−2 ] = [Nm−2 ] ∈ [Pa].

(30.9)
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Table 30.1 Prefixes to characterize powers of 10 units in the IS system
Prefix

Symbol

Power

Prefix

Symbol

Power

Exa
Peta
Tera
Giga
Mega
Kilo
Hekto
Deka

E
P
T
G
M
K
H
Da

1018
1015
1012
109
106
103
102
101

Deci
Centi
Milli
Micro
Nano
Piko
Femto
Atto

d
c
m
μ
n
p
f
a

10−1
10−2
10−3
10−6
10−9
10−12
10−15
10−18

For some of these derived quantities their own denotations have become customary
to quantify their units. In the IS system 1 force unit is that force which subjects
1 [Kg] mass to an acceleration of 1 [ms−2 ]; this force unit is called 1 Newton
([N]) as indicated in (30.9)2 . Analogously, the unit of work is the work done by 1
unit of force displaced by 1 m and called 1 Joule ([J]). Obviously, 1 [J] = 1 [N m]
= 1 [m2 Kg −2 ], as shown in (30.9)4 . The unit of power, i.e., 1 unit of work per
unit of time, is called Watt ([W]) and obviously given by 1 [W] = 1 [J s−1 ] = 1
[N m s−1 ] = 1 [m2 Kg s−3 ]. The unit for pressure, defined as force per unit area in the
IS system is 1 Pascal = [Pa] = 1 [N m−2 ] = 1 [Kg m−1 s−2 ]; however, in meteorology,
oceanography and limnology 1 bar = 105 [Pa] was more common and is still in use.
The technical and standard atmosphere and the Torr, of which the transformation
is 105 [Pa] = 1 [bar] = 750 [Torr] are older units for pressure. Transformation rules
for the atmosphere or pressure in the units of the English system, [psi] = pounds per
square inch can be found in the internet.
If the fundamental units are not those of the IS system (30.8), then the derived
quantities are analogously deduced. The relations between numerical values of the
various physical quantities in the different systems can easily be found in the internet.
The above text shows that the numerical values for a physical quantity depend
on which physical entities are taken as fundamental and which units are chosen for
these. In the old CGS system centimeter, mass gram and second were chosen as
units for length, mass and time and, consequently, 1 [dyne] = 1 [g cm s −2 ] is its force
unit and ‘erg’ its work unit: 1 [erg] = 1 [dyne cm] = 1 [g cm s−1 ]. In this system the
fundamental quantities are the same as in the MKS-system, only their units have
changed. It is, however, not compelling that the number of fundamental quantities
are seven. For instance, it is known from the kinetic theory of gases that temperature
is a measure of the averaged fluctuation energy of the molecules. So, its dimension is
[ρ v 2 ] = [Kg m−1 s−2 ]. The introduction of the temperature as a fundamental physical
quantity is not compelling as it could be reduced to the fundamental quantities of
the MKS quantities. This fact is clearly seen in the history of the theory of heat, in
which the equivalence of energy and heat first had to be recognized. It led to the first
law of thermodynamics, and more precisely, to the equivalence of heat and energy
by Robert Mayer and Prescotte Joule. Another example is the astronomical system
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of units; it is based on Newton’s law of gravitation,
K =Ω

m m≈
, Ω = 6.7 × 10−11 [m3 Kg−1 s−2 ],
r2

(30.10)

which is the force between two bodies with masses m and m ≈ , a distance r apart from
one another. K is the force by which they attract each other. Equality of the physical
dimensions of the quantities on the left- and right-hand sides of (30.10) determines
the dimension of Ω as shown in (30.10). In the astronomical system of units Ω = 1
(dimensionless!) is chosen; it then follows from Newton’s law in this system that

[m a] =

m m≈
r2




=⇒

ML
T2




=


M2
,
L2

(30.11)

from which one deduces



 4
L3
L
[M] =
, [K ] =
.
T2
T4

(30.12)

Mass and force are, therefore, already given if the units for length and time are
assigned.

30.2 Theory of Dimensional Equations
30.2.1 Dimensional Homogeneity
Definition 30.1 An equation is called ‘homogeneous in its dimensions’ or ‘dimensionally homogeneous’, if the form of this equation does not depend upon the choice
of the fundamental units.

As an example, consider the formula for the phase speed of a surface water wave in
a layer of fluid of depth H ; it is given by
v=

g H.

(30.13)

The equation holds in this form irrespective in which units—km, cm, miles and
seconds, hours, days, etc.—its right-hand side is evaluated. Its value is always correctly obtained in the units of length and time, which were chosen. If we now choose
g = 9.81 ms−2 and substitute this above, then
∀
v = 3.132 H (H in [m]).

(30.14)
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This equation is still correct, however, it is restricted in its application to the MKSsystem and to the Earth’s surface at positions, where g = 9.81 ms−2 . It requires that
H is substituted in meters, and it is implicitly understood that the emerging number
yields the velocity in meters per second. Only under those constraints a correct answer
is
∀ obtained from formula (30.14). Of course, the reason for these constraints is that
9.81 = 3.132 is fraught with a physical dimension, expressed in IS units. It is
evident, (30.13) is stated in dimensionally homogeneous form, but (30.14) is not.
Dimensionally homogeneous functions are a special class of functions. Moreover,
application of dimensional analysis to practical problems is based on the experience that the solution of a problem of physics leads to dimensionally homogeneous
functions only, if the independent variables are correctly selected. This property
is based on the fact that the fundamental equations of physics are dimensionally
homogeneous and that deductions performed with such equations again lead to
dimensionally homogeneous equations. However, there is no a priori reason to
assume that a postulated functional relation describing a certain physical process
is dimensionally homogeneous; this is only so, if this functional relation involves all
parameters, which describe the physical phenomenon in focus. For instance, the drag
force K of a body submerged in a moving fluid and held fixed will likely depend on
the following variables
ρ
ν
V
g
c
σ
D

density of the fluid,
kinematic viscosity of the fluid,
fluid velocity approaching the body,
gravity constant,
speed of sound of the fluid,
surface tension between the fluid and the∀body,
a characteristic length of the body, e.g., A, where A is the cross sectional area
of the body perpendicular to the approaching velocity.

For a given fluid, i.e., water, the density and viscosity are prescribed constants (if the
fluid is density preserving and the viscosity is not sensitive to temperature changes
or processes are isothermal, which is assumed). Similarly, the speed of sound and
the surface tension can be regarded as constants. All these quantities, thus need not
be listed among the variables defining the functional dependences of the force; so,
K = f (V, D). This is not a dimensionally homogeneous equation, since V and D
cannot be combined to a quantity having the dimension of force. Despite this fact, it
is a meaningful ansatz for a given fluid. An important step in a practical application
of dimensional analysis is to list the correct sorts and number of independent parameters, which influence a physical problem. If this number of variables is too small,
incomplete equations may emerge or false inferences might result. If the number of
variables is too large, the final equation will involve superfluous variables, which
have none or a negligible effect on the solution of the problem. For the above example of the drag force of the submerged body and the list of variables, which might
influence the latter, one may postulate the following functional relation:
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K = f (V, D, ρ, g, ν, c, σ).

(30.15)

With y = K , x = {V, D, ρ, g, ν, c, σ} this equation has the alternative form y =
f (x1 , x2 , ..., x7 ). With the right independent physical variables (30.15) the following
dimensionless quantities can be formed3 :
VD
ν
V2
Fr =
Dg
V
M=
c
ρV2 D
W=
σ
K
P=
ρ V 2 D2

Π1 Reynolds number Re =
Π2 Froude number
Π3 Mach number
Π4 Weber number
Π5 Pressure ratio

(30.16)

They are mutually independent since Π1 contains only ν, Π2 only g, Π3 only c, Π4
only σ, and Π5 only K . Four of them bear names of scientists from the 19th–20th
century; moreover, there are no more than five independent so-called Π -products
that can be formed from the eight independent physical variables listed in (30.15).
Thus, a dimensionally homogeneous representation of (30.15) is
K = ρ V 2 D 2 f˜(Re, Fr, M, W).

(30.17)

Contrary to (30.15), f˜ is a function of only four variables instead of the previously
seven ones. This reduction is the property of dimensional homogeneity and does not
involve any simplifying approximations. Further reduction of the number of variables
in (30.17) is based on the neglect of dependencies on variables which have likely
a minor influence. For completely submerged bodies gravity can hardly influence
the drag force. So, a dependence on Fr can be dropped. Similarly, for subsonic
velocities V /c → 1, so a Mach number dependence is unlikely in this case; and if
the body is completely submerged, a dependence of f on W can also be dropped.
Approximately, one therefore obtains
K = ρ V 2 D 2 f (Re).

(30.18)

This is a dramatic reduction of the number of variables compared to (30.15) or
(30.17).
For the determination of the drag force exerted by the water on the hull of a steadily
moving ship it can readily be guessed that Mach and Weber numbers likely play no
role, since the water wave speed is too large and the surface tensions are insignificant.
Thus, K = ρ V 2 D 2 f (Re, Fr ) has the proper generality. It is customary to write A
3

∀
In continental Europe Fr is defined as V / g D.
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for D 2 and interpret A as the cross sectional area perpendicular to the approaching
velocity, so that
(30.19)
K = 21 C D (Re, Fr ) ρ V 2 A,
in which C D is the dimensionless drag coefficient. In ship engineering one separates
the Froude and Reynolds number dependences and writes approximately
≈
≈≈
(Re) + C D
(Fr ).
CD = CD

(30.20)

As already mentioned, the five Π -products (30.16) are a complete independent set
of dimensionless parameters constructed with the eight quantities arising in (30.15).
This means that alternative dimensionless quantities, which can be constructed from
{K , V, D, ρ, g, ν, c, σ} are expressible as
Rea1 Pa2 Fr a3 Ma4 Wa5 ,

(30.21)

in which a1 , a2 , ..., a5 are real numbers; indeed,
V3
= ReFr,
νg

ρ3 K
= Re2 P.
ν2

(30.22)

More general combinations, not just powers as in (30.21) are also possible. Below,
an example will be given.
This discussion suggests now the following
Definition 30.2 A set of dimensionless products of given variables is complete, if
each product in this set is independent of any other and if any such dimensionless
product of dimensional variables, which does not belong to the set, can be expressed
as a product of powers of the dimensionless products of the set.


30.2.2 Buckingham’s Theorem
The last example of functional dependence of the drag force on Π products as stated
in (30.17) made clear that, if an equation is formed by terms all of which are dimensionally homogeneous, then this equation is trivially dimensionally homogeneous,
because it does not depend upon the choice of the fundamental quantities and their
units by prerequisite.4 Therefore, the following statement holds: Sufficient condition for an equation to be dimensionally homogeneous is that this equation can be
reduced to an equation of dimensionless products. Buckingham [6] has shown that
the above statement is also necessary. We therefore have the following theorem:
Theorem 30.1 (Buckingham) If an equation is dimensionally homogeneous, it can
be reduced to a relation of dimensionless products.

4

For a short biography of Buckingham see Fig. 30.1.
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Fig. 30.1. Edgar Buckingham (√ July 8, 1867 Philadelphia, PA, † April 29, 1940
Washington DC) was a physicist and soil scientist. He graduated from Harvard with a
bachelor’s degree in physics in 1887. He did additional graduate work at the University
of Strasbourg and the University of Leipzig, where he studied under chemist Wilhelm
Ostwald. Buckingham received a PhD from Leipzig in 1893. He worked at the USDA
Bureau of Soils from 1902 to 1906 as a soil physicist and from 1906 to 1937 at the (US)
National Bureau of Standards (now the National Institute of Standards and Technology,
or NIST). His fields of expertise included soil physics, gas properties, acoustics, fluid
mechanics, and blackbody radiation. He is also the originator of the Buckingham Π
theorem in the field of dimensional analysis
Buckingham’s first work on soil physics is on soil aeration, particularly the loss of carbon
dioxide from the soil and its subsequent replacement by oxygen. From his experiments he
found that the rate of gas diffusion in soil did not significantly depend on the soil structure,
compactness or water content of the soil. He was able to determine the diffusion coefficient as
a function of air content. This relation is still commonly cited in many modern textbooks and
used in modern research. The outcomes of his research on gas transport were to conclude that
the exchange of gases in soil aeration takes place by diffusion and is sensibly independent
of the variations of the outside barometric pressure.
In his work on soil moisture Buckingham found that soils of various textures could strongly
inhibit evaporation, particularly where capillary flow through the uppermost layers was prevented. Moreover, he showed that evaporative losses in soil were initially higher from the arid
soil, then after three days the evaporation under arid conditions became less than under humid
conditions, with the total loss ending up greater from the humid soil. Buckingham believed
this occurred due to the self-mulching behaviour exhibited by the soil under arid conditions.
Buckingham is famous for his work on unsaturated flow and capillary action. He recognized
the importance of the potential of the forces arising from interactions between soil and water,
which he called capillary potential, this is now known as the moisture or water potentialmatric potential. He combined capillary theory and an energy potential in soil physics theory,
and was the first to expound the dependence of soil hydraulic conductivity on capillary
potential. This dependence later came to be known as relative permeability in petroleum
engineering. He also applied a formula equivalent to Darcy’s law to unsaturated flow.
Text based on http://en.wikipedia.org/wiki/Edgar_Buckingham
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We shall not prove here this theorem and simply accept its content. Proofs can be
found in the specialized literature5
Buckingham’s theorem, also called Π -Theorem, gave dimensional analysis a
tremendous impetus. However, the form in which Buckingham’s theorem is stated
above is not very practical. The technicalities of its proof, however, show how it can
be transformed into a very applicable form. To this end we introduce what is known
as dimensional matrix. To derive it in a special case, let us return to Example 1, where
a condition for the onset of sediment transport in a river or lake bed with grains of a
single nominal diameter were looked at. This threshold relation was stated as (30.1) or
f (τc , ρs , ρ f , g, d, ν, cs ) = 0,

(30.23)

where τc is the critical shear stress at the base when erosion inception takes place,
ρs , ρ f are the true solid and fluid densities, g is the gravity constant, d is the particle
diameter, ν is the (turbulent) viscosity of the particle suspended fluid and cs the solid
mass fraction. We now show how the dimensionless products can be constructed.
Obviously, a dimensionless product Π of the variables in (30.21) must have the form
Π = τck1 ρks 2 ρkf3 g k4 dk5 ν k6

csk7 .

(30.24)

The equation of the dimensions of this equation is given by
[Π ] = [M L −1 T −2 ]k1 × [M L −3 ]k2 × [M L −3 ]k3
×[L T −2 ]k4 × [L]k5 × [L 2 T −1 ]k6 × [1]k7 .

(30.25)

Note that the variable to the right of the separation line is already dimensionless; it
will be identified with Π4 = cs . Since the dimension of Π is 1 the exponents of
M, L and T on the right hand side of (30.25) must sum up to zero. Modulo the terms
to the right of |, (30.25), this yields the equations
k1 + k2 + k3 = 0,
− k1 − 3k2 − 3k3 + k4 + k5 + 2k6 = 0,
− 2k1 − 2k4 − k6 = 0,

(30.26)

or in matrix form

5

According to Langhaar [29] ‘Buckingham did not rigorously prove the theorem, although
he presented evidence to make the truth seem plausible’. Today, there are several proofs available,
e.g., Hutter and Jöhnk [25], who follow in spirit Langhaar. Other proofs may be found in
Görtler [16] and Spurk [55].
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k1

 ⎝ k2 ⎟  
⎝ ⎟
1 1  1 0  0 0
0
⎝ ⎟
 −1 −3  −3 1  1 2  ⎝ k3 ⎟ =  0 .


⎝ k4 ⎟
⎟
0
−2 0  0 −2  0 −1 ⎝
 

⎛ k5

k6
dimensional matrix

(30.27)

This is a homogeneous system of linear equations for k1 , ..., k6 ; according to the
theory of linear algebra it possesses N −m independent fundamental solutions, where
N is the number of unknowns (=6) and m is the rank of the dimensional matrix.
The rank is defined as the largest size of the square sub-matrices with non-vanishing
determinant, which in this case is m = 3 (see the matrix in (30.27), which is between
the dashed lines). It follows that k3 , k4 and k5 can be solved in terms of k1 , k2 and
k6 . We prefer here to find three independent solutions by trial and error. The reader
can easily verify that
k1 = 1, k2 = −1, k3 = 0, k4 = −1, k5 = −1, k6 = 0
k1 = 0, k2 = 1, k3 = −1, k4 = 0, k5 = 0, k6 = 0,
k1 = 0, k2 = a, k3 = −a, k4 = 13 , k5 = 1, k6 = − 23 ,

(30.28)

are three such solutions, in which a = 0 will be chosen. Each of these solutions is
one fundamental solution. It is, perhaps, convenient to collect them in the following
scheme:
τc ρs ρ f g d ν
k1 k2 k3 k4 k5 k6
Π1 1 −1 0 −1 −1 0
Π2 0 1 −1 0 0 0
Π3 0 0 0 1/3 1 −2/3
The individual rows of this matrix yield the exponents of the variables in the top row
for the Π -product on the left, explicitly,
Π1 =

 g 1/3
τc
ρs
, Π2 =
, Π3 =
d, (Π4 = cs ) .
ρs g d
ρf
ν2

(30.29)

These agree with (30.2). In (30.3), however, new Π -products, which build a more
convenient set of Π -products from an applied point of view, are used as follows

Π1√ =

1/3

g
τc
 
, Π3√ =  
ρs
(ρs − ρ) g d
−
1
ν2
ρ

d,

where ρ is the mixture density, which can be evaluated as follows:

(30.30)
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ρ = νs ρs + (1 − νs ) ρ f ,
ρ cs = νs ρs
=⇒ ρ =

−∞

νs =

ρ
cs ,
ρs

(30.31)

ρf
ρf
cs →1
=
= ρf.
1 − cs (1 − ρ f /ρs )
1 − Π4 (1 − 1/Π2 )

In works of hydraulic engineering ρ in (30.30) is always approximated by ρ f . So,
Π1√ and Π3√ are combinations of Π1 , Π2 , Π3 and Π4 .
This example makes plausible, and the proof of the Buckingham theorem corroborates the content of the following theorem rigorously:
Theorem 30.2 The number of dimensionless products in a complete set of variables
equals the total number of variables minus the rank of the dimensional matrix. 
The above example also suggests the following general procedure.
1. For a given physical problem, which one intends to theoretically describe or for
which a laboratory experiment is planned, a list of physical variables is formed,
which are thought to have an influence in the problem under consideration. Let
these variables be [Q 1 , Q 2 , ..., Q N ] and assume that they can dimensionally be
expressed by the fundamental physical entities, M, L , T and K which are mass,
length, time and Kelvin temperature. [Other fundamental quantities of the list
(30.8) may also arise, but hardly occur in the problems which one encounters in
limnology and oceanography.]
2. Construct the dimensional matrix
M
L
T
K

Q1
a11
a21
a31
a41

Q2
a12
a22
a32
a42

Q3
a13
a23
a33
a43

...
...
...
...
...

QN
a1N
a2N
a3N
a4N

(30.32)

[If one or several quantities Q i are already dimensionless, these quantities are not
incorporated in (30.32) because they generate zero column entries.] In the matrix
(30.32) the entries are the exponents in the expressions
[Q j ] = [M a1 j ][L a2 j ][T a3 j ][K a4 j ].
Any dimensionless product Π of the quantities Q is given by
Π = [M a11 L a21 T a31 K a41 ]k1 × [M a21 L a22 T a32 K a42 ]k2
× · · · × [M a1N L a2N T a3N K a4N ]k N ,
which implies via comparison of exponents
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a11 k1 + a12 k2 + ... + a1N k N = 0,
a21 k1 + a22 k2 + ... + a2N k N = 0,
a31 k1 + a32 k2 + ... + a3N k N = 0,
a41 k1 + a42 k2 + ... + a4N k N = 0.

(30.33)

(30.32) is the dimensional matrix and (30.33) the homogeneous linear system of
equations which determines the exponents k1 , k2 , ..., k N for the Π -products. This
result is so important that it is here formulated as
Theorem 30.3 The homogeneous linear system of equations for the exponents k j
⎞
k
of the dimensionless product Π = Nj=1 Q j j is given by the dimensional matrix of
the problem.

3. Determine the rank m of the dimensional matrix. The rank is given by the size of
the largest square sub-matrix of the dimensional matrix with non-vanishing determinant. In (30.33) m  4, because the dimensional matrix has four fundamental
entities. A homogeneous linear system of equations of N variables possesses
(N − m) linearly independent Π -products.
4. The most important information of this procedure is the identification of the rank
m of the dimensional matrix and, as a consequence, the number of independent
Π -products, (N − m). The determination of the solutions for k j , j = 1..., N for
(N − m) cases can, for not too large matrices, be found by trial and error, as was
done for (30.26) or more formally, one chooses (N − m) independent values for
k j as follows:
k1 = 1, k2 = k3 = ... = k N −m = 0,
k2 = 1, k1 = k3 = ... = k N −m = 0,
..
.
k N −m = 1, k1 = k2 = ... = k N −m−1 = 0,

(30.34)

and then determines for each of these the values for {k N −m+1 , ..., k N }.
Practical Suggestions. The above suggested procedure for the evaluation of the
independent Π -products shows that, depending on the sequence of {k1 , . . . , k N }
different solutions for the Π -products {k1 , . . . , k N } are obtained. For each permutation another set of Π -products is obtained. Mathematically, this is not relevant,
but from an experimental point of view a particular choice may automatically select
Π -products, which are convenient. In this regard it is advantageous to focus at those
variables which can be varied in an experiment. Buckingham recommends:
• One reaches the maximum of experimental controllability, if each of the dimensionless products contains only one variable which can be controlled in an experiment.
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• In the dimensional matrix one preferably chooses as the first variable the dependent
variable. The second, third, etc., variables are to be arranged such that they can,
in consecutive order, experimentally best, second to best, etc., be controlled.
• Occasionally, transformations of some dimensional products into others provide
a reduction of the number of dependencies of the function f (Π1 , Π2 , Π3 ) = 0,
say. For instance, let
Π1 =

K
, Π2 = V
ρ ν2



1
gν

1/3
, Π3 = D

 g 1/3
.
ν2

(30.35)

Assume that ν, a viscosity, does not exercise any influence on the studied processes.
We wish, therefore, to eliminate ν from two of the above Π -products. This is achieved
by defining the following new Π -products:
P=

2Π1
=
Π22 Π32

K

ρ V 2 D2
VD
,
Re = Π2 Π3 =
ν
Π2
V2
Fr = 2 =
.
Π3
Dg
1
2

,
(30.36)

It follows, since the viscosity only arises in the Reynolds number the equation
f (P, Fr ) = 0 can be written as
K = 21 ρ V 2 D 2 f (Fr ),

(30.37)

agreeing with (30.19).

30.2.3 Two Hydraulic Examples
(a) Pressure drop in pipes. Consider the pressure drop Δ p between two cross
sections of a straight circular pipe, which are a distance L apart. Let D be the inner
diameter of the pipe and k the mean roughness length of the interior wall, V the mean
velocity of the fluid within the cross section, ρ the fluid density and ν its kinematic
viscosity. These variables define the relation
f (Δ p, L , D, k, V, ρ, ν) = 0.
Its dimensional matrix

(30.38)
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Δp
M 1
L −1
T −2

L
0
1
0

D
0
1
0

k  V
0  0
1  1
0 −1

ρ
1
−3
0

ν 
0 
2 
−1 

possesses rank 3. [(det  · ) as indicated in the above matrix = −1]; so, there are
four independent Π -products, given by
P=

Δp
1
2
2ρ V

, Re =

and implying that

VD
,
ν


Δ p = 21 ρ V 2 f

Re,

L
,
D

L k
,
D D

k
D


.

(30.39)

A simple experiment e.g., performed with water shows that Δ p increases linearly
with L. Thus, one may equivalently write
Δp=

2
1
2ρ V



L
k
λ Re,
D
D

(30.40)

The function λ(Re, k/D) has been experimentally determined. A standardized form
is based on formulas by Prandtl [45] and Nikuradse [38–40] and given in
Fig. 30.2.
(b) Discharge from a basin. Consider a vessel filled with a density preserving fluid,
which is emptied through a pipe of length Ψ at its basis. Let the cross sections of
the vessel and the pipe be A1 and A2 , respectively. We seek a formula for the mean
velocity V over the cross section at point 2, which is established shortly after opening
the valve as a function of the fill height h, the length Ψ of the pipe and the two cross
sections A1 and A2 under the action of gravity and time t.
With reference to Fig. 30.3 the dimensional matrix takes the form
g V h Ψ A1 A2 t
L 1 1 11 2 2 0
T −2 −1 0 0 0 0 1
which has rank 2, and so, there are five Π -products, which e.g. can be selected as
∀
2gh
V
t,
,
Π2 =
Π1 = ∀
2Ψ
2gh
h
A1
hΨ
Π3 = ,
Π4 =
,
Π5 =
.
Ψ
A2
A1

(30.41)
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Fig. 30.2 Moody Diagramm, Moody [37]. Drag coefficient λ as a function of the Reynolds
number Re and the relative roughness k/D according to Colebrook [10]: λ = 1/(2 log10 (D/k) +
1.74)2 . The dashed curve gives the boundary beyond which λ may be assumed constant. From [25]
© Springer Verlag, Berlin, etc., reproduced with permission
Fig. 30.3 Flow of a density
preserving fluid out of a
vessel with cross sectional
area A1 through a pipe of
cross sectional area A2 → A1 .
The time dependence of the
discharge is given by the
height h and the pipe length Ψ

Since A1 is very large and hΨ → A1 , the two Π -products, Π4 ∞ ⊗ and Π5 ∞ 0
have a negligible influence to the outflow, so that one may set
Π1 = f (Π2 , Π3 )

=⇒

V =

2g h f (Π2 , Π3 ).

(30.42)

Laboratory experiments show that the outflow is insensitive to variations of the value
of Π3 . So, the final approximation to (30.42) is
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∀
V =


2g h
t .
2Ψ

2g h f

(30.43)

Further experiments have shown that with a motion inception from a state of rest
at t = 0, f (0) = 0 and in steady state, i.e., for large t, f (⊗) = 1. A function
satisfying these limiting conditions is the tanh-function. Therefore, one might guess
∀
V = V⊗ tanh


2g h
t , V⊗ =
2Ψ

2g h,

(30.44)

To derive this solution, we apply the Bernoulli equation between points 1 and 2 of
the streamline drawn in Fig. 30.3. This yields
dV
Ψ+
dt



V2
p0
+
2Ψ
ρ




−

p0
+gh
ρ


= 0,

(30.45)

where the kinetic energy in point 1 has been ignored, and implies
dV
V2
gh
+
−
= 0, t > 0.
dt
2Ψ
Ψ
With

(30.46)

∀

2gh
t
2Ψ

(30.47)

dϕ
dϕ
+ ϕ2 = 1 or
= dτ .
dτ
1 − ϕ2

(30.48)

ϕ∈ ∀

V
and τ ∈
2gh

(30.46) reduces to

and, when being subject to the initial condition ϕ(0) = 0, possesses the solution
τ = atanh ϕ or ϕ = tanh τ , agreeing with (30.43).

30.3 Application to Hydrodynamic Problems
30.3.1 Instability of Stratified Shear Flows
Consider the following table top experiment: Given a quadrilateral closed box with
length L and rectangular cross section of height H < L and width W < L. Let this
box be tightly filled with two fluids of densities ρ1 < ρ2 . In equilibrium the two
fluids fill the box with heights h 1 and h 2 , (h 1 + h 2 ) = H , the lighter fluid above
the heavier one. Assume that the interface between the two fluids is sharp and that
(for this experiment) the fluids (e.g. water and petrol) are immiscible. If the box
is suddenly but slightly tilted, a motion of the fluid will set in. The interface will
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form a bulge which moves forth and back along the box until equilibrium will be
re-established with a horizontal interface, see Fig. 30.4. Depending upon the amount
and abruptness of the tilt operation, the moving hump of the interface will form a steep
front, which will get steeper and steeper with increasing tilt operation and eventually
overturn and break. In the experiment, which is performed with immiscible fluids,
the break-up will only cause a local medley, which will quickly de-mix. But if the two
fluids are miscible (e.g. warm and cold water) the sharp interface will be destroyed
and a new transition region will be formed with varied density between ρ1 and ρ2 . If
the upper fluid carries tracers (oxygen, nutrients) at very small concentrations, this
mixing process will transport these tracers to the lower layer. In non-linear baroclinic
wave motions this breaking process is the most efficient mechanism how oxygen and
nutrients, originally in the epilimnion reach the hypolimnion.
The fluid motion in this experiment is reminiscent of the fluid motion which gives
rise to the stratified shear flow instability. This instability problem arises in a layer of a
vertically stratified fluid with density ρ0 (z) that is subject to a horizontal flow U (z). It
is well known that such shear flows may become unstable depending upon how large
the shearing dU/dz and the vertical density gradient dρ0 /dz are. We shall now use
methods of dimensional analysis to clarify which parameter governs this instability.
To this end, we look at a sub-region of this fluid layer within which dU/dz, dρ0 /dz
can be treated as constants. Besides these variables, also the Earth’s gravity, g, must
influence the internal wave dynamics, but viscosity can in a first attempt be ignored.
The dimensional matrix of these variables is then given by

(a)

(b)

(c)

Fig. 30.4 Rectangular tank (a) filled with two immiscible fluids of density ρ2 > ρ1 and fill heights
h 1 and h 2 . By suddenly tilting the tank, an interfacial wave moves forth and back (b) until equilibrium
is established (c)
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M
L
T

dU /dz
0
0
−1
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dρ0 /dz
1
−4
0

ρ0
1
−3
0

g
0
1
−2

(30.49)

and possesses rank 3. There is therefore exactly one Π -product that can be formed
with the four variables dU/dz, dρ0 /dz, ρ0 and g. This Π -product is the so-called
Richardson number, sometimes called gradient Richardson number
0
− ρg dρ
N2
dz
Ri grad =  0 2 =
(U ≈ )2
dU

(30.50)

dz

and can be interpreted as the ratio of the squares of two frequencies: The buoyancy
frequency and the horizontal shearing. The onset of the motion instability is now
given by an equation of the form f (Ri) = 0. The only meaningful interpretation of
this equation is
Ri grad − Ri c = 0

=⇒

Ri grad = Ri c =

⎠1⎧
4

,

(30.51)

where Ri c is a critical constant, at which instability sets in. Its numerical value, 1/4,
is determined by experiment or theory. In fact Miles proved in 1961 [36] that if the
Richardson number, defined as the square of the ratio of the buoyancy frequency to
the mean shearing, see (30.50), is everywhere greater than 1/4, then the wave motion
is stable and the wave amplitudes do not grow with time; else, instabilities are prone
to arise.
The above described stratified shear flows are often denoted as Kelvin–
Helmholtz instabilities, however, the latter is a special case of a stratified shear flow
in two plane half spaces of inviscid fluids of constant densities ρ2 > ρ1 , separated
by an interface, which at equilibrium is horizontal. Both fluids move tangentially
to the undeformed interface with constant, but different velocities. Without loss of
generality we let the observer move with the lower fluid (Galilei transformation!);
so, it suffices to introduce the difference velocity U1 by which the upper fluid moves
relative to the lower one (Fig. 30.5). The problem has no gradients dU/dz = 0
and dρ0 /dz = 0, but a density jump (ρ2 − ρ1 ). Note, the gradient Richardson
number has natural length scales embedded in its definition (30.50), the gradients
dU/dz, dρ0 /dz, which are lost in the Kelvin–Helmholtz instability problem. So,
a length scale must explicitly be incorporated; and we shall take the wavelength 
of the interface displacement (or, better, its inverse, the wave number k, [L −1 ]) as
this parameter. We then form the dimensional matrix with
U1 , ρ1 , ρ2 , g, k.
It possesses rank 3 and, thus, gives rise to two independent dimensionless products
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Fig. 30.5 Two half spaces filled with ideal fluids of densities ρ1 and ρ2 > ρ1 , separated by a
deformable interface. The fluid in the upper half space moves with constant velocity U1 relative to
the lower half space

Ri

jump

= Π1 =

g ρ2 −ρ1
k ρ2 +ρ1
U12

, Π2 = Δ =

ρ2
> 1.
ρ1

(30.52)

It follows that
f (Ri jump , Δ) = 0 or Ri jump = (Ri jump )crit = f (Δ) = const.

(30.53)

Here, f (Δ) is a constant, which must be determined. We shall demonstrate below
that the linear wave analysis reveals that the inequality
g ρ2 − ρ1 1 (ρ1 + ρ2 )2
>1
k ρ2 + ρ1 U12
ρ1 ρ2

(30.54)

defines the stable wave regime. Consequently, by comparison with (30.53), wave
stability prevails, if


⎪
 ⎨
1 + Δρ1ρ
Δρ 2
ρ
ρ
1
1
1 2
jump
Ri
>
= 
, Δ ρ = ρ2 − ρ1
2 = + O
(ρ1 + ρ2 )2
4
4
ρ1
Δρ
1 + 2ρ
1
(30.55)
everywhere, and instability occurs, if anywhere Ri jump < 41 .
It is interesting that stratified shear flows in a basin with a certain depth or characterized by epilimnion and hypolimnion depths do not involve these thicknesses or
at least a length scale for the boundedness of the stratified layers as further variables.
Forming the dimensional matrix with
h1, h2,

dU
,
dz

dρ0
, ρ, g
dz

shows that three independent dimensionless products exist, namely
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0
− ρg dρ
h1
1 dρ0
dz
Ri grad =  0 2 , Π2 =
, Π3 =
h1,
h
ρ
2
0 dz
dU

(30.56)

dz

so that
Ri grad = f (Π2 , Π3 ).

(30.57)

Because Ri grad = (Ri grad )crit = 41 is obviously a good approximation, a first guess
for improvement could be a relation linear in Π2 and Π3 , viz.,
Ri grad =



h1
1 dρ0
1
h1 .
1 + r1
+ r2
4
h2
ρ0 dz

(30.58)

r1 and r2 must be small, if they are not zero. We shall see that both terms can be
omitted.
Shear flow instabilities arise in the atmosphere, ocean and lakes in regions of
(small) vertical density gradients and large shearing, and their stability/instability
has a great influence on the diffusive transport of tracers (oxygen, salts, nutrients)
down to larger depths, expressed by the diffusivity D, with dimension [L 2 T −1 ]. Its
value will depend on how stable the shear flow is in the region of study. If D0 is a
reference value of D, say in the upper epilimnion, then one might well start with the
dimensional matrix
D D0 dU/dz dρ0 /dz
M 0 0
0
1
0
−4
L 2 2
0
T −1 −1 −1

ρ0
1
−3
0

g
0
1
−2

(30.59)

It has rank 3; so, there are three Π -products
0
− ρg dρ
D0 dU
D(z)
dz
dz dρ0
, Π3 =
Π1 = Ri grad =  0 2 , Π2 =
D0
ρ0 g dz
dU

(30.60)

dz

giving rise to the relation Π2 = f (Ri grad , Π3 ), or
D = D0 f (Ri grad , Π3 ).

(30.61)

A dependence upon Π3 is not likely, since D0 is a reference diffusivity; so,
D = D0 f (Ri grad ).

(30.62)

Similar arguments can also be applied to the turbulent viscosity and are generally
turb , the vertical turbulent visapplied in oceanography and physical limnology to νvert
cosity, when zeroth order closure models are applied. For instance, it is known that
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turb are large, whilst those in the hypolimnion are small. The
epilimnion values for νvert
epilimnion and hypolimnion values vary little with depth; strong variation occurs in
the metalimnion. A smooth sigmoidal parameterization connecting the epilimnion
with the hypolimnion value is e.g. given by
turb
=
νvert

1
2



⎠
⎧
grad
,
νtop + νbottom + a tanh b(Ri grad − Ri crit

a = 21 (νtop − νbottom ),
⎩

2 s νtop − (νtop + νbottom )
1
,
b = atanh
ε
(νtop − νbottom )

(30.63)

in which 0 < ε < 1, 0 → s < 1 and a and b are so adjusted that
Ri grad
Ri grad
Ri grad
Ri grad

∞⊗
∞ −⊗
grad
= Ri crit
grad
= Ri crit + ε

−∞
−∞
−∞
−∞

turb
νvert
turb
νvert
turb
νvert
turb
νvert

= νtop
= νbottom
⎠
⎧
= 21 νtop + νbottom
= s νtop .
grad

The modeler can pick values for νtop , νbottom , Ri crit , ε and s. The first two may
be taken from epilimnion and hypolimnion measurements; a value for the critical
grad
Richardson number is Ri crit = 41 and ε and s determine the width of the sigmoidal
part of the graph as shown in Fig. 30.6. Typical values are given in Table 30.2.
In electronic computations of baroclinic wind induced motions it is well known
that numerical stability depends critically on the numerical values of the vertical
turbulent diffusivity. For zeroth order turbulent closure models a typical parameterization, based on computations by Schwab [50], Simons [54] and used by Oman
[41] is

Fig. 30.6 Qualitative behavior of the turbulent viscosity as it connects epilimnion and hypolimnion
values through the metalimnion
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Table 30.2 Typical values
for the parameters in
Eq. (30.63)
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νtop = 0.8 [m2 s−1 ],
νbottom = 0.02 [m2 s−1 ],
grad
Ri crit = 14 [–]

turb
νvert
=

F(x, y)
1+

10
grad
3 Ri

ε = 0.02 [–],
s = 0.9 [–],

,
(30.64)

x ∈ ν0 ,

1
y∈
ν1 |t wind |, t wind ∈ ρair cw ||W ||W .
ρ√

Here, ν0 [L 2 T −1 ], ν1 [T ] and cw [–] are parameters and W is the horizontal wind
velocity at the lake surface. Typical values are
ν0 ∈ [0, 0.01) [m2 s−1 ], ν1 ∈ [10, 100) [s],

cw ∈ [2.5 × 10−3 , 0.01], (30.65)

and for F(x, y) meaningful choices are
F1 = x + y, F2 = max(x, y).

(30.66)

turb dependent on the applied wind shear traction
The above parameterization makes νvert
exerted at the free surface. With the selection of F1 the vertical diffusivity vanishes,
if no wind blows and ν0 = 0 is selected, which should be avoided. A detailed study
of this parameterization is discussed for Lake Zurich under summer stratification in
Chap. 24. It shows that internal wave dynamics after wind cessation reacts sensitively
turb .
to the choice of νvert

30.3.2 Wave Theory in Stratified Shear Flows
In this subsection we shall prove Miles’ [36] stability condition for stratified shear
flows. We essentially follow LeBlond and Mysak [30], Sects. 40–43.
The TAYLOR–GOLDSTEIN equation. We consider adiabatic motions of a nearly density
preserving fluid,
divv = 0,

dv
dρ
= 0, ρ + 2ρΩ × v = −grad p + ρ g,
dt
dt

(30.67)

restrict these to spatially two-dimensional processes (v = 0, ∂(·)/∂ y = 0), ignore
the Coriolis effects (Ω = 0). If p0 (z) and ρ0 (z) denote the hydrostatic pressure and
corresponding density, then the basic state p0 (z), ρ0 (z) and v = (U (z), 0, 0) exactly
satisfy (30.67). Supposing that two-dimensional, small perturbations (denoted by
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primes) are superposed on this state,
v = (u ≈ + U, 0, w ≈ ),

p = p0 + p ≈ , ρ = ρ0 + ρ≈ ,

(30.68)

where the perturbations are functions of x, z, t, assumed to be small compared to the
basic state variables, (30.67) imply the equations
∂u ≈
∂u ≈
1 ∂ p≈
dU
+ U (z)
+ w≈
+
= 0,
∂t
∂x
dz
ρ0 (z) ∂x
∂w ≈
∂w ≈
1 ∂ p≈
ρ≈
+ U (z)
+
=−
g,
∂t
∂x
ρ0 (z) ∂z
ρ0 (z)
∂u ≈
∂w ≈
+
= 0,
∂x
∂z
∂ρ≈
∂ρ≈
dρ0 ≈
+ U (z)
+
w = 0.
∂t
∂x
dz

(30.69)

We now seek plane wave solutions of the form
φ≈ (x, z, t) = φ(z) exp[ik(x − ct)], k > 0

(30.70)

for φ ∈ {u ≈ , w ≈ , p ≈ , ρ≈ }; k is the wavenumber and c the wave speed. With (30.70),
Eq. (30.70) become


dU
+ ik p = 0,
ρ0 ik(U − c)u + w
dz
dp
ρ0 ik (U − c)w +
= −ρ g,
dz
dw
ik u +
= 0,
dz
dρ
ik (U − c)ρ +
w = 0,
dz

(30.71)

in which u, w, p and ρ are now functions of z alone, as these variables are the
amplitudes in (30.70). By eliminating u, p and ρ from (30.72), the following equation
is obtained:
d
dz



dw
ρ0 (U − c)
dz



d
−
dz

⎨

 ⎪ dρ0
dU
dz g
2
ρ0
w −
+ ρ0 k (U − c) w = 0,
dz
U −c

(30.72)

which is known as the Taylor–Goldstein equation, first derived by Taylor [61]
and Goldstein [15] in their studies of the stability of shear flows.6
6 In their derivation of (30.72) LeBlond and Mysak [30] justify the use of two dimensional
disturbances strictly in the direction of U . They say, “this simplification has its origin in Squire’s
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Fig. 30.7 Two-layer fluid
system with constant density
in each layer, but subject
to a velocity profile U (z).
Free surface and interface
displacements are ζ(x, t) and
ζ I (x, t), respectively

Shear flow of a two-layer fluid with a free surface. Let us now consider the stability
of the flow shown in Fig. 30.7, in which the density is modeled by the two-layer
structure
(30.73)
ρ0 (z) = ρ1 H(z) + ρ2 H(−z),
but U (z) is a smooth function of z; H(z) is the Heaviside step function. Note that
the x-axis of the (x, z) coordinates lies in the undeformed interface and that the lower
layer has infinite depth. This model can serve as a crude model for the deeper parts of
a lake. It contains three interesting special cases [30]: (1) U (z) = 0, in which case the
travelling wave perturbations reduce to pure harmonic surface and interfacial gravity
waves; (2) ρ1 = ρ2 , in which case the perturbations are modified gravity waves; and
(3) h ∞ ⊗, in which case the classical Kelvin–Helmholtz instability problem is
obtained for an unbounded two-layer fluid.
Because of the discontinuity of the density function ρ0 (z), the Taylor–Goldstein
equation (30.72) is separately solved in the two layers, subject to the boundary conditions at the free surface z = h + ζ(x, t) and z = −⊗, and transition conditions at
the deformed interface z = ζ I (x, t).
The boundary condition at the free surface is obtained from the kinematic condition of z = h + ζ ≈ (x, t),
∂ζ ≈
∂ζ ≈
+ [U (h + ζ ≈ ) + u ≈ (x, h + ζ ≈ )]
= w ≈ (x, h + ζ ≈ , t)
∂t
∂x

(30.74)

which, when linearized, yields

(Footnote 6 continued)
theorem (1933) [56], which for homogeneous fluids states that: ‘for each unstable three-dimensional
wave there is always a more unstable two-dimensional one travelling parallel to the flow ... .’ Yih in
(1955) citedimspsanalspsYih55 extended this theorem to the case of stratified fluids...” They quote
Drazin and Howard (1966) [12] for proofs and further discussions.

338

30 Dimensional Analysis, Similitude and Model Experiments

∂ζ ≈
∂ζ ≈
+ U (h)
= w ≈ (x, h, t),
∂t
∂x

(30.75)

or, since (ζ ≈ , w ≈ ) = (ζ, w) exp [ik(x − ct)],
ik(U − c)ζ − w = 0, at z = h.

(30.76)

When the rigid lid assumption is made, this equation reduces to
w = 0, at z = h.

(30.77)

This is also the radiation condition when h ∞ ⊗. A second condition follows
from the jump condition (30.81) below, derived there for the interface. That jump
condition also holds for the free surface, if account is taken for the fact that ρ0 on
the atmospheric side is negligibly small; this then reveals
(U − c)2

dU
dw
− (U − c)
w − g w = 0, at z = h.
dz
dz

(30.78)

and is only needed when h < ⊗.
The boundary condition at z = −⊗ also requires
w = 0, at z = −⊗

(30.79)

as radiation condition.
Finally, the transition conditions at the interface must consist of two statements.
The first condition is again the linearized kinematic condition analogous to (30.76),
now applied to z = ζ I (x, t) for z = 0± . This yields
w(x, 0± ) = ik[U (0± ) − c]ζ I (x, t),
or, since ζ I is continuous
w(x, 0− )
w(x, 0+ )
=
, or
U (0+ ) − c
U (0− ) − c



w
U −c


= 0, at z = 0.

(30.80)

The second condition is obtained from the Taylor–Goldstein equation by integrating it over z from z = −ε to z = ε for ε ∞ 0. This leads to
dU ε
dw ε
ρ0 (U − c)
w
− ρ0
dz −ε
dz −ε

 ε 
 ε
dρ0 w
2
dz − k
−
g
ρ0 (U − c)w dz = 0.
dz U − c
 −ε

⎛  −ε 
⎛
(1)

(2)

(30.81)
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In this equation the term (2) vanishes as ε ∞ 0, since the integrand is bounded. Term
(1) becomes


ε

w
dz
(ρ1 δ(z) − ρ2 δ(−z))
U
−c
−ε




w+
w−
= −g ρ+ +
+ g ρ− −
U −c
U −c


w
.
= −g ρ0
U −c

(1) = −g

Thus, (30.81) takes the form





dw dU
ρ0 g w
ρ0 (U − c)
−
w −
= 0 at z = 0.
dz
dz
U −c

(30.82)

The jump conditions (30.80) and (30.82) are now the two transition conditions which
must be fulfilled at z = 0 when solving the Taylor–Goldstein equation for the
situation of Fig. 30.7.
Note that (30.78), (30.80) and (30.82) are expressed in the variable w alone, so
(30.76) is not needed unless one is interested in the amplitude ζ.
Solutions for vortex sheets and layers. The simplest shear profile is the so-called
vortex sheet, in which each layer is moving with a different uniform velocity. By
using coordinates moving with the lower layer velocity, we can simply consider
U (z) of the form
⎩
U (z) =

U1 , 0 < z  h,
0, −⊗ < z < 0.

(30.83)

Another shear layer profile, in which the vorticity is uniformly distributed over the
upper layer is
⎩
U (z) =

U1 hz , 0 < z  h,
0,
−⊗ < z < 0.

(30.84)

For both cases the Taylor–Goldstein equation reduces to
d2 w
− k 2 w = 0,
dz 2

(30.85)

provided U − c =| 0.
Solutions to (30.85) are of exponential form and can be written as
⎩
w=

A exp(kz) + B exp(−kz), 0 < z  h,
C exp kz,
−⊗ < z < 0,

(30.86)
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in which the boundary condition at z = −⊗ has already been fulilled. A, B, C
are constants of integration. Substituting (30.86) into (30.78), (30.80) and (30.82),
a homogeneous linear system of equations is obtained for A, B, C, which possesses
solutions, if the determinant of the coefficients of its matrix vanishes. This gives the
following eigenvalue equation for c:



(U1 − c)2 k − g Δ(c2 k − g) + (U1 − c)2 k + g



+ exp(−2k h) (U1 − c)2 k + g Δ(c2 k − g) − [(U1 − c)2 k − g] = 0,
(30.87)
where Δ = ρ2 /ρ1 . This is a quartic equation. Esch (1962) [14] has shown that for
given values of U1 , h, Δ and k, there are either four real roots or two real roots and
a complex conjugate pair of roots. In the first case all solutions are harmonic and the
flow is stable; in the second situation one complex root has positive imaginary part,
which corresponds to a growing exponential and thus to unstable motion. Of particular interest in stability theory is to determine, as a function of the relevant physical
parameters, the range of wavenumbers for which the flow is unstable. The answer to
this question leads to the concept of a neutral stability curve or stability boundary.
A complete full study of (30.87) is given by LeBlond and Mysak [30] in Sect. 42.
Here, we are looking only at those solutions, for which the upper layer also has infinite
extent (h ∞ ⊗). This limiting case leads to the classical Kelvin–Helmholtz
stability problem. For this situation the second line of (30.87) vanishes; the first
∀ line
by itself must be put to zero. If the first factor is set to zero, then c = U1 ± g/k,
corresponding to (surface) gravity waves being advected with the flow. These waves
represent the free surface motion displaced to infinity. Setting the second factor equal
to zero, and solving the emerging quadratic equation gives
c=

1/2
⎩
g ρ2 − ρ1
ρ1 ρ2
ρ1 U1
2
±
−
U
.
ρ1 + ρ2
k ρ2 + ρ1
(ρ2 + ρ1 )2 1

For U1 = 0, it reduces to
c2I =

g ρ2 − ρ1
,
k ρ2 + ρ1

so that (30.88) takes the form
2

ρ1
ρ1 ρ2
c−
U1 = c2I −
U 2.
ρ2 + ρ1
(ρ2 + ρ1 )2 1


⎛

(30.88)

(30.89)

(30.90)

s2

Thus, the disturbances move relative to the weighted speed
Ū =

ρ1
U1 ,
ρ2 + ρ1

(30.91)
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with the speed ± s, provided s 2 > 0. If s 2 < 0, on the other hand, the disturbances
grow. For s 2 = 0 the flow is marginally or neutrally stable.
Note that for ρ2 < ρ1 , c2I < 0, and the right-hand side of (30.90) is strictly
negative, implying s 2 < 0. So, in this case the disturbance is unstable for all k and
all U1 . This situation corresponds to a statically unstable configuration. For ρ2 > ρ1
and a given U1 it follows from (30.90) that c2I becomes small with growing k to
eventually make the right-hand side of (30.90) negative, in which case s 2 < 0. The
conditions s 2 > 0 and s 2 < 0 are known as stability and instability criteria and are
expressed as
⎩
g ρ2 − ρ1
ρ1 ρ2
> 0 −∞ stability,
2
−
U1
(30.92)
2
<
0 −∞ instability.
k ρ2 + ρ1
(ρ2 + ρ1 )
This can also be written as
g ρ2 − ρ1 (ρ2 + ρ1 )2 1
k ρ2 + ρ1
ρ1 ρ2 U12

⎩

> 1 −∞ stability,
< 1 −∞ instability.

(30.93)

With the Richardson number Ri jump , defined as in (30.52), this condition yields
that disturbances are
• stable if
Ri jump



⎪
Δρ
 ⎨
1
+
ρ1
Δρ 2
1
1
> 
2 = + O
4
4
ρ1
Δρ
1 + 2ρ
1

• unstable if
Ri

jump

1
< +O
4

⎪

Δρ
ρ1

(30.94)

2 ⎨
,

(30.95)

which now proves (30.55).
Integrated energy transfer equations. We now consider a strip of a stratified shear
flow between fixed, constant values z = z 1 < 0 and z = z 2 > 0, where z 1 ∞ −⊗
and z 2 ∞ ⊗ may also be possible. For the conditions of adiabatic small perturbations
about U (z) and ρ0 (z) Eq. (30.70) hold. Multiplying (30.70)1 by u ≈ and (30.70)2 by
w≈ , adding the two resulting equations, using (30.70)4 to eliminate w in the right-hand
side and invoking (30.70)3 , leads to
d
dt
with

1
ρ≈2 g
ρ0 (u ≈2 + w ≈2 ) − dρ
2
2 dz0

!
=−

dU
∂ ≈ ≈
∂ ≈ ≈
(p u ) −
( p w ) − ρ0 u ≈ w ≈
(30.96)
∂x
∂z
dz

∂
∂
d
=
+U
.
dt
∂t
∂x
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If ξ is the vertical displacement of a particle from its initial position at depth z, we
may write [36]
ρ≈ = −

dρ0
1
ρ≈2 g
= ρ0 N 2 ξ 2 ,
ξ =⇒ −
dρ
0
dξ
2
2

N 2 ∈ −g

dz

1 dρ0
.
ρ0 dz

(30.97)

N is the buoyancy (Brunt- Väisälä) frequency (30.97) allows (30.96) to be written as

⎩
⎩

d 1
d 1
ρ0 (u ≈2 + w ≈2 ) +
ρ0 N 2 ξ 2
dt 2
dt 2

⎛ 

⎛

(1)

(2)

dU
∂
∂
= − ( p ≈ u ≈ ) − ( p ≈ w ≈ ) −ρ0 u ≈ w ≈
.
 ∂x ⎛  ∂z ⎛ 
 dz⎛
(3)

(4)

(30.98)

(5)

We now assume that all perturbation quantities are periodic in x with wave length L
and perform the following integration:


z2



z1

x+L

(30.98)dxdz.

x

With the definitions


x+L
x

this yields


(·)dx = (·),

z2
z1



x+L


(·)dxdz =

(·)dz,

x

∂
(T + V ) = P + Q,
∂t

(30.99)

with



1 z2
ρ0 (u ≈2 + w ≈2 )dz,
2 z1


1 z2
ρ0 N 2 ξ 2 dz,
(30.100)
V ∈ (2) =
2 z1

z
P ∈ [(3) + (4)] = − pw ≈ z 2 = 0, since w ≈ = 0 at boundary,
1
 z2
 z2

 z2
dU
dU
dU
=
dz =
dz.
Q ∈ (5) =
(−ρ0 u ≈ w ≈ )
(−ρ0 u ≈ w ≈ )
τ13
 ⎛ dz
dz
dz
z1
z1 
z1

T ∈

(1) =

τ13
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T is the perturbation kinetic energy (per unit width in the y-direction), V is the
perturbation potential energy; P is the work done on the perturbation flow by the
external pressure at the boundaries and Q the rate at which energy is transferred
from the mean flow by the Reynolds stress τ13 . Instability occurs, if this work is
positive. Necessary condition for instability to occur is therefore ∂(T + V )/∂t > 0.
We now apply this analogous procedure to the Taylor–Goldstein equation
(30.72). With the definition
W =U −c
(30.101)
it takes the form
 2





N
d
dU
dw
d
w +ρ0
− k 2 W w = 0, z 1 < z < z 2 ,
ρ0 W
−
ρ0
dz
dz
dz
dz
W

⎛





d
d
dU
≈
≈
W dz
ρ0 dw
dz − dz ρ0 dz w, since W =U

(30.102)
or
d
dz



 ⎩ 

d
dw
dU 1
N2
2
− ρ0 2 + ρ0 k w = 0.
ρ0
−
ρ0
dz
dz
dz W
W

(30.103)

Let the left-hand side of (30.103) be called a and form the combination aw√ − a √ w,
in which the asterisk denotes the conjugate complex quantity. This yields, since
w w √ = | w |2
⎩




d
d
dw
dw √
w√
ρ0
−w
ρ0
dz
dz
dz
dz


⎛
(I )

⎩
− | w |2


(30.104)





d
1
1
1
dU
1
= 0.
− √ − ρ0 N 2
ρ0
− √2
dz
dz
W
W
W2
W

⎛
(I I )


If this equation is now integrated from z = z 1 < 0 to z = z 2 > 0, then (I ) = 0
is found, after an integration by parts, since w = w √ = 0 at z 1 and z 2 (also for
z 1 ∞ −⊗ and z 2 ∞ ⊗). So, (I I ) = 0 must hold. Putting c = cr + ici in this
second integral yields after straightforward manipulations

ci

| w |2
[(V − cr )2 + ci2 ]

⎩



dU
ρ0
[(U − cr )2 + ci2 ]
dz

−2ρ0 N 2 (U − cr ) dz = 0.

d
dz

(30.105)
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For stability, ci = 0, and so (30.105) is identically satisfied for any bounded integrand. Hence, if ci =| 0, the braced term of the integrand function must, for instability
at least once change sign in z ∈ (z 1 , z 2 ). This is known as Synge’s theorem: “A necessary condition for a stratified shear flow to be unstable is that
d
dz



#
dU "
(U − cr )2 + ci2 − 2ρ0 N 2 (U − cr ) = 0
ρ0
dz

(30.106)

for at least one value of z ∈ (z 1 , z 2 )”. When ρ0 = const. (homogeneous fluid)
(30.106) reduces to
d2 U
=0
dz 2
which is Rayleigh’s well-known necessary condition for instability. 7
We are now ready to explain the derivation of Miles’ (1961) sufficiency condition for stability of shear flows, which states that Ri > 41 everywhere in the flow.
We follow LeBlond and Mysak [30], who present Howard’s [22] simpler proof.
The starting point is the Taylor-Goldstein equation in the transformed version
(30.104), which is subject to the following substitutions:
• w = F(z)W , with W = U − c =| 0 at z 1 , z 2 ,
• F(z) = G(z)W −1/2 =⇒ w = G(z)W 1/2 .
With these substitutions (30.103) can be shown to define for G the following boundary
value problem:

 ⎩


1 d
dU
dG
ρ0 W
−
ρ0
+ ρ0 k 2 W
dz
2 dz
dz


1 1 1
G ∈ a = 0, z 1 < z < z 2 ,
+ ρ0
− N2
W 4 dU/dz
G(z 1 ) = G(z 2 ) = 0.
d
dz

(30.107)

Forming (ab√ − a √ b) and integrating over z from z = z 1 to z = z 2 , (30.107) yields,
after integrating by parts,

7

According to LeBlond and Mysak [30] “Rayleigh (1880) [46] showed that for flow of a
homogeneous fluid with rigid boundaries (or boundaries at infinity), a necessary condition for
instability is that the profile U (z) should have at least one point of inflection. An analogous condition
for instability was obtained by Synge (1933) [60] for the case of a stratified fluid. However, his
paper was overlooked for several decades and the same result was proved independently by Yih
(1957) [70] and Drazin (1958) [11]”.
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z2

dG
dz

ρ0 W

z1



+

z2

ρ0 W

z1

!

2

+ k2 | G |
2

G
W

√
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dz +

2




dU
1 z2 d
ρ0
| G |2 dz
2 z 1 dz
dz
⎨

⎪ 

1 dU 2
− N2
4 dz

dz.

(30.108)

Setting W = [(U + cr ) + ici ], separating in (30.108) real and imaginary parts and
equating the imaginary part to zero, one obtains


z2

ci

+

ρ0

z1
z2
z1

ρ0

G
W

dG
dz
$
2

!

2

+ k 2 | G |2

1
−
4



dU
dz

dz
%!

2
+N

2

dz = 0.

(30.109)

It follows for ci =| 0 (unstable waves) that − 41 (dU/dz)2 + N 2 must be negative for
some range of z. In Howard’s words, “ a necessary condition for instability is that
− 41 (dU/dz)2 + N 2 be somewhere negative. On the other hand, if − 41 (dU/dz)2 +
N 2  0 everywhere, then (30.109) implies that ci = 0 This statement is Miles’
stability theorem. Sufficient condition for stability of a stratified shear flow is that
Ri = 

N2
1
2 > .
4
dU

(30.110)

dz

The beauty of this theorem is (i) its physical interpretation in terms of the Richardson number as the ratio of squares of the buoyancy frequency and the vertical shearing
and (ii) the generality of the velocity, U (z), and density, ρ0 (z), profiles. The stability
incept was also corroborated by laboratory wind tunnel experiments by Scotti and
Corcos in (1969) [51].

30.3.3 Self-Similar Structures in Turbulent Boundary Layers
at Large Reynolds Numbers
Consider turbulent flow of which the mean velocity does not change, neither with
time nor with the coordinate in the direction of the flow; however, such changes
may occur perpendicular to the flow direction. Classical examples of such flows are
those in pipes, channels and boundary layers. This class of flows is of considerable
fundamental and practical importance. Consider for concreteness flows bounded by
a wall. If the origin of the coordinate z perpendicular to the flow is positioned in the
wall, then the question may be asked how the wall-parallel velocity changes in the
direction perpendicular to the wall.
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In the neighborhood of the wall, which is bounding the flow, it will be assumed
that the shear stress parallel to the wall is constant, i.e., independent of (time and) the
x-coordinate. It is then natural to assume that the transverse velocity gradient du/dz
at a distance z depends on (1) the wall shear stress, τ , (2) the density of the fluid, ρ,
(3) the kinematic viscosity of the fluid, ν, (4) the distance, z, from the wall, and (5)
the boundary layer thickness, δ, of the near wall layer. The dimensional matrix of
these variables is given by
du/dz z δ ρ ν
M 0
0 0 1 0
0
1 1 −3 2
L
0 0 0 −1
T −1

τ
1
−1
−2

(30.111)

has rank 3 and thus gives rise to the following three independent Π -products:
du
u√z
u√δ
√
,
Π
,
,
Π
=
Re
=
=
Re
=
Π1 = dz
2
Ψ
3
u√
ν
ν
z

(30.112)

in which the shear stress velocity is defined as
u√ =

&

τ
ρ

(30.113)

and ReΨ and Re√ are local and global Reynolds numbers. These stand, respectively,
for the flow conditions immediately outside the laminar sublayer and the outer boundary layer flow; both are relatively large and are in pipe and channel flows of the order
of RΨ  102 and Re√  104 . Buckingham’s theorem then suggests the general
equation
du
z
dz = f (Re , Re√ ).
(30.114)
Ψ
u√
A rather bold assumption is to conjecture that f (ReΨ , Re√ ) ← f (⊗, ⊗) = const.
This assumption supposes that for large arguments the function f in (30.114)
approaches a constant limit value. This was Theodor von Kármán’s choice,
κ=

1
← 0.4,
f (⊗, ⊗)

(30.115)

and with it, (30.114) can be integrated to yield
u(z)
1
1
= ln(z) + C1 = ln(ReΨ ) + C
u√
κ
κ

(30.116)
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with C = C1 − ln(u √ /ν)/κ. Because Re√ does not arise in this formula, one may
say that outside the viscous sublayer the viscosity of the fluid is insignificant. The
above logarithmic law for the distribution of the mean velocity, u, was proposed by
von Kármán in (1930) [26]. In the words of Barenblatt et al. (2000) [4] “the
constants κ (the von Kármán constant) and C should be identical for all turbulent
wall-bounded shear flows at high Reynolds numbers, and the law (30.116) should
be valid in intermediate regions between ... the viscous sublayer and ... the external
parts of the flows, e.g. the vicinity of the axis in pipe flow, or the vicinity of the
external flow in the boundary layer. In 1932, Prandtl [44] came to the law (30.116)
using a different approach, but effectively with the same basic assumption. The law
(30.116) is known as the von Kármán–Prandtl universal logarithmic law.”
According to the logarithmic law (30.116), all experimental points in the turbulent boundary layer region should collapse on a single universal straight line in
the coordinates (ReΨ , u/u √ ). Barenblatt et al. [4] state that experiments showed
systematic deviations from the universal logarithmic law “even if one is willing
to tolerate a variation in the constants κ and C (from less than 0.4 to 0.45 for κ
and from less than 5.0 to 6.3 for C)”. They showed that “the fundamental von
Kármán hypothesis on which the derivation of the universal law (30.116) was based,
i.e. the assumption that the influence of viscosity disappears totally outside the viscous sublayer, is inadequate. In fact, this hypothesis should be replaced by the more
complicated [postulate of] incomplete similarity, so that the influence of viscosity in
the intermediate region remains, but the viscosity enters only in power combination
with other factors. This means that the influence of the global Reynolds number,
i.e. both of the viscosity and external length scale, ..., remains and should be taken
into account in the intermediate region”.
Thus, Barenblatt et al. [4] negate complete similarity as expressed in (30.116)
and postulate
√
(30.117)
f (ReΨ , Re√ ) = f˜(Re√ )(ReΨ )λ(Re ) .
This product decomposition makes the transverse velocity profile a power law in z
with the power exponent being a function of the global Reynolds number. With
(30.114) and (30.112)2 it yields
du
u √ λ+1 ˜
=
f (Re√ ) z λ−1 ,
dz
νλ

(30.118)

or after integration,
u(z)
=
u√



u√z
ν

λ(Re√ ) ˜
f (Re√ )
√
= fˆ(Re√ )(ReΨ )λ(Re ) .
λ(Re√ )
  ⎛

(30.119)

:= fˆ(Re√ )

This is the velocity profile above the laminar sublayer as expressed for incomplete
similarity. It is advantageous to write (30.119) as
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u
ln √ = ln
u


⎪

⎨
f˜(Re√ )
+ λ(Re√ ) ln(ReΨ ) .

⎛

λ(Re√ )
(2)

⎛

(30.120)

(1)

For Re√ ∞ ⊗, but finite ReΨ outside the viscous sublayer, complete similarity is
expected, but with respect to Re√ and not ReΨ . This means that for Re√ ∞ ⊗
⎫
f˜(⊗) = constant, ⎬
c
−∞ fˆ(Re√ ) ⊥ ln(Re√ ).
,
λ(Re√ ) =
⎭
ln(Re√ )
With this choice the term (2) in (30.120) tends to zero as Re√ ∞ ⊗ for all finite
ReΨ and the term (1) shows a double logarithmic behavior, which qualitatively corresponds to the von Kármán logarithmic profile. Thus, we write
φ=

⎢
u(z) ⎡
√
= C0 ln(Re√ ) + C1 (ReΨ )c/ ln(Re ) ,
√
u

(30.121)

where C0 , C1 and c are constants. This formula is equation (2) in Barenblatt
et al. [4], which these authors introduce with the statement “using some additional
analytic and experimental arguments, the present authors came to the Reynoldsnumber dependent scaling law of the form (30.121)”. Our above estimation shows,
there is a clear rational argument behind (30.121).
The law (30.121) holds for any turbulent shear flow with constants C0 , C1 and c
which must be universal. Barenblatt et al. [4] state that they have matched (30.121)
with Nikuradse’s 1932 [39] data for pipe flow and obtained
c=

3
1
5
, C0 = ∀ , C1 = ,
2
2
3

while Re√ = ū d/ν is based on the average velocity; ū is the mean pipe velocity and
d is the interior pipe diameter. Thus,
u(z)
φ= √ =
u



⎪∀
⎨

3 + 5α
1
5
α
√
∀ ln(Re ) +
(ReΨ )α ,
(ReΨ ) =
2
2α
3
3
.
α=
2 ln(Re√ )

(30.122)

This scaling law produces separate curves φ(ln ReΨ , Re√ ) in the (ln ReΨ , φ)-plane,
one for each value of Re√ . Barenblatt et al. [4] emphasize that this fact “is the principal difference between the law (30.122) and the universal logarithmic law (30.116)”
They also say “that the family (30.122) of the curves having Re√ as parameter has an
envelope, and that in the (ln ReΨ , φ)-plane, this envelope is close to a straight line,
analogous to (30.116) with the values κ = 0.4 and C = 5.1.”
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Barenblatt et al. [4] analyze a huge wealth of data and generally plot log φ
against log ReΨ for different values of Re√ . In one group of experiments it is shown
that the data outside the viscous sublayer (log ReΨ > 1.5) have the characteristic
β
slope of a broken line, represented by (I) φ = AReΨα and by (II) φ = BReΨ , where
A, α, B, β are constants, obtained by ‘statistical processing’, as they say. In the other
experiments the straight lines of the data are not broken. The authors also check the
universality of the scaling law by transforming (30.122) into


2α φ
1
= ln ReΨ
ψ = ln ∀
α
3 + 5α

(30.123)

and plotting (ln ReΨ , ψ)-curves, in which ln ReΨ , obtained from the data is plotted
against ψ, which is also obtained from the data, but is based on the above theorybased logarithmic function. All points cluster ideally very close to the 45◦ -line of
the graphs, which corroborates the universality of the law (30.122).

30.3.4 Dispersion of an Oil Spill on a ‘Still’ Water Surface
Consider a cloud of pollutant on the surface of a lake or on the ocean. Our goal here
is to estimate how fast such a cloud may spread. We are not looking for an accurate
description but a ‘thumb rule’ of this dispersion process. It is measured by a typical
mean spill diameter, s0 at t = 0 and s(t) at time t. Its standard deviation (from several
simultaneous measurements of the diameter in various directions, e.g. from photos)
is ◦s 2 ≡. We wish to derive a formula for its time derivative d◦ s 2 ≡/dt. The turbulent
kinetic energy k [L 2 , T −2 ] in the ‘still’ water and the associated turbulent dissipation
rate ε [L 2 , T −3 ] will likely influence this spreading rate. Since k 2 /ε [L 2 T −1 ] has
the dimension of the kinematic viscosity νturb or diffusivity, only two of the three
quantities k, ε and νturb are of influence for the spreading process. It is customary to
take ε and ν as these independent quantities, Besides, s0 , t might have an influence.
Thus, the following dimensional matrix emerges:
s d < s 2 > /dt t ε ν
L 1
2
0 2 2
−1
1 −3 −1
T 0
It possesses rank 2, so that the dimensionless Π -products
Π1 =

d◦s 2 ≡/dt
s0
s0 ε1/4
,
Π
=
,
Π
=
2
3
ε t2
ε1/2 t 3/2
ν 3/4

(30.124)

are obtained, implying the functional relation
d◦s 2 ≡
= ε t 2 f (Π2 , Π3 ).
dt

(30.125)
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For large time the initial configuration of the oil-spill may be forgotten8 ; this means
that (30.125) must be independent of s0 . Thus, f is a constant and we have
d◦s 2 ≡
∼ ε t 2,
dt

(30.126)

or after integration,
◦s 2 ≡ ∼ ε t 3

−∞

t ∼ ε−1/3 ◦s 2 ≡1/3 .

Substituting this back into (30.126) yields
d◦s 2 ≡
∼ ε1/3 ◦s 2 ≡2/3 .
dt
With the additional understanding that ◦s 2 ≡1/2 grows linearly with s, we arrive at the
law
d◦s 2 ≡
(30.127)
∼ s 4/3 .
dt
It is shown in turbulence theory that d◦s 2 ≡/dt is proportional to the diffusion
coefficient. The result (30.127) therefore states that the coefficient of turbulent diffusion/viscosity grows with the (4/3)-power of the cloud diameter. This result has
been experimentally verified in the ocean in a diameter range between 10 m and
1,000 km with exceptional accuracy, see Fig. 30.8.

30.4 Theory of Physical Models
In this section we will be concerned with the rules of building physical models. We
first will present a set of propositions which provide guidelines, which ought to be
observed, if downscaling of physical processes to smaller scales will lead to results of
model experiments which optimally mimic corresponding processes at the prototype
scale. In a second subsection it will be shown, how differential equations derived for
certain processes can help in the interpretation of the complexity of processes for
which they have been designed. We follow in parts Hutter and Jöhnk [25].

8

This assumption is further supported and enhanced in Π2 by the t −3/2 -dependence in Π2 .
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Fig. 30.8 Turbulent diffusion coefficient as a function of the diameter of the cloud. The experimental
points correspond to observations taken as follows: • dispersion at the surface, ◦ in the upper layer,
× in the thermocline region close to the coast, in 300 m depth. The quantity 3◦χ2 ≡1/2 corresponds to
the mean diameter s; the solid line corresponds to K = 0.01◦χ2 ≡2/3 and the dashed line corresponds
to K = 0.002◦χ2 ≡2/3 , redrawn from Okubo (1974) [42]

30.4.1 Analysis of the Downscaling of Physical Processes
In model theory one differentiates between geometrically similar and geometrically
distorted models. If practically possible, models are constructed in geometrically
similar reduction; such models are obtained, if all three space directions are reduced
by the same scale. Distorted models are obtained if this is not the case; a frequent case
are super-elevated models; this is almost always necessary in hydraulics, physical
oceanography and physical limnology, when the water depths in the model become
so small that effects of surface tension can be recognized and then would influence
the model processes, whilst this is not so at the prototype size.
We quote from [25]. “Generally, there exists a point to point correlation between
the model and the prototype. In geometrical language, corresponding points between
model and Nature (prototype) are called homologous points. Several homologous
points form an agglomeration of homologous points, and a set of homologous points
will eventually lead to homologous regions and domains. If time dependent processes
are analyzed, one must introduce the notion of homologous times. To this end

352

30 Dimensional Analysis, Similitude and Model Experiments

Newton’s second law is used; accordingly, differences of times are declared as
homologous, if a material point on homologous trajectories passes two homologous
points at homologous times. Analogously, one can speak of homologous distributions of mass, velocities, moments of inertia, etc. When constructing models it is,
however, not necessary that all the homologies are preserved. One may restrict oneself to those which have an influence on the physical quantity under study. This, for
instance, is so for an airplane wing of which the drag force is sought; it is not needed
for its determination to reproduce a homologous distribution of mass, however, this
is necessary if one wishes to determine the yield stress of the wing or its behavior in
flow induced vibrations, etc.
Before a problem is subjected to a model study, it is advantageous to first contemplate about which variables might have an influence upon the processes to be
studied. Via a dimensional analysis one thus determines the number of dimensionless products, which correspond to the chosen variables. If Π d denotes the dependent
dimensionless variable and Π1 , ..., Π p the independent dimensionless products, then
Πd = f (Π1 , ..., Π p )

(30.128)

gives the physical variable to be analyzed as a function of all dimensionless variables
Π1 , ..., Π p .
If a model has to correctly reproduce the processes arising in the prototype, then
the values of Π1 , ..., Π p are not allowed to change when going from the prototype
conditions to those of the model: for only then the function f (Π1 , ..., Π p ) for Π will
deliver the same result for the dependent variable. If such conditions are satisfied,
the model is called completely similar. Therefore:
Proposition 30.1 A model is capable to reproduce a process in Nature with complete
similarity, if all the dimensionless products which describe the process, have the same
values in the model as well as in Nature.

Even though this theorem embraces the entire content of model similarity, it contains
a club-foot, it namely supposes that the engineer or physicist recognizes all variables
which describe a physical process. This need not be the case, if the insight into the
physical problem is incomplete. Conversely, it may occasionally not be possible to
map a process in Nature completely similarly to the model, because one does not
always succeed to reproduce a process in Nature at small scale and thereby preserve
all values of the Π -products in the [above proposition]. With utmost rigor this is
in fact [virtually] never possible as we shall shortly see ... . Physical processes in
Nature and in the model can completely similarly be mapped into one another at least
mathematically, if all Π -products that describe the processes remain invariant in the
mapping from Nature to model. This is only successful in a rear number of cases;
one is regularly forced to hold only a reduced number of Π -products invariant when
performing the mapping from the prototype to the model and to let the remaining
Π -products vary as dictated by the laws of the mapping. In these circumstances it is
hoped, and often this can also be proven, that the Π -products which do not remain
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invariant in the mapping will not, or at least not much, influence the physical processes
that are studied. If they nevertheless should do this, then one speaks in such cases of
scale effects. If a process depends only on Π -products which all remain invariant in
a model mapping, then this process is called scale invariant”, [25].
In Eq. (30.19) early in this chapter the drag force exerted on the hull of a ship
was determined and it was made clear that the dimensionless drag coefficient is a
function of the Froude and Reynolds numbers,
C D = C D (Fr, Re) with

Fr =

VL
V2
, Re =
.
gL
ν

(30.129)

in which V, L , g, ν are the velocity of the ship, a characteristic length, the gravity
constant and the kinematic viscosity of the water. How can this drag coefficient be
determined by use of a scaled model?
Let overbarred quantities denote physical quantities in the model; then, invariance
of the Froude number requires
V2
V̄ 2
=
gL
ḡ L̄

−∞

V̄
=
λV =
V

⎣ ⎣
L̄ ḡ 
= λ L λg .
L g

(30.130)

Here, we have introduced length-, gravity- and velocity scales,
λ L :=

L̄
V̄
ḡ
, λg := , λV := .
L
g
V

(30.131)

Thus, Froude number invariance has led to the relation
λV =



λ L λg .

(30.132)

λ L is the scale of length of the geometrically similar model; its gravity is reduced
by the gravity scale λg and in Froude similitude the scale for velocity then follows
the rule (30.132); it is no longer freely assignable. With the dimensional equation
[T ] = [L/V ] also the scale for time is deducible
⎣

λL
λg

(30.133)

λg
= λg .
λL

(30.134)

L̄ V
L̄ V
1
T̄
=
=
= λL
=
λT =
T
L V̄
λV
V̄ L
as is the acceleration scale

V̄ T
1
Ā
λA =
=
= λ L λg
= λV
A
V T̄
λT

⎣
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For most situations on the planet Earth the gravity constant may be regarded as
constant (λg = 1), or else artificial measures need be taken (experiments under
microgravity, on a centrifuge).
For invariance of the Reynolds number one must have
V̄ L̄
VL
=
ν
ν̄

−∞

L ν̄
1
V̄
=
=
λν ,
V
λL
L̄ ν

λV =

(30.135)

where the viscosity scale is defined as
λν :=

ν̄
ν

(30.136)

λν
,
λL

(30.137)

Thus, the velocity scale is given here by
λV :=

which is the ratio of the viscosity scale divided by the length scale; time and acceleration scales are here given by
λ2
L̄ V
1
T̄
=
= λL
= L,
T
L V̄
λV
λν
V̄ T
1
Ā
λν λν
λ2ν
λA =
= λV
=
=
=
.
A
V T̄
λT
λ L λ2L
λ3L

λT =

(30.138)

These transformations are summarized in Table 30.3.
Models for which the Froude (Reynolds) number is a scale invariant are called
Froude (Reynolds) models; analogously, the corresponding similarity property is
called Froude (Reynolds) similitude. Complete similarity for (30.129) requires
that Fr and Re are simultaneous mapping invariants. This requires additionally that
the velocity scales are the same, namely

λν
λ L λg =
λL
Table 30.3 Rules of
transformations for Froude
and Reynolds similitude if
the length scale is λ L , the
gravity scale λg and the
viscosity scale λν

−∞

Length

λ2ν = λ3L λg .

Froude similitude

Reynolds similitude

λL

λL
λν
λL

λ L λg

Velocity
⎣
Time
Acceleration

(30.139)

λg

λL
λg

λ2L
λν
λ2ν
λ3L
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It is easy to verify with the aid of Table 30.3 that also time and acceleration scales
are the same in this case. However, it is very unlikely that this can practically be
3/2
achieved. Indeed, with λg = 1 (30.139) requires that λν = λ L . The viscosity
scale must be the 23 -power of the length scale; experiments would, thus have to
be conducted with a fluid whose viscosity would have to be adjusted to the length
scale. “For Froude similitude and when λg = 1 homologous velocities and time
differences are scaled by the square root of the length scale, whilst the acceleration
remains the same. By contrast, when Reynolds similitude is implemented with
λν = 1, homologous velocities in the model are larger than in the prototype by the
factor of λ−1
L . Homologous time differences are shortened by the square of the length
scale and accelerations are enlarged by the third power of the inverse length scale”,
[25].
“To develop the general theory, let us embed Nature and model in Euclidian
spaces with Cartesian coordinates (x, y, z) and (x̄, ȳ, z̄), respectively. Homologous
points and homologous times are then given by
x̄ = λx x,

ȳ = λ y y, z̄ = λz z, t¯ = λt t.

(30.140)

λx , λ y , λz are the scale factors in the spatial directions x, y, z and λt is that for time
t. For λx = λ y = λz the model is geometrically similar, else, the model is distorted.
λt can be chosen as the ratio of the times that elapse when a material point tracts the
distance between two homologous points in the model and prototype, respectively. If
f (x, y, z, t) and f (x̄, ȳ, z̄, t¯) describe a physical process in Nature and in the model,
respectively, then the principal expression of similarity is:
Definition 30.3 The function f is called similar to the function f¯, if the ratio f¯/ f
remains unchanged when for the arguments (x, y, z, t) and (x̄, ȳ, z̄, t¯) homologous

points and times are chosen. The ratio f¯/ f = λ f is called the scale of f .
In the following we shall discuss the various rules of similitude. Important are the
notions of kinematic and dynamic similitude.
Definition 30.4 Two systems are called kinematically similar, if their motions are
similar, i.e., if homologous particles are to be found at homologous times in homologous points.

If kinematic similarity prevails, then corresponding velocities and accelerations
are similar. The scale factors are easily computable from
ū =

dx̄
d ȳ
dz̄
, v̄ =
, w̄ = .
dt¯
dt¯
dt¯

(30.141)

Since dx̄ = λx dx, ..., dt¯ = λt dt one obtains
ū =

λy
λx dx
λz
λx
u, v̄ =
v, w̄ =
w.
=
λt dt
λt
λt
λt

(30.142)
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The scale factors for the velocities are therefore
λu =

λy
λx
λw
, λv =
, λw =
,
λt
λt
λt

(30.143)

and for the accelerations one obtains in an analogous manner
λax =

λy
λx
λz
, λa y = 2 , λaz = 2 .
λ2t
λt
λt

(30.144)

This should show how scales for homologous quantities are computed. This brings
us now to the
Definition 30.5 Two systems are called dynamically similar if homologous parts
are subject to similar forces, i.e., if the force scale is invariant.

Basis for this definition is Newton’s Second Law. So, with similar distributions
of masses according to m̄ = λm m there follows from Newton’s law
F̄x = m̄ āx , , F̄y = m̄ ā y , , F̄z = m̄ āz ,

(30.145)

λx
m̄ āx
F̄x
=
= λm 2 , ... .
Fx
max
λt

(30.146)

or

In Newtonian mechanics the scale factors for the forces are thus given by
λ Fx = λm

λy
λx
λz
, λ Fy = λm 2 , λ Fz = λm 2 .
λ2t
λt
λt

(30.147)

It is obvious from these formulae that the scales for the velocities and accelerations are
not freely assignable, but must be computed from the scale factors of geometry and
time. Analogously, for dynamic similitude the scale factor for the forces is obtained
automatically from the scale factors for length, time and mass.
It has already been said that in a model experiment of a fluid mechanical problem
the Froude and Reynolds numbers cannot simultaneously be held invariant. Thus,
we ask for a rule, which will allow us to select which of the two numbers should be
kept invariant in a particular situation to reach at least approximate similarity. This
decision is facilitated, if one asks whether the gravity force has a decisive influence on
the flow processes. The acceleration of the Earth arises namely only in the definition
of the Froude number. If in a hydrodynamic problem the bounding walls are rigid
and prescribed as is e.g. the case for pipe flow that is driven by pumps, then the
piezometric pressure P = p + ρ g z as a whole is the unknown quantity (and not
p and ρ g z individually). Gravity does not arise as an independent variable in this
case; it follows that pipe flow is governed by Reynolds similitude. On the other
hand, if the fluid is bounded by a free surface, then the variable z in the piezometric
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pressure is an unknown and gravity will affect the flow field. If, in addition surface
tension is active to the extent that its effect is recognizable, then besides the Froude
and Reynolds numbers also the Weber number will affect the similarity. We thus
have the following
Rule: For dynamical ‘similitude’ of flows of density preserving fluids it is sufficient
in a model reproduction that
• in regions with fixed boundaries and geometrically similar boundary values the
Reynolds number is kept invariant, whilst
• in regions with free boundaries and geometrically similar boundary values the
Reynolds, Froude and (possibly) Weber numbers must be the same.
Now, we have already seen, when discussing the drag force on a ship, that simultaneous satisfaction of the invariance of the Froude and Reynolds numbers is not
possible. If one therefore imputes Froude similitude, then the Reynolds number
will assume a different value in the model than in Nature. However, if the quantities to be measured should not depend upon the Reynolds number (or at least
not in observable magnitude), then Froude similitude is applicable without special
precaution. Else, i.e. when both Froude and Reynolds effects are of comparable importance, scale effects will arise with which one may cope as follows: One
must at least build two Froude models with differing scales; with these, identical
experiments are performed, each associated with its own Reynolds number. With
interpolation/extrapolation (linear in this case) one can find in this way functional
dependences of any measured quantity upon the Reynolds number. This principle,
naturally, can also be applied when models with several scales are applied for nonlinear interpolation, or when several Π -products arise, [25]. Because construction
of laboratory models is generally costly, one is often forced to dispense with the
construction of models at two (or more) different scales.

30.4.2 Applications
Heat transfer by forced convection. Consider a rigid body (say a sphere or a cylinder
or any other body) with nominal diameter D immersed in a moving fluid and kept at
rest. [As an example one may think of hot wire anemometry to measure the velocity
of the fluid.] Let the velocity sufficiently distant from the body, subject to free stream
be V . Its value may depend on the density, ρ, kinematic viscosity, ν, specific heat,
c, and the temperature difference, ΔT between the body and the fluid distant from
it. Of practical interest here is the amount of heat transferred from the body to the
water, expressed as power of working, P, that has to be prescribed by the body. For
a sphere this may be written to be proportional to the area of the section crossed by
the fluid, π D 2 , and the temperature difference ΔT ,
P = απ D 2 ΔT,

(30.148)
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where α is the heat transfer coefficient with dimension [M T −3 K −1 ]. We shall now
seek a functional dependence of α on Π -products. The dimensional matrix of the
physical variables introduced above is given by
α V ΔT
M 1
0 0
1 0
L 0
T −3 −1 0
0 1
K −1

D ρ
ν
c
κ
0
1
0
0
1
1 −3
2
2
1
0
0 −1 −2 −3
0
0
0 −1 −1

Its rank is 4, since the determinant of the indicated 4 × 4 submatrix does not vanish;
thus, there are 4 independent Π -products, which may be selected as follows:
αD
κ
VD
Re ∈
ν
ν
Pr ∈
κ
ρν V 2
Br ∈
κ ΔT

N∈

Nusselt number,
Reynolds number,
Prandtl number,
Brinkmann number,

so that N = f (Re, Pr, Br ) or, if the fluid in the model is the same as in Nature,
κ
f (Re, Br ).
(30.149)
N = f (Re, Br ) −∞ α =
D
This equation tells us, first, that the heat transfer coefficient depends, apart from
κ D −1 , on the Reynolds and Brinkmann numbers, of which a first proposal could
be a power law representation
κ
α = c Reβ Br γ .
(30.150)
D
Second, request of invariance of the Brinkmann number in a downscaling from
Nature to the model yields
λΔT =

V̄ 2
ΔT̄
= 2 = λ2V
ΔT
V

Reynolds
model

=

λ−2
L ,

(30.151)

provided the same fluid is used in model and prototype and Reynolds similitude is
employed. However, this result is disappointing because it tells us that for λ L = 10−1
the temperature scale must be λΔT = 102 ; temperature differences in the model
would have to be a factor of 100 times larger than in Nature, if heat transport in the
model obeys Reynolds similitude. Fortunately, in hot-wire anemometry α depends
only weakly on Re, since the flow around the sphere is turbulent; so, in a first
approximation its Re-dependence may be dropped in (30.150) [β = 0]. Under those
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circumstances λΔT may be chosen independently of λ L ; so, (30.151) does not apply
in this case.
A different but nevertheless related situation of heat convection prevails, when
e.g. heated water from a tributary enters a main river or a lake at its river mouth. When
the spreading of the heat, discharged by the tributary into the lake in the vicinity of
the river mouth is modeled by laboratory experiments, the existence of the free water
surface gives rise to the addition in the dimensional matrix of the acceleration due to
gravity, g. This implies that N = f (Fr, Re, Pr, Br ). Dependences on the Reynolds
and Prandtl numbers will be ignored as above, so that N ← f (Fr, Br ). Maintaining
Froude and Brinkmann numbers invariant now yields
Froude

= λL .
λΔT = λ2V model

(30.152)

This result is as disappointing as (30.151), because temperature differences between
a tributary and a lake are at most ∼10 ◦ C, implying that for λ L = 10−2 these
differences would have to be no larger than 0.1 ◦ C in the model. This would require
sensibly acclimatized laboratories, even at less severe downscaling.
Subaquatic density current down a lake shore slope. In autumn the littoral water
generally cools faster than the limnetic water distant from the shore-slope and forms
a density current. Of interest is how fast this density current moves down along the
slope, generally closely following the direction of steepest descent of the bathymetry. We simplify the situation and assume plane flow down an inclined plane and
restrict considerations to a region in the central body of the density current, where its
thickness, h, is nearly constant, if the flow from above is constant, see Fig. 30.9, in
which also the significant variables are shown. They lead to the dimensional matrix
[note that only the slope-parallel gravity component affects the velocity]

Fig. 30.9 Density current moving down an inclined shore slope of constant inclination angle φ
with depth averaged velocity V. h is the height of the density current distant from its front. ρ f and
ρd are the densities of the lake water and the current water, and ν is the viscosity of the lake water
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V ρd ρ f g sin φ ν
M 0
1
1
0
0
1
2
L 1 −3 −3
0
0 −2
−1
T −1

h
0
1
0

which has rank 3, leading to the dimensionless Π -products
Π1 =

ρf
V2
Vh
, Π2 = Δ := 1 −
.
, Π3 = Re =
g Δ h sin φ
ρd
ν

(30.153)

Π1 is called densimetric Froude number. With Q ← V h (constant velocity with
depth) denoting the discharge, we may thus suppose that
Q=

g Δ h 3 sin φ f (Δ, Re).

(30.154)

If f is assumed to be independent of Δ and Re, (30.154) implies
Q = c g Δ sin φ h 3/2 or V = c g Δ h sin φ

(30.155)

with c ← 1. Estimating V and measuring φ allows evaluating of h and Q.

30.5 Model Theory and Differential Equations
In this section the position is taken that the differential equations, which are written
down to describe a certain class of physical processes, have been tested, so that their
appropriateness in describing the physical processes under consideration is without
any doubt. Under such prerequisites, these equations and associated boundary conditions are obviously dimensionally homogeneous, but, additionally, when written
in dimensionless form, disclose the Π -products, which describe the physical content
of the equations. In this form, since the equations are by assumption describing a
certain class of processes, they provide, via the identifiable Π -products, a possibility
to judge the adequacy of the down-scaling of certain processes described by them. In
oceanography, physical limnology and meteorology the Navier–Stokes–Fourier–
Fick (NSFF) equations (or their extensions under turbulence—the Reynolds equations–are the most important equations, which are able to describe a large class of
fluid motions in this field.

30.5.1 Navier–Stokes–Fourier–Fick Equations
These equations emerge from the application of the balance laws of mass, momentum,
energy for these mixtures of water or air and a number of tracer substances suspended
in the fluid or gas.9 The equations read

9

For the short biographies of Navier, Stokes, Fourier and Fick see Figs. 30.10, 30.11, 30.12, 30.13.
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Fig. 30.10. Claude-Louis Navier (born Claude Louis Marie Henri Navier, √ 10
February 1785, † 21 August 1836), was a French engineer and physicist who specialized in
mechanics
After the death of his father in 1793, Navier’s mother left his education in the hands of his
uncle Emiland Gauthey, an engineer with the Corps of Bridges and Roads (Corps des Ponts
et Chaussées). In 1802, Navier enrolled at the École polytechnique, and in 1804 continued his
studies at the École Nationale des Ponts et Chaussées, from which he graduated in 1806. He
eventually succeeded his uncle as Inspecteur general at the Corps des Ponts et Chaussées. He
directed the construction of bridges at Choisy, Asnières and Argenteuil in the Department of
the Seine, and built a footbridge to the Île de la Cité in Paris. In 1824, Navier was admitted
into the French Academy of Science. In 1830, he took up a professorship at the École
Nationale des Ponts et Chaussées, and in the following year succeeded exiled Augustin
Louis Cauchy as professor of calculus and mechanics at the École polytechnique.
Navier formulated the general theory of elasticity in a mathematically usable form (1821),
making it available to the field of construction with sufficient accuracy for the first time.
In 1819 he succeeded in determining the zero line of mechanical stress, finally correcting
Galileo Galilei’s incorrect results, and in 1826 he established the elastic modulus as a
property of materials independent of the second moment of area. Navier is therefore often
considered to be the founder of modern structural analysis.
His major contribution however remains the Navier–Stokes equations (1822), central to
fluid mechanics, which he and George Gabriel Stokes derived independently of each other.
http://en.wikipedia.org/wiki/Claude-Louis_Navier
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Fig. 30.11. Sir George Gabriel Stokes, first Baronet, FRS (√ on 13 August 1819 in
Skreen, County Sligo, Ireland, † 1 February 1903 in Cambridge, England) was a mathematician and physicist, who at Cambridge made important contributions to fluid mechanics, optics
and mathematical physics. He matriculated 1837 at Pembroke College and later became one
of its fellows. In 1849 he was appointed Lucasian professor of mathematical physics at Cambridge University, a post he held until his death in 1903. He was made baronet in 1889. He
became a fellow of the Royal Society, London, in 1851 and was its president from 1885 to
1890 and had been its secretary since 1854
His contributions to science are immense. A good summary can be found in the web page stated
below. In this note we limit considerations to mentioning contributions to fluid mechanics. His
first published papers—1842, 1843—were on the steady motion of incompressible fluids. These
were followed in 1845 by a paper on the friction of fluids in motion and in 1850 by another on the
effects of the internal friction of fluids on the motion of pendulums. He made several contributions
to the theory of sound, including a discussion of the effect of wind on the intensity of sound and
an explanation of how the intensity is influenced by the nature of the gas in which the sound is
produced. These works put the science of fluid dynamics on a new footing and provided e.g. an
explanation of the suspension of clouds in air and the subsidence of ripples and waves in water as
well as flow of water in rivers and channels and the skin resistance of ships.
Stokes’ work on fluid motion led to the fundamental equations of fluid dynamics of linearly
viscous bodies (Navier–Stokes equations). Moreover, it yielded his calculating the terminal
velocity of a sphere falling in a viscous medium, now known as Stokes law. He derived in this
paper an expression for the frictional force (also called drag force) exerted on spherical objects
with very small Reynolds numbers. This work is the basis of the falling sphere viscometer. Given
a liquid of unknown viscosity contained in a cylinder at rest and determining the terminal fall
velocity of known diameter and density allows evaluation of the liquids viscosity. The same theory
also explains why small water droplets (or ice crystals) can remain suspended in air (as clouds)
until they grow to a crystal size and start falling.
Stokes held conservative religious values and beliefs and was active also in religious circles: In
1886 e.g. he became president of the Victoria Institute and was also vice president of the British
and Foreign Bible Society.
In the context of this book, the Navier–Stokes equations are the balance laws of mass and
momentum (30.156)1,2 .
Text is based on: http://en.wikipoedia.org/wiki/George_Stokes,1st_Baronet
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Fig. 30.12. Jean Baptiste Joseph Fourier (√ 21 March 1768, near Auxerre; † 16 May
1830, Paris) was a French mathematician and physicist. He was the son of a tailor and was
educated at the military school in Auxerre. With the age of 18 he became professor at that
school. He was active in the French revolution, but followed later Napoleon. Fourier
succeeded in 1797 Lagrange as professor of Analysis and Mechanics at the École Polytechnique. In physics he is known for the mathematical description of heat transport in solid
bodies, for which he won a prize at the Academy in Paris. His ‘Théorie analytic de la chaleur’
(1822) is the basis for the description of the heat (temperature) in continuous bodies. In 1824
he described in ‘Mémoire sur les temperatures du globe terrestre et les espaces planetaire’
for the first time the fundamental mechanisms of the atmospheric Greenhouse effect. With
his Fourier analysis he set the foundation of the progress in modern physics
In the context of this book the Fourier law expresses the heat flux vector as proportional to
the temperature gradient with the heat conductivity measuring this proportionality.
Text is based on http://de.wikipedia.org/Joseph_Fourier

∂ρ
+ div(ρ v) = 0,
∂t⎩

∂v
ρ
+ (gradv)v = −grad p + ρ g + grad (ζdivv) + 2div (η E),
∂t
ds
ρT
= div (κ grad T ) + π + ρ r,
(30.156)
dt


ρ

dcα
= div ρ
D αβ grad cβ  + ρ π α , α = 1, ..., n,
dt
β
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Fig. 30.13. Adolph Eugen Fick (√ 3. September 1829, Kassel, Germany, † 21 August
1901, Blankenberge, Flanders) showed in his early life a remarkable talent for mathematics
and physics, which he started to study at the University of Marburg. However, under the
prodding of his elder brother Heinrich Fick, who was professor of law, Adolph Fick was
persuaded that his talents would fall on particular fertile ground in medicine. Therefore, he
matriculated in medicine and completed his medical doctorate in 1851 with the dissertation
‘Tractatus de errore optico’, in which he connected astigmatism with the curvature of the
cornea. Subsequently, Fick specialized in physiology and assumed a position at the medical
school of the University of Zurich, where he received his habilitation in 1953. Here Carl
Ludwig was his mentor. In 1856 he was promoted to Associate and in 1862 to Full Professor
of Physiology. In 1868, Fick moved to the University of Würzburg, where he held the chair
of physiology until his retirement in 1899
Fick’s mathematical talent found its trace in many of his scientific works. The list below is
incomplete. 1851 he published a fundamental paper on the movement of the eyes. 1955, at
the young age of 26 years he formulated his diffusion theory of matter with his two basic
laws, now known as Fick’s first and second laws. He invented the myographion to measure
muscle jerks (1862), designed an instrument, called later ‘Plethysmograph’ to measure the
speed of the blood in arteries of humans (1868) and devised a technique for measuring
cardiatic output (1870). Fick also invented the tonometer to measure the pressure in the eyes
(1888), however, the invention of the contact lenses is by his nephew Adolph Gaston Eugen
Fick.
Fick received an honorary doctor degree from the faculty of philosophy of the University
of Leipzig, and he was member of the Academies in Berlin, Munich, Stockholm, Uppsala,
Lund and Florence; he also received the Golden Cothenius Medal of the ‘Leopold. Karol.
Deutschen Akademie der Naturforscher’ and was named ‘Geheimer Rath’ and received a title
of nobility by the ‘Bavarian Crown’, however he was too modest to ever use these attributes.
Fick’s phenomenologically motivated diffusion law received a theoretical foundation
through A Einstein’s work on Brownian motion (1905). A detailed description on this
connection is given by J. Philibert.
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In physics, chemistry and engineering Ficks first law expresses the flux of a species
concentration in a bearer fluid to be proportional to the gradient of the concentration field and pointing from high concentration to small concentration. Text is based on
http://de.wikipedia.org/wiki/Adolph_Fick,
http://en.wikipedia.org/wiki/Adolph_Eugen_Fick
References:
Einstein, A.: Investigations on the theory of the Brownian movement. Edited with notes by
R. Fürth, Dover Publications, New York (1956)
Philibert, J.: One and a half century of diffusion: Fick, Einstein, before and beyond. Diffusion Fundamentals, 4, 6.1–6.19 (2006)

in which
E = D − 13 (div v)1, D := sym grad v,
∂g
1
∂g
s=−
,
=
,
∂T
ρ
∂p

(30.157)

π = ζ(divv)2 + 2η trE 2 ,
(g, ζ, η, κ) = f cts(T, s, p).
In the above, ρ, v, p, g, T, r, cα , j α , πα are, in turn, the mixture density, barycentric
velocity, pressure, Earth’s acceleration, Kelvin temperature, specific energy supply
rate density (radiation density), mass concentration of tracer α. D is the mixture
stretching (strain rate) tensor, E its deviator, s the entropy and g the free enthalpy
(Gibbs free energy); ζ, η, κ, D αβ are the bulk and shear viscosities, the heat conductivity and species diffusivities. The stress tensor, heat flux vector and diffusive
mass flux vectors are given by
t R = ζ(divv)1 + 2η E,
q = −κ gradT,
D αβ gradcβ ,
j α = −ρ

(30.158)

β

D

αβ

=D

βα

.

Moreover, the mixture density is given by the following ‘thermal equation of state’
ρ = ν f ρ f (T, s, p) +

n−1
β=1

νβ ρs ,

(30.159)

366

30 Dimensional Analysis, Similitude and Model Experiments

in which ρ f (T, s, p) is the thermal equation of state of the pure fluid (natural water)
as a function of the temperature, salinity (mineralization) and pressure. ν f and νβ are
the volume fractions of the fluid and of (n−1) components of suspended fine particles
n tracer components
with true mass density ρs . (So, together with the salt, there are.
(α ∈ [s, β = 1, ..., n−1]). Now, because of saturation, we have β νβ +ν f = 1, and
νβ = (ρ/ρs ) cβ , ∀β ∈ [1, ..., n−1]. With these relations it follows from (30.159) that
ρ=

1−

.

ρf
ρ
, νβ = cβ .
ρs
β cβ (1 − ρ f /ρs )

(30.160)

Finally, we use the approximation
ρT

ds
dT
← ρ c p (T ) ,
dt
dt

(30.161)

see Hutter and Luca 2013 [24] or Chap. 24.

30.5.2 Non-Dimensionalization of the NSFF Equations
(a) Non-rotating inertial frame. Field equations such as the NSFF equations can
most easily be put into dimensionless form by splitting each field quantity f into a
product
f = [ f ] f˜,
(30.162)
in which [ f ] possesses the same dimension as f , is constant and should have a
numerical value such that f˜ assumes a value which is of order unity. It is exactly this
requirement, which reflects a considerable degree of individuality in the selection of
the scales [ f ]. Two different choices for the mass density are e.g.
ρ = [ρ]ρ̃,

ρ = [ρ](1 + [σ]σ̃).

(30.163)

The first is adequate when density variations are large as it may be appropriate for air.
|ρ̃| then spans a relatively large interval from 0 (near vacuum) to, say, 1. The second
choice is appropriate for water in the ocean or lakes, where density variations are
small, only a small fraction of the density of water. Here, [ρ] ← 1000 kg m−3 may
be an adequate reference value of the density of water from which the real density
deviates only by small amounts. This deviation is expressed as [σ]σ̃, where [σ] is of
the order 10−3 − 10−2 and σ̃ is of order unity. In this text we shall choose
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x = [L] x̃,
ζ = [ζ]ζ̃,
η = [η]η̃,
κ = [κ]κ̃,
D = [D] D̃,
D αβ = [D] D̃ αβ ,

t = [τ ]t˜,
c p = [c p ]c̃ p ,
r = [r ]r̃,
g = [g]g̃.
E = [D] Ẽ,
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ρ = [ρ]ρ̃,
v = [V ]ṽ,
p = [ p] p̃,
T = T0 + [ΔT ]θ,
ω = [ω]ω̃,

(30.164)

in which ρ̃ is given by (30.163)2 . Then the NSFF equations may be written as
⎩

∂ σ̃
[σ] St
+ div(σ̃ ṽ) + div ṽ = 0,
∂ t˜

⎩
∂ ṽ
+ (gradṽ)ṽ = −Eu grad p̃
ρ̃ St
∂ t˜
⎩

1 [ζ]
ρ̃
+
grad(ζ̃divṽ) + 2div(η̃ Ẽ) +
g̃,
Re [η]
Fr
(30.165)
⎩

∂θ
1
div(κ̃grad θ)
+ (grad θ) · ṽ =
ρ̃c̃ p St
˜
Pe
∂t

⎩
1
1 [ζ]
2
2
ρ̃r̃ ,
+
ζ̃(divv) + 2η̃tr Ẽ +
Ed [η]
Ra
⎩



∂cα
1 ρ̃ St
div ρ̃ D̃ αβ grad cβ , α = 1, ..., n.
+ (grad cα )ṽ =
ReS
∂ t˜
β

in which the hallow quantities represent the characteristic dimensionless Π -products
arising in this non-dimensionalization. They are collected in Table 30.4.
In the scalings (30.164) the typical time [τ ] was chosen independently of the
characteristic length [L] and characteristic velocity [V ]. Analogously, also for the
pressure an independent scale was chosen. If observations suggest that [τ ] may be
interpretable as a time, which a particle needs to propagate a distance [L] with
velocity [V ], then one may choose [τ ] = [L]/[V ] i.e., St = 1. Such a scaling is
appropriate when instationary and convective features are of similar significance.
If an exterior flow around a solid body is considered, then the stagnation pressure
[ρ V 2 ] may be used as scale for [ p], which corresponds to the choice Eu = 1. In such
cases ‘only’ 6 dimensionless Π -products arise. Such reduction of the Π -products
is helpful, because it reduces the number of possible scale invariances, which one
ought to fulfill.
Finally, with regard to scaling properties, Eq. (30.165)3,4 show that
Pe = RePr and Petracer = ReS
must be scale invariants, if heat and mass diffusion processes are to be properly modeled. Becausethe Froude and Reynolds numbers cannot be simultaneous model
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Table 30.4 Characteristic dimensionless parameters arising in the NSFF equations
[c p ][ΔT ] [V ][L]
Dissipation number
Ed := 2ReTh :=
[V 2] [η]/[ρ]
[ p]
Eu :=
Euler number, pressure coefficient
[ρ][V 2 ]
Fr :=

[V 2 ]
[g][L]

Pe = RePr :=

Froude number, inverse Richardson number
[ρ][c p ][V ][L]
[κ]

Petracer = SRe
Pr th :=

[η]/[ρ]
[ν]
=
[κ]/([ρ][c p ])
[Dth ]

[V ][L]
[D]
[c p ][ΔT ][V ]
Ra :=
[L][r ]
[V ][L]
Re :=
[η]/[ρ]
[η]/[ρ]
[ν]
S :=
=
[Dspec ]
[Dspec ]
[L]
St :=
[V ][τ ]
[c p ][ΔT ]
Th =
[V 2 ]
Pr tracer :=

Peclet number
Tracer Peclet number
Prandtl number
Prandtl (Schmidt) number of tracer diffusion
Radiation number
Reynolds number
Schmidt number
Strouhal number
Temperature number

invariants and free surface flows are best scaled with Froude models, we conclude
Proposition 30.2
• Measuring temperature in Froude models gives no guarantee of appropriate
transfer to corresponding quantities in Nature, or: In Froude models no homologous temperature field can be generated.
• Measurements of tracer concentrations in Froude models do not permit a transfer to corresponding tracer concentrations in Nature, or: in Froude models no
homologous tracer fields can be generated.

This result implies that quantitative comparison between flow velocities, temperature
and species distributions in Froude models and their prototypes are inadmissible
unless the up-scaling is performed with experimental results obtained with models
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of at least two different down-scalings. This obviously limits the usefulness of model
studies of combined fluid dynamics and diffusive processes to principal studies.
(b) Rotating, non-inertial frame. If the body, in which the fluid is kept and of
which the motion is to be studied, is rotating, a new characteristic time [τ ] may be
introduced, which is given by the angular velocity of the rotating frame [τ ] = [ω]−1 .
For the Earth [ω] = Ω sin φ, where Ω is the angular velocity of the Earth and φ is
the latitude angle. In an Earth-bound laboratory, rotating about a vertical axis with
steady angular velocity, the absolute angular velocity is [ω + Ω sin φ] ← [ω], since
ordinarily |ω|  |Ω sin φ|. With the scales (30.164), in which [τ ] is replaced by
[ω]−1 , and with the absolute acceleration given by
 
 
dv
dv
=
+ 2ω
× v⎛ + ω × (ω × x) + ω̇ 
× x⎛ ,
(30.166)

⎛

dt abs
dt rel
Coriolis acc.

centripetal acc.

Euler acc.

the NSFF equations take the dimensionless forms
∂ ρ̃
+ Ro div(ρ̃ṽ) = 0,
∂⎩
t˜
⎩

[ω̇] ˙
∂ ṽ
1
ω̃ × (ω̃ × x̃) +
ω̃
×
x̃
ρ̃
+ Ro(grad ṽ) ṽ + 2ω̃ × ṽ +
Ro
[ω]2
∂ t˜
⎩

[ζ]
1
ρ̃g̃, (30.167)
= −P[ω] grad p̃ + Ek
grad(ζ̃divṽ) + 2div(η̃ Ẽ) +
[η]
Fr[ω]
⎩

∂θ
Ek
div(κ̃grad θ)
+ Ro (grad θ) · ṽ =
ρ̃ c̃ p
Pr
∂ t˜
!
Ek [ζ]ζ̃
1
2
2
(divṽ) + 2 η̃tr( Ẽ ) +
+
ρ̃r̃ ,
Th [η]
Ra[ω]

⎩ α
Ek -  αβ 
∂c
α
ρ̃D
grad cβ ,
ρ̃
+ Ro(grad c ) · ṽ α = tracer
Pr
∂ t˜
β

˙ and where the new Π -products are given
in which ρ̃ = (1 + [σ]σ̃), ω̇ = [ω̇]ω̃,
in Table 30.5. The rotation of the frame of reference is steady, [ω̇] ∈ 0; likewise,
the bulk viscosity is commonly ignored, [ζ] = 0. Moreover, in geophysical fluid
dynamics the centrifugal force is generally absorbed in the gravity term or it is
ignored. This fact points at a subtle difficulty in laboratory experiments of geophysical
flows on rotating platforms, where the centrifugal terms may exert an effective force
expression, different in direction of the Earth’s gravity.
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dimensionless parameters
arising in the NSFF equations
when [τ ] = [ω]−1
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Ro ∈

1
St [τ ]=[ω]−1

=

[ p]
[ρ][L][ω][V ]
[ν]
Ek ∈
[ω][L]2
[g]
Fr[ω] ∈
[ω][V ]
[c p ][ΔT ][ω]
Ra[ω] ∈
r
P[ω] ∈

[V ]
[ω][L]

Rossby number
Pressure coefficient
Ekman number
Froude number
Radiation number

30.6 Physical Hydrodynamic Models
In this section a brief account is given to the question how physical hydrodynamic
model studies can be used to acquire a basic understanding of the behavior of a lake’s
water mass in response to wind stress at the free surface and inflow and outflow
scenarios under homogeneous and stratified conditions.

30.6.1 Background
The theoretical basis for the reproduction of natural phenomena in a physical
hydraulic model has been laid down in the previous sections of this chapter via
dimensional analysis: Once the dimensionless Π -products, which are essential for
the characterization of a physical process in focus, are identified, we can be ascertained to achieve similitude of the analogue processes in the downscaled model to
those in the prototype, if all the Π -products are mapping invariants. We have also
learned that this is almost never possible, because this maintenance generally leads to
conflicting inferences (see the Froude and Reynolds similitudes presented earlier).
The compromise is to restrict invariance to those Π -products, which are thought to
significantly influence the processes and to adjust the other Π -products by performing experiments at various scales for inter- and extrapolation purposes or to simply
ignore the ‘conflicting’ Π -products and to accept the accompanied scale-effects.
Physical hydrodynamic models for tidal and circulation motion in estuaries and
lakes are unanimously distorted models, since model-water depths would be too
small otherwise, so small that surface tension effects in the model would become
significant. This can easily be seen, if we consider a geometrically similar model
for Lake Constance downscaled to 1:10,000. The 60 km length would in the model
become 6 m and 100 m depth would reduce to 1 cm depth in the model. On the
other hand, if one distorts the model by choosing a horizontal scale of 1:10’000 and
a vertical scale of 1:100, the model length of 60 km would still be 6 m, but the 100
m depth would now be a 1m depth. The model/prototype length and depth ratios for
Lake Constance in the experiments by Stewart and Hollan [57, 59] are equal to
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1:17,000 and 1:650, respectively; this makes the 63 km long and 253 m deep lake in
the distorted model 3.70 m long and 39 cm deep, still sufficiently large if installed
on a rotating platform with all the co-rotating instrumentation. The question is, how
dynamic similitude is achieved when such distortions cannot be avoided, because of
laboratory measurability and workability.
The foundations of determination of modeling ratios to reach (near) dynamic
similitude between a real lake and a rotating lake model was laid down by Harleman
et al. for Lake Michigan in 1961 [18]. This work was complemented and applied
to tidal models in [19, 20]. Many detailed studies on the Great Lakes and other
lakes followed subsequently: on Lake Erie by Rumer and Robson [47], Buechi
and Rumer [7]; on Lake Cayuga (upstate New York) by Stewart and Rumer [58];
on Lake Ontario by Li [31] and Li et al. [32], and, later in Europe on Lake Constance
by Stewart and Hollan [59, 57]. Rumer and Hoopes (1970) [48] ‘recounted
the criteria for such models, including discussions of the simulation of frictional
resistance, thermal stratification, wind stress and mixing’ [32]. Moreover, Shiau
and Rumer [53] outlined a procedure for adjusting boundary roughness [...] in order
to minimize this scale effect’ [32].

30.6.2 Physical Conditions for Tidal Models
We commence the demonstration of the construction of a distorted physical model by
illustrating the downscaling process for the simplest one-dimensional tidal motion
in an estuary and follow in spirit Harleman [20]. The governing equations, which
Harleman starts with, are the cross sectional averaged balance laws of mass and
momentum of a very wide channel flow under homogeneous conditions (no stratification) in the forms
b

∂Q
∂h
+
− q = 0,
∂t
∂x
(30.168)

∂ QU
∂h
Q|Q|
∂Q
+
+g A
+g
= 0.
∂t
∂x
∂x
AC h2 R
Here, the rotation of the Earth is thought to be of negligible influence. In these equations (x, t) are the downslope coordinate and the time; h, b, U, Q, A are the vertical
height of, and the channel width at, the free surface, the downslope velocity and the
volume flux through the cross section of area A. Moreover, q, g, R are a source term
of volume addition per unit time due to e.g. side tributary inflows, the gravity constant
and the hydraulic radius, and C h is the Chezi drag coefficient. The last two terms on
the left-hand side of (30.168)2 are the x-parallel hydrostatic pressure contribution
and ‘basal’ friction force. The Chezi coefficient can be expressed in terms of the
Manning roughness, n, according to
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Ch =

1.49 1/6
R ,
n

n=

1.49 1/6
R .
Ch

(30.169)

We now take the position that (30.168), (30.169) are indeed correctly describing
tidal motions, irrespective of the size of the channel where they take place. The scale
ratios, relating the quantities in model and prototype are identified in the dimensionless equations corresponding to (30.168). To derive them and to account for the
distortion of the geometry of the model, this process must be taken into account by
scaling horizontal and vertical lengths differently. Therefore, with
[L] ˜
x = [L]x̃, t = [U
] t,
b = [L]b̃, A = [L][H ] Ã,
h = [H ]h̃, Q = [L][H ][U ] Q̃,
U = [U ]Ũ , q = [H ][U ]q̃,
g = [g]g̃, R = [H ] R̃,

(30.170)

Equation (30.168) take the forms
b̃

∂ h̃
∂ Q̃
− q̃ = 0,
+
∂ x̃
∂ t˜
(30.171)

∂ Q̃
1
g̃ Q̃| Q̃|
∂ h̃
∂( Q̃ Ũ )
+
+ Ch
= 0,
g̃ Ã
+
2
∂ x̃
(Fr )
∂ x̃
∂ t˜
Ã R̃
in which

[U ]
Fr := ∀
,
[g][H ]

Ch :=

[g][L]
C h2 [H ]

(30.172)

are the Froude and Chezi numbers.
The selection of the scales (30.170) warrant the following remarks. First, the
different variables are scaled either by using [L] or [H ] (or both) as length scales
and the selection, which of these are used, is critical. For instance, q is scaled with
[H ][U ] and Q with [L][H ][U ], since side tributaries enter roughly through the depth
of the channel and are measured in terms of the averaged velocity [U ]; similarly,
for a wide rectangular channel R is approximately the channel height, so [H ] is the
proper order of magnitude for it. Second, we assume that the model may be subject to
its own gravity constant (g̃ may not be unity). Third, possible explicit manifestation
of the geometric distortion is only visible in the Π -products (it is hidden, however,
in the definitions of the dimensionless variables (30.170), and these are used in the
definitions of their scales, see below), and only shows up in Ch but not in Fr . In the
prototype, we have [L] = [H ], but for perfect similitude in Nature and in the model,
we must have (Fr ) p = (Fr )m and (Ch ) p = (Ch )m , where (·) p and (·)m stand for
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‘prototype’ and ‘model’. This implies that their ratios must be unity,10
(Fr )m
[U ] R
=∀
= 1,
(Fr p
[g] R [H ] R
(Ch )m
[g] R [L] R
(Ch ) R =
=
= 1.
(Ch ) p
(C h2 ) R [H ] R
(Fr ) R =

(30.173)

We now assume that prototype and model are subject to the same gravity environment
for which g is constant, implying g̃ = 1 and [g] R = 1. Consequently, from (30.173)1
and some of the definitions (30.170), one deduces
1/2

[U ] R = [H ] R ,
[A] R = [L] R [H ] R ,
3/2
[Q] R = [L] R [H ] R ,
[L] R
[L] R
[t] R =
=
,
1/2
[U ] R
[H ]
[H ] R

1/2

[L] R

(30.174)

1 : 102

R

2/3

[n] R =

1 : 10
1 : 105
1 : 106

,

1.47 : 1

Here, [n] R is obtained from (30.173)2 by using [g] R = 1 and (30.169) as follows:
1/6

[C h ] R =

[R] R
, implying
[n] R
1/6

[R] R
[n] R =
[C h ] R

(30.170)

=

1/6

[H ] R
[C h ] R

(30.172)

=

1/6

1/2

[H ] R [H ] R
1/2

[L] R

2/3

=

[H ] R

2/3

[L] R

.

Relations (30.174) express all quantities on the left-hand side in terms of the horizontal, [L] R , and vertical, [H ] R , geometric scales. In a typical model, in which
[L] R = 10−3 and [H ] R = 10−2 , the corresponding scales are listed on the very
right of (30.174). The difficulty in the construction of the laboratory model is, apart
from the accurate, geometrically distorted reproduction of the prototype the correct
implementation of the Manning roughness, n, which in the model ought to be a
factor of 1.47 larger than in Nature. All other quantities in (30.174) are following
Froude similitude. In the words of Harleman: ‘The scale ratios of velocity, discharge and time, which are derived from the Froude number equality should be
strictly constrained, however, the [emerging] roughness [...] should be regarded as
a first approximation. It will be necessary to adjust the model roughness during the
verification phase. This is due to the following factors: (i) uncertainty in the magnitude of the prototype roughness and its spatial distribution; (ii) the assumption of
We have changed here the notation: Instead of λU = Ū /U we now employ [U ] R = [Um ][U p ],
where [Um ] = Ū and [U p ] = U so that [U ] R = λU . We follow in so doing Harleman
et al. (1961) [18].
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hydraulically rough flow in the model is not correct since there will be periods of
non-turbulent flow near the time of slack tide, (iii) the assumption that the hydraulic
radius is equal to the depth, is not correct in the distorted section of the model. The
form of the model roughness elements, used to achieve the high degree of resistance
indicated by Eq. (30.174)5 is an important factor. The required energy dissipation
can be obtained by blocks or stones attached to the model bottom, or by vertical
rods or strips extending almost the full water depth [...]. In this connection, it will
be helpful to determine the ratio of the rates of energy dissipation per unit mass of
fluid in model and prototype. The rate of energy dissipation is given by ρg Q S E dx,
[where ρ is the density], Q the discharge and S E the slope of the energy gradient
[line]. The mass of fluid is given by ρAdx, where A is the cross sectional area. The
rate of energy dissipation per unit mass of fluid, G, is given by G = g Q S E /A and
the model-prototype ratio is
[G] R =

[g] R [Q] R [S E ] R
[A] R

(30.174)

=

[g] R [U ] R [S E ] R .

The scale ratio for the slope of the energy gradient [line], [S E ] R = [H ] R /[L] R and
[U ] R is given by Eq. (30.174)1 ; therefore
3/2

[G] R =

[H ] R
.
[L] R

(30.175)

For the frequently used scales of [L] R = 1/1000 and [H ] R = 1/100 the magnitude
of [G] R is unity. [...]’; [20].
The foregoing analysis contains no similitude condition involving the fluid viscosity, normally expressed in dimensionless form by the Reynolds number.11 The
reason for its omission is that the computations were based on inspectional analysis
using the two Eq. (30.168), which do not involve the fluid viscosity as a parameter.
Friction is nevertheless incorporated as a boundary slip through the quadratic term
involving Q|Q| and the Chezi roughness coefficient C h . This quadratic dependence
on flux is adequate for turbulent flow and is in this turbulent regime known to be
(nearly) independent of the Reynolds number. Use of Eq. (30.168) is therefore justified for the prototype. For flows in the laboratory model turbulence may be weak or
not present. This requires adjustment of the roughness coefficient, n, to compensate
accordingly.
Harleman discusses in [20] also salt intrusions and model verification. The reader
is encouraged to consult the original report.

11

With the Reynolds number defined by Re = [U ][H ]/[ν] one obtains with [ν] R = 1(Re) R =
(30.174)

[U ] R [H ] R
= [H ] R . So, with [H ] R = 10−2 we obtain (Re) R = 10−3 . The Reynolds
number in the model is a factor of 1000 times smaller than in the prototype.
3/2
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30.6.3 Rotating Laboratory Study of Lake Constance
The studies of river-and wind-induced water motions in various lakes owe their laboratory performance to the former existence of an indoor facility positioned on a
rotating platform, which was erected in the hydraulic laboratory of the Department
of Civil Engineering at the State University of New York, Buffalo at the initiative
of Professor Rumer [47], in the late 60s of the last century. The extensive studies of river and wind-induced circulation dynamics in the Great Lakes and other,
smaller inland lakes have been described in the background material in Sect. 30.6.1
of this chapter. The theoretical foundation, which had to be established prior to the
physical experiments for achieving dynamic similarity in a hydrodynamic model of
a large lake, in which the effects of the Earth’s rotation is important goes back to
Harleman et al. 1962 [21] and Rumer and Hoopes 1970 [48], who extended similarity considerations to frictional resistance, thermal stratification, wind stress and
mixing.
(a) Model theory for circulation flow affected by the rotation of the Earth.
Wave and circulation dynamics in the ocean and in lakes, whether of barotropic or
baroclinic nature ‘live’ largely from a competition of the effects of gravity and rotation
of the Earth. Inspectional analysis applied to the NSFF equations can be performed
with different horizontal and vertical length scales, say [L] and [H ], and similarly
different horizontal and vertical velocity scales, say [U ] and [W ]. In the process
of non-dimensionalization of the balance law of mass, the full three-dimensional
divergence operator of the velocity field, divv, can then only be preserved, when the
geometric aspect ratio [H ]/[L] and the velocity ratio [W ]/[U ] are equal, viz.,
A=

[W ]
[H ]
=
.
[L]
[U ]

(30.176)

This assumption is the basis of the derivation of the shallow water assumption. Here,
we request equality of the length and velocity ratios to preserve the exact mass balance
relations for the model and prototype, being aware, however, that A p and Am are not
preserved in a distorted downscaling of the prototype to the model. Relation (30.176)
obviously requires that the global velocity fields in the prototype and the model are
characteristically the same and the mass balance equation takes the forms (30.165)1
or (30.168)1 both in the prototype and in the model. In the second case, time is scaled
with [ω]−1 , the angular speed of the non-inertial frame.
Assumption (30.176) also implies that the total time derivative of the velocity, v,
and a scalar variable φ, can be written as12

The (x, y)-components of the velocity v are scaled with [U ], the z-component with [W ]. The
Coriolis acceleration has vanishing (x, y)-components in the approximation (30.177).

12
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⎩

∂ ṽ H
dv H
= [U ][ω]
+ Ro (grad v H ) ṽ + 2 k × ṽ ,
dt
∂ t˜
⎩

dw
∂ w̃
= [W ][ω]
+ Ro (grad w̃) ṽ ,
dt
∂ t˜
!
∂ φ̃
dφ
= [φ][ω]
+ Ro (grad φ̃) · ṽ ,
dt
∂ t˜
in which
Ro ∈

[U ]
[ω][L]

(30.177)

(30.178)

is the Rossby number; note Ro is formed with the horizontal length, [L], and velocity
[U ] (not the vertical counterpart). k in (30.177) is a unit vector in the z-direction,
[ω]−1 is the time scale, and the Coriolis acceleration is assumed to be strictly vertical
as is customary in geophysical fluid mechanics of the Earth. The terms in braces of
(30.177) comprise the dimensionless forms of the local and convective changes of
v H , w and φ, respectively. They are, clearly, only invariant in mappings from the
prototype to the model, if the Rossby number remains invariant in this mapping.
Consider next the momentum equations in the horizontal and vertical directions,
du
∂p
+ (grad u) · v − 2 ω v = −
+ Fx ,
dt
∂x
∂p
dv
+ Fy ,
ρ + (grad v) · v + 2 ω u = −
dt
∂y
∂p
dw
+ (grad w) · v = −
+ Fz − ρ g,
ρ
dt
∂z

ρ

(30.179)

in which F = (Fx , F y , Fz ) are the viscous stress divergence terms, and the components of the Coriolis force tangential to the Earth are ignored for simplicity. Using
the scales
(x, y) = [L](x̃, ỹ),
(u, v) = [U ](ũ, ṽ),
t = [ω]−1 t˜,
g = [g]g̃,
[ω] = [U ]/[L],

z = [H ]z̃,
w = [W ]w̃,
p = [ p] p̃,
[ p] = [ρ][ω][U ][L],

it is straightforward to prove that (30.179) take the forms

(30.180)
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⎩


[L]
∂ ũ
∂ p̃
+
Fx ,
+ Ro(grad ũ) · ṽ − 2 ṽ = −
∂ x̃
[ρ][U 2 ]
∂ t˜
⎩

[L]
∂ ṽ
∂ p̃
+
Fy ,
(30.181)
ρ̃
+ Ro(grad ṽ) · ṽ) + 2 ũ = −
∂ ỹ
[ρ][U 2 ]
∂ t˜
⎩

[H ]
∂ w̃
1
∂ p̃
+
Fz −
ρ̃g̃,
A2 ρ̃
+ Ro(grad w̃) · ṽ = −
∂ z̃
[ρ][U 2 ]
Fr
∂ t˜

ρ̃

where the aspect ratio A and the Rossby number, Ro are defined in (30.176) and
(30.178), respectively. Moreover,
Fr ∈

[U 2 ]
,
[g][H ]

(30.182)

is the Froude number13 which is formed with the horizontal velocity and the vertical
length scales.
Ignoring for the moment the viscous stress contribution, F , it is seen that
• the inviscid horizontal momentum equations remain invariant in a mapping from
the prototype to the model size, if the Rossby number remains invariant in this
mapping, (Ro) R = 1).
• The inviscid vertical momentum equation remains, however, only invariant, provided the aspect ratio, A, the Rossby number, Ro, and the Froude number, Fr ,
remain invariant in this mapping. However, this requires that (A) R = 1, which is
only possible without geometric distortion.
• It is customary to implement Rossby and Froude number similitude and nevertheless to geometrically distort the model; i.e., to have (A) R ↑= 1. Physically
this means that vertical momentum balance is only preserved in the model, if the
hydrostatic pressure assumption is valid in both prototype and model. Nonlinear
acceleration terms are enlarged in general in the model. This effect can be very
dramatic. For instance, for Lake Constance Stewart and Hollan [57, 59] use
for their rotating laboratory experiments
[L p ] = 1,

[H p ] = 1
−∞ A p = 1,
1
1
17000
[L m ] =
, [Hm ] =
−∞ Am =
= 26.1.
17000
650
650

(30.183)

This yields a model aspect ratio depth as large as Am = 26.1 and A2m = 684
for a model lake of 3.70 m length and 39 cm maximum depth. So, the nonlinear
vertical local and convective accelerations are 684 times enhanced compared to
the prototype. If the aspect ratio of the prototype and the model are computed with
the respective lengths and maximum depths, one obtains

13

In the European literature, the square root of (30.182) is often defined as Froude number.
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Ap =

[H ]
[L] p

←

252
63000

Am =

[H ]
[L] m

←

39
370

= 4 × 10−3 ,
(30.184)

= 0.105,

both of which are less than 1, justifying the hydrostatic pressure assumption in the
prototype, but being somewhat questionable for the model. Now we obtain
(A) R =

Am
0.105
=
= 26.2,
Ap
4 × 10−3

which agrees with (30.183). However, this computation is more informative. Since
the aspect ratios A p,m in (30.184) provide an information about the true depth to
length ratio and because they enter the momentum equation as squares, A2p,m , the
validity of the hydrostatic pressure assumption can more objectively be estimated;
(30.184)2 suggests that accelerations may contribute only by 1.1 %. However,
if transverse processes are in focus, then a representative width, which for Lake
Constance is [L p ] ← 10 km (and for Stewart and Hollan’s model [L m ] ← 0.6
m), we have
252
= 2.52 × 10−2 , A2p ← 6.35 × 10−4 ,
10000
0.39
← 0.65,
A2 ← 0.42.
Am ←
0.60
Ap ←

(30.185)

So, whereas the hydrostatic pressure assumption is well justified for the prototype,
this is not necessarily so for the model. Effects of the vertical accelerations may
manifest themselves in the model but are negligible in the prototype.
Finally let us look at the turbulent viscous contribution to momentum, F , which
we shall parameterize for simplicity only approximately as


∂u
νvert
,
Fx = [ρ]νhor
∂z
⎩ 2



∂ v
∂
∂v
∂2v
F y = [ρ]νhor
+ [ρ]
νvert
,
+
2
2
∂x
∂y
∂z
∂z
⎩ 2



∂ w ∂2w
∂
∂w
Fz = [ρ]νhor
+
[ρ]
ν
.
+
vert
∂x 2
∂ y2
∂z
∂z
⎩

∂2u
∂2u
+
∂x 2
∂ y2



∂
+ [ρ]
∂z

(30.186)

Here, νhor is the horizontal kinematic viscosity, treated as a constant, while νvert
is a possibly z-variable kinematic viscosity. Relations (30.186) are motivated by
an anisotropic parameterization of the turbulent Reynolds stresses, see Vol. 1,
Sect. 6.4.3. Implementing the scales (30.180), relations (30.186) take the forms
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⎩





∂ ũ
ν̃vert
,
∂ z̃
⎩ 2



[L]
∂ ṽ
1 ∂
∂ ṽ
νhor A
∂ 2 ṽ
+
F
ν̃vert
, (30.187)
=
+
y
2
hor
2
2
hor
[ρ][U ]
[νvert ] Re
∂ x̃
∂ ỹ
Re ∂ z̃
∂ z̃

⎩ 2



νhor A
∂ w̃ ∂ 2 w̃
A ∂
[H ]
∂ w̃
2
+
F
ν̃
,
=
A
+
z
vert
[ρ][U 2 ]
[νvert ] Rehor
∂ x̃ 2
∂ ỹ 2
Rehor ∂ z̃
∂ z̃
[L]
νhor A
Fx =
[ρ][U 2 ]
[νvert ] Rehor

∂ 2 ũ
∂ 2 ũ
+
∂ x̃ 2
∂ ỹ 2

in which
Rehor =

1 ∂
+
Rehor ∂ z̃

[U ][H ]
[νvert ]

(30.188)

is the Reynolds number based on the horizontal velocity [U ], the water depth [H ]
and the vertical viscosity scale [νvert ]. Essential is the fact that [H ] is the length
scale based on the water depth. Expressions (30.187) have to be substituted on the
right-hand sides of (30.181). Two additional dimensionless parameters enter, the
Reynolds number Rehor and the viscosity ratio
ν=

νhor
.
[νvert ]

(30.189)

The occurrence of these parameters is the same in the horizontal momentum equations, but the horizontal diffusion is differently scaled from its vertical counterpart as
it involves the additional scale factor (νhor /[νvert ])A, which reduces to A in isotropic
turbulence. Measurements suggest that νhor /[νvert ] > 1 (and this inequality must also
be observed in numerical computations for reasons of numerical stability). It follows
that the horizontal viscous turbulent diffusion should not be dropped in comparison to the vertical diffusion. This is now recognized in numerical computations, in
contrast to the shallow water approximation, in which only the vertical diffusion of
momentum is accounted for in both horizontal directions.
The situation is different in the vertical component of the momentum equation.
Here, one may safely drop the horizontal diffusive contribution (compare (30.187)3 ),
even if A should not be very small, since the aspect ratio appears as A3 . The contribution of the vertical momentum diffusion—the factor A/Rehor —is smaller than
the corresponding factor of the horizontal momentum diffusion in the horizontal
momentum equations, since νhor /[νvert ] > 1(!) is not present. If A/Rehor is sufficiently below unity, the hydrostatic pressure assumption is then justified, because the
vertical acceleration terms are likely smaller, as they are of order A2 , see (30.181)3 .
This analysis has shown that the next important Π -product after Ro and Fr , which
should be kept invariant in a downscaling from the prototype to the model size, is
the Reynolds number. If this can be achieved, at least the vertical diffusion of the
horizontal components of the momentum fluxes are correctly reproduced. All other
terms arising in the momentum equations are less important as long as Am remains
below unity in a distorted downscaling.
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With the definition (30.188) of the Reynolds number, the requirement (Rehor ) R =
1 implies
[νvert ] R = [U ] R [H ] R

(30.174)

=

([H ] R )3/2 .

(30.190)

Thus, the vertical diffusivity in the model must be enhanced in comparison to the
corresponding vertical diffusvity in the prototype. There is, however, no systematic
procedure to implement this requirement. Hydraulic engineers [20, 32, 53] describe
suggestions how the roughness in the model can be enhanced by roughening the
basal surface of the model and by inserting additional damping elements through the
water depth. This can only be done by trial and error until the surface velocities are
in conformity with the rules of similitude. This process may make the preliminary
validation experiments of the model a substantial endevour. The reader should consult
the mentioned specialized literature.
(b) Modeling considerations. As outlined above, the essential criteria for similitude
between model and prototype is the invariance of the Froude- and Rossby-numbers,
which lead to the scaling relations
[g] R =1

1/2

[U ] R = ([g] R [H ] R )1/2 = [H ] R ,
1
[L] R
[g] R =1 [L] R
[t] R =
=
=
.
1/2
1/2
[ω] R
([g] R [H ] R )
[H ] R

(30.191)

When stratification due to salts, or temperature variations (or both) is present, then
[Δ ρ] R
=1
[ρ] R

(30.192)

must also be preserved, but if (30.192) cannot simultaneously be maintained, then
the densimetric Froude number ought to be unity,
[U ] R
#
1/2 = 1.
Δρ
[H
]
R
ρ

(30.193)

1
[L] R
=
" #
1/2 .
[ω] R
[g] R Δρρ [H ] R

(30.194)

([Fr ]d ) R = 

[g] R

"

R

With [U ] R = [L] R /[t] R this then yields
[t] R =

R

This reduces to (30.192), if [g] R = 1 and (30.192) is maintained. The rule (30.193)
supports a compromise for stratification similitude, when (30.192) cannot be maintained.
According to Li et al. [32] Shiau and Rumer [53] introduced the added requirement that the Proudman number ratio (Pr oud) R be unity for correct scaling of bot-
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tom friction, when oscillatory flows, such as seiches are modeled.’ The Proudman
number ratio is given as
(Pr oud) R =

[ν]2R [L]2R
[g] R [H ]5R

= 1,

(30.195)

where [ν] R is the ratio of viscosity of the model and prototype. This requirement
leads to the constraint on the viscosity ratio in model and prototype, which is
1/2

[ν] R =

5/2

[g] R [H ] R
.
[L] R

(30.196)

When (Pr oud) R =| 1, similarity of frictional resistance is lost and the so-called
‘scale-effect’ is introduced. Shiau and Rumer [53] outline a procedure for adjusting
boundary roughnesses in a model when (Pr oud) R =| 1, in order to minimize this
‘scale-effect’, [32].
wind , for
Based on the material free surface wind transfer formula Usurf = K Vsurf
Vsurf 10 m above the free surface with K = 0.033, according to Keulegan [27] and
wind ] is the same as for the water velocity,
Plate [43], the wind velocity ratio [Vsurf
R
1/2
wind ] = [H ]
.
However,
according
to
[32] K = 0.033 in the model overesti[Vsurf
R
R
mates the model water velocities. The verification phase for a model will show, how
K must be adjusted, to achieve the proper model values, Usurf according to Froude
similitude.
(c) Rotating laboratory experiment for Lake Constance.
(α) Experimental equipment and procedures. ‘The physical characteristics of Lake
Constance are listed in Table 30.6. For a perspective view of the lake’s bathymetry,
see Vol. I, Fig. 2.6a, which is reproduced here with some additions as Fig. 30.14.
The major tributary to the ‘Obersee’ is from the Alpenrhein, which contributes 71 %
of the known inflow to the lake from a large watershed extending into Austria,
Lichtenstein and Switzerland. The second largest tributary is the ‘Bregenzer Ach’,
which constitutes ∼ 15 % and empties into Lake Constance in close proximity to the
Alpenrhein. The remaining ∼ 14 % tributaries are from smaller rivers and creeks in

Table 30.6 Morphometry of Lake Constance, excerpt from Kiefer (1972) [28]
Surface area
Elevation
Length
Width
Depth

Volume

476 km2
395 m.a.s.
63 km
14.5 km
252 m
147 m
100 m
47.6 km3

(Obersee)
(Obersee)
(between Rorschach and Kressbronn)
(maximum depth Obersee)
(maximum depth Überlingersee, portion of Obersee)
(mean depth of Obersee)
(Obersee)
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Fig. 30.14 Bird’s eye view of the bathymetry of Lake Constance with major towns indicated: (1)
Bregenz (2) Rorschach (3) Arbon (4) Romanshorn (5) Konstanz (6) Überlingen (7) Friedrichshafen,
∞ New Alpenrhein, ∞ ‘old’ Altenrhein, © Maiss (1992) [34]

Switzerland and Germany. In the physical experiments this ∼ 14 % inflow/outflow
contribution will sometimes be ignored, [57, 59].
‘The inflow water of the ‘Alpenrhein’ is often cooler than the lake water and
may be loaded with suspended sediment particles’ [59]. Originally, the Alpenrhein
discharged into Lake Constance by way of an old mouth and delta several kilometers
to the west of the present mouth. This old Rhein still forms today the border between
Austria and Switzerland. However, the relatively mild slope and somewhat tortuous
path of the old stream bed caused frequent flooding during high runoff. Around 1900
a new canal was constructed, which shortened the river by several kilometers and
increased the slope. The new river alleviated the flooding, however, the large quantity
(∼ 2.5 × 106 m3 a−1 ) of silt and rubble transported by the Alpenrhein created a new
delta [...]’ [57]. Consequently, when the inflows are denser, they may interflow or
plunge and level at the depth of equal density.
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Fig. 30.15 Schematic diagram of the physical model showing side (a) and top (b) views of the
experimental setup. The model is covered with a clear plastic hood sealed to suck air by a fan
from left to right to generate an air stream of simulating wind shear at the free surface. The dashed
sections of wires represent those portions of the electric wires which are embedded between the
polyurethane blocks. An electric current through these wires colors a dye in the water advected
by the local current, which makes the circulation close to the wires visible. Black circles mark
Bregenz, Konstanz and Ludwigshafen, and reservoir, rotameter and pump allow prescription of
discharges into the mouths of Alpenrhein and Bregenzer Ach. For wind experiments, three fans pull
air across the model under the plastic hood. From Stewart and Hollan [59] © Schweiz. Zeitschr.
Hydrologie, now Aquatic Sciences, Springer Verlag, Berlin, etc., reproduced with permission

‘The model of Lake Constance was constructed out of numerous large rectangular sections of polyurethane foam; the foam sections were carefully tooled before
assembly and containment in a plywood box, where the composed arrangement
was covered by protective epoxy and several layers of epoxy paint. Figure 30.15
illustrates, and its caption complements, some construction features of the physical
model. To visualize deep currents during homogeneous conditions or epilimnetic circulation patterns during stratification, 20 magnet wires were strung across the basin
at depths in the model equivalent to 5, 15, 20, 50, 100 and 200 m in the prototype,
corresponding to the model depths of 0.8, 2.3, 7.7, 15.4, 23.1 and 30.8 cm. The
insulation on the wires, in the lake portion of the model, was removed at intervals to
provide electrical contact with the water for the tagging studies. [...] the epilimnion
was arbitrarily selected as 20 m (∼ 0.3 cm in the model) and the remaining 232 m
(∼ 39 cm in the model) as the hypolimnion. Only the 5 m and 15 m ‘epilimnetic’
wires were utilized for the specific stratification experiments [...]. The large, 15.5
ton laboratory was shaped as a cylindrical octagon with maximum internal length
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Table 30.7 Selected protopype flow rates and their corresponding model values

Alpenrhein
Low-low
Annual mean
Mean high
High-high
Bregenzer Ach
BWV withdrawala
Present
Future

Prototype flows
m3 s−1

Model pumping rates
ml s−1

ml h−1

58
227
463
1640
49

0.2059
0.8058
1.6435
5.8214
0.1739

741
2901
5917
20957
626

10
20

0.035
0.071

128
256

Alpenrhein rates from 1962–1977 © Stewart and Hollan [59]
a Zweckverband Bodensee-Wasserversorgung, Stuttgart. Withdrawal at Sipplingen in Lake Überlingen (see Fig. 30.17)
Table 30.8 Scaling ratios for the physical model of Lake Constanc (Obersee) after [59]
Length ratio
Depth ratio
Time ratio

[L] R = 1 : 17000
[H ] R = 1 : 650
∀
1
[L] R / [H ] R = 666.8
=
ˆ 2 min 10 for 1 day in model

Tributary inflow ratio

[Q] R = [L] R [H ] R =

Angular velocity
Volume in model
Surface area of model
Depth of model
Length of model

3/2

[Ω

1/2
sin φ][H ] R
[L] R

1
281.72×10−6
0.358 rad s−1 =
ˆ

ω=
=
253 l
1.647 m2
38.77 cm (maximum)
15.38 cm (mean)
3.71 m

2.92 min/rev

and width dimensions of 5.35 m and 3.34 m, respectively. The rotation rate of the
laboratory was determined by the model time scale ratio [t] R , (30.192)’, after [59].
A summary of the down-scaled properties for the physical model of Lake Constance
is given in Table 30.8 and selected prototype flow rates and their corresponding model
values are collected in Table 30.7’, [59].
‘Prior to each homogeneous model experiment, corresponding to isothermal conditions, the model lake basin was filled with fresh water and allowed to reach thermal
equilibrium within the rotating laboratory (ca 1 day). The steady rotation, starting
from ω = 0 to the∀steady state value ω = 2.92 min/rev. was reached after a ‘spinup’ time t = H/ νω ← 0.6 hours, but normally a full hour was provided before
the onset of any measurements, Liggett (1969) [33]. ‘Visualization of flow was
accomplished for the homogeneous experiments by having two containers of dyed
fluid floating in the fresh water reservoir. After an appropriate ‘spin-up’ [...] tubes
carrying the inflow were switched from the main reservoir to the floating container
of dyed fluid. Bromothymol blue and red food coloring were used to color the model
inflows of the Alpenrhein and Bregenzer Ach. The densities of the dyed inflows
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(a)

(b)

Fig. 30.16 Steady circulation pattern in the homogenous model lake. The panels show approximately the eastern most third of the model lake. Inflows correspond to 227 m3 s−1 (Alpenrhein,
blue) and 49 m3 s−1 (Bregenzer Ach; red) of the prototype. The model water of the Alpenrhein has
the same density as the model-lake water, but the model-Bregenzer-Ach water is somewhat heavier
and dives underneath the Alpenrhein water. Panels show effects of rotation without wind (a), and
with wind (b); from [57] © J. Great Lakes Res., Internat. Assoc. Great Lakes Res., reproduced with
permission

could be adjusted separately to be less than, equal to or greater than that of the fluid
in the model lake [...]’, [59].
Westerly winds, predominant in the prototype, generated by having louvered fans
at the eastern end of the model, pull ambient air across the lake beneath a tunnel-like
Plexiglas cover. Owing to the difficulties of scaling wind stress in a distorted model,
wind speeds were adjusted as reported in [32] to obtain model surface circulation
approximating the circulation patterns in the prototype observed from air photos and
earlier accounts (Auerbach and Ritzi (1938) [1]; Schmalz (1932) [49].’ [57].
(β) Results for the homogeneous model Lake Constance.14 Figure 30.16a, b shows
the paths of the dyed inflows from the river mouth as it existed in the 70s of the last
14

We follow closely [59] and [57].
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century (i.e. before significant extensions; for the river mouth from an air-photo 2004,
see Fig. 32.1) for the Alpenrhein for two conditions, one without (panel (a)) and one
with (panel (b)) the influence of the dominant westerly wind. In panel (a) the densities
of both the Alpenrhein (blue) and the Bregenzer Ach (red) rivers are greater than
that of the water in the model. The inflows plunge and follow the model contours as
they seek the deepest areas. The rotation of the model causes the contour-following
dyed inflow to be deflected to the right, partially up the slope from the contours. This
Coriolis influence is rather dramatic when seen from inside the rotating laboratory.
In panel (b) of Fig. 30.16 the density of the Alpenrhein is the same as that of
the water in the model while the density of the Bregenzer Ach exceeds that of
the model. The westerly wind (moving in the pictures from left to right) causes
a more rapid entrainment and mixing of the Alpenrhein and seems to generate a
bifurcated transport into the wind along the north and south shores. Moreover, the
larger density of the model-Bregenzer-Ach water makes the latter to dive quickly
below the spreading water of the Alpenrhein. Such effects of non-buoyancy occur
also in the prototype Alpenrhein as the river water is more dense during much of the
year because it is colder and laden with suspended sediments (Kiefer 1972, [28]).
Buoyant overflows do also occur when the river water is lighter than the lake water,
but they are less frequent, [57]. Ordinarily, therefore, the river inflow to the prototype
is quickly lost from view and far more difficult to trace than in the physical model,
[59]. Stewart and Hollan also show results without rotation and demonstrate
that buoyancy differences, rotation and wind, all exert tremendous effects on the
spreading of the tributary water within the model lake; none of these should be
ignored in comparison to anyone of the others, see Fig. 30.17 and its caption.
Stewart [57] has also performed experiments for a projected ‘extended mouth’,
which has differently been constructed in the meantime, see Fig. 32.1. Moreover,
he has also studied discharge scenarios through the mouth of the ‘Altenrhein’ (old
Rhein river) to the west of the present Alpenrhein, see [57].
(γ) Circulation experiments for the stratified model Lake Constance. ‘The techniques of Baker (1966) [2] and Li et al. [32] were utilized for flow visualization
during stratification (Fig. 30.18). Two immiscible fluids were used for the epilimnion
and hypolimnion, thus preventing unwanted mixing during both the ‘spin-up’ and
experimental times of the rotating stratified model under the influence of wind. Water
was used for the thinner and lighter model epilimnion (0–3 cm, corresponding to 0–
20 m for the prototype), while a density adjusted mixture of kerosene (lighter than
water) and trichloroethylene (heavier than water) served as the thicker and heavier hypolimnion (33–39 cm, corresponding to 20–252 m in the prototype) [...]. The
hypolimnetic model densities less than 1,004 Kg m−3 tended to cause small droplets
of the mixture to disperse in the epilimnion [...]. An electrical current (5–10 Vdc)
was passed through the wires suspended across the model lake (epilimnion). The
wire insulation was stripped at regular intervals providing electrodes where ionization caused color changes in the chemically adjusted indicator fluid’ [57]; for more
details, see [32, 59].
For the circulation patterns in Fig. 30.19 ‘the inflows are continuous but not dyed;
so only the effects of the inflows and the wind are apparent in the streaks from the
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(a)

(b)

Fig. 30.17 Circulation patterns in the homogeneous model lake. a No rotation, no wind. Dark
Alpenrhein, 227 m−3 s−1 , light Bregenzer Ach, 37 m3 s−1 . b With rotation, no wind. Dark and light
as in (a). Dotted line marks the Alpenrhein spreading after its inflow density was reduced, causing
a shift from plunging to a surface flow. c With rotation and wind, 0.4 ms−1 , Alpenrhein 775 ms−1 ,
Bregenzer Ach 37 m3 s−1 . Sipplingen BWV withdrawal 10 m3 s−1 . d As c, but wind 0.9 ms−1 ,
Sipplingen BWV withdrawal 20 m3 s−1 . Composed from Figs. 6 and 7 in [59] © Schweiz. Z.
Hydrologie., now Aquatic Sciences, Springer Verlag, Berlin, etc., reproduced with permission

wires [...]. Figure 30.19a shows the influences of low wind and normal flow on circulation patterns at the depth of 5 m in the lake. The most prominent feature is the large
clockwise gyre in the central basin between Langenargen on the German north shore
and Arbon/Rorschach on the Swiss south shore. Additionally, there are indications of
two weaker counterclockwise or cyclic gyres, a fairly large one that develops between
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(c)

(d)

Fig. 30.17 (Continued)

Friedrichshafen and Romanshorn and a small one in the Bregenz Bay. For low wind
and high inflow (Fig. 30.19b) two large counter rotating gyres have formed as before
with the most pronounced still being the clockwise gyre between Langenargen and
Arbon/Rorschach [...]. The rate of withdrawal from the hypolimnion through the Sipplingen BWV intakes is doubled, but there appears to be little significant influence
on epilimnetic circulation patterns in Lake Überlingen or elsewhere. For high wind
and high inflow (Fig. 30.14c) the overall pattern of circulation is not greatly different
from those of earlier stratified experiments. The large counter rotating gyres are still
present as well as a repeat of the earlier small cyclonic gyre in the Bregenz Bay’, [59].
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Fig. 30.18 (This is Fig. 7 in [57]) Circulation patterns that developed in a stratified model under
wind from left to right below the transparent hood. Some of the extended support ribs for the
Plexiglas wind cover are visible. The largest gyre in the center is anticyclonic, while the next large
gyre to its right is cyclonic. The inflows were flowing but not dyed. Flow visualization is made
possible purely by electrical reactions at stripped portions of the wires (the straight dark lines
running across the physical model) as in Baker (1966) [2] and Li et al. [32]. From [57] © J. Great
Lakes Res., Internatl. Assoc. Great Lakes Res, reproduced with permission

The steady circulation pattern high wind, no inflows/through-flows is displayed
in Fig. 30.20a. ‘The results clearly show a large wide clockwise gyre in the central body of the lake—much as in earlier experiments with varying inflows of the
Alpenrhein and Bregenzer Ach. This suggests that wind is the dominant force, particularly at higher velocities, in developing the epilimnetic gyres’. For no wind but
high inflow/through-flow ‘it is clear that the large gyres which had developed in the
central basin under the influence of wind, are not readily apparent in the absence of
wind (Fig. 30.20b). Because the small cyclonic gyre in the Bregenz Bay seems to
recur to various degrees, during wind- and no-wind experiments, its pattern may be
governed more by the back curl flow of the Alpenrhein’, [59]. Its momentum may
be sufficient to help drive a variable gyre in the Bregenz bay.
‘The model results of Figs. 30.18, 30.19, 30.20 are intriguing because some patterns of circulation observed were not obvious from either satellite imagery and air
photos or earlier investigations of the prototype. Indeed, on the basis of drifting
fish-net trajectories, and tests of water hardness at different sites in the lake, Wasmund (1928) [66] and Auerbach and Ritzi (1938) [1] postulated a generalized
circulation pattern for Lake Constance that incorporated a larger counterclockwise
gyre in roughly the same central area as the model clockwise gyre.’ [57]. Stewart offers three explanations for the contrast. First, even small density differences
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(a)

(b)

(c)

Fig. 30.19 (This is Fig. 9 from [59]) Circulation pattern in the stratified model with rotation. a
Wind of 0.4 ms−1 from west, Alpenrhein 227 m3 s−1 and Bregenzer Ach 33 m3 s−1 , Sipplingen
BWV withdrawal 10 m3 s−1 . b Wind of 0.4 ms−1 from west, Alpenrhein 610 m3 s−1 and Bregenzer
Ach 33 m3 s−1 Sipplingen BWV withdrawal 20 m3 s−1 . c Wind of 0.9 ms−1 Alpenrhein, Bregenzer
Ach, Sipplingen BWV same as in (b), from [59] © Schweiz. Z. Hydrologie, now Aquatic Science,
Springer Verlag, Berlin, etc., reproduced with permission
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(a)

(b)

Fig. 30.20 (This is Fig. 10A, C, from [59]) circulation patterns in the stratified model with rotation.
a Only wind of 0.9 m3 s−1 from west; no inflows or out flow. b No wind, Alpenrhein 610 m3 s−1 ,
Bregenzer Ach 33 m3 s−1 , Sipplingen BWV 10 m3 s−1 . © Schweiz. Z. Hydrologie, now Aquatic
Sciences, Springer Verlag, Berlin, etc., reproduced with permission

between the lake and the tributary waters may cause the river water to plunge so
that a surface signature may be lost. Second, the early investigations by Wasmund
and Auerbach and Ritzi likely were inadequate to discriminate the synoptic and
complex motions observed in the prototype. Third, caution ought to be applied in
interpreting model results because of scale-effects due to the distortion of the model.
Stewart and Hollan [59] offer a fourth explanation, which, however, must be
challenged: A steady depth integrated circulation model subject to spatially linearly
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varying wind from different directions is applied to the epilimnion of Lake Constance. It is shown in Chaps. 23 and 24 in all details that distributions of currents,
obtained from depth integrated models are in most situations poor approximations to
currents at a prescribed epilimnion depth. Results must be generated by multilayered
models even under homogeneous conditions of the water density.

30.7 Discussion and Conclusion
The purpose of this chapter has been to lay the foundation for a thoughtfully correct interpretation of laboratory experiments, which mimic physically significant
processes of lake or ocean hydrodynamics at a laboratory scale, but occur in Nature at
much larger size. This goal entails the recognition that physical processes are mathematically described by a particular class of functionals, those which are dimensionally
homogeneous.The mathematical basis for this class of functional equations has created Dimensional Analysis, a method of algebra, which allows from a set of variables or parameters, upon which a physical process may depend, to deduce a reduced
dimensionless form, which identifies the maximum number of independent dimensionless parameter combinations—so-called Π -products—upon which the physical
process may depend. Buckinghams theorem ascertains that (i) any dimensionally
homogeneous equation can be put into dimensionless form and (ii) that for a given set
of physical parameters (with their dimensions) the rank of the dimensional matrix,
formed from these parameters, determined the number of independent Π -products,
which can be constructed from this set, namely
⎩

Number of independent
dimensionless Π -products



⎩
=

Number of physical parameters
−Rank of dimensional matrix



In the practical application of the Buckingham theorem to a physical problem, three
steps have to be performed:
i. Selection of the physical parameters, which describe the problem;
ii. Construction of the dimensional matrix and its rank;
iii. Construction of the independent Π -products from the dimensional matrix.
The most difficult and most insecure step is (i), the identification of the physical
parameters, which (might) influence the physical process in focus. Here, the scientist
anticipates knowledge, which in many cases is only vaguely known. Steps (ii) and
(iii) are mathematical and secure; so, the emerging independent Π -products may
or may not be combined in a functional relation, which describes the anticipated
physical process.
Better established knowledge is often available via initial-boundary-value
problems of physical processes, i. e., partial differential equations and associated
boundary- and initial conditions. If such equations are claimed to describe some
physical processes, they must ab initio be dimensionally homogeneous relations.
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Such equations are e.g., the Navier–Stokes–Fourier–Fick equations; when being
brought into dimensionless form, the dimensionless factors, which multiply the individual terms, can be identified as the Π -products of the governing equations. All
these Π -products embrace the physical processes, which can be described by the
initial-boundary-value problem. This second approach of identifying the relevant
Π -products is known as inspectional method. It is very popular, but, obviously, presupposes a set of partial differential equations and boundary and initial conditions,
which is known, to describe the physical process in focus.
The results of the Buckingham Π -theorem are the basis for the model experiments. Loosely speaking, model experiments are physical processes performed or
reproduced at smaller scale, which take place in Nature at the prototype scale. Obviously, when such processes are described by {Π y , Πx1 , ..., Πxn }, all processes with
the same values for {Π y , Πx1 , ..., Πxn } are physically indistinguishable. This fact
expresses some notion of similitude or similarity. For experiments at small scale one
only must map Nature to the model and the natural process to the model process
by keeping all the Π -products invariant in this mapping. However, this theoretical
request can in practice only seldom be fulfilled. For instance, to keep the Froude
and Reynolds numbers simultaneously invariant has been shown to be impossible. Whenever this happens, experiments are said to exhibit scale effects. In these
cases, downscaling of physical processes to the model size is strictly not possible or,
vice-versa up-scaling of model results to the prototype size is not exact.
One way out of this difficulty is to perform analogous experiments at different geometric reductions, so that results due to non-invariant Π -products can be extrapolated
to the prototype size; this is generally too costly. Other options are the adjustments
of frictional resistances in the model to minimize the scale-effects. A promising procedure, which will become more and more economical in the future is to solve the
initial-boundary-value problem numerically; with this method it is always possible
to keep the Π -products invariant.
It was made clear in the main text that for many baroclinic (and for very large
lakes) also barotropic processes the effects of the rotation of the Earth are often not
negligible. This implies that the dynamic processes in the laboratory also needed to
be subjected to such a rotation of the Earth are often not negligible. This implied
that the dynamic processes in the laboratory also needed to be subjected to such a
rotation of the laboratory tank. This led to a rather large size reduction of the model
lake and required implementation of different geometric scales for the horizontal
and the vertical lengths. Moreover, the Froude and Rossby numbers must be kept
invariant in this downscaling to the model size, but the geometric distortion led to a
tremendous weakening of the (generally acceptable) shallowness at the prototype size
to the model size. Only when the conditions of the hydrostatic pressure assumption
remain valid, do rotating laboratory experiments guarantee for an acceptable upscaling of the dynamics.
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Part III

Detritus and Particle Laden
Transport in Lakes

Preamble to Part III
Physical processes and objects of interest for physical limnology are by nature
manifold, exhibiting a wide spectrum of features at different spatial/temporal
scales and under different external driving conditions. Moreover, our various
practical needs and academic interests address increasingly deeper and more
complicated questions; one typically needs to apply several approaches, methods,
and techniques in order to reach a plausible and practically applicable result.
Indeed, it is unthinkable nowadays to investigate certain problems using only field
measurements, or only numerical modeling, or just theoretical considerations. Part
III addresses the question, how the domain of a lake changes in response to the
external driving conditions. On decadal, centennial, or millennial time scales, the
bathymetry of a lake adjusts to the sedimentation of debris that is transported by
rivers into the quiescent waters and deposited informations of deltas and accretion
of silty and sandy deposits at larger distances from river mouths. Furthermore, lake
level rise and fall and subduction of geological formations may affect at longer
time scales the alluvial flow regimes of tributaries and shore regions of lakes and
ocean basins. Moreover, wave activity in estuaries often generates sandy
subaqueous dunes and spits by combined shore erosion and redeposition of the
sediments. Part III is devoted to such processes of bathymetric changes. However,
despite its mathematically complex structure and its length, it only serves as a
trigger of ideas that have not been pushed very far in the past decades. Perhaps, the
two chapters serve as impetus for further study.
Sediment transport is ordinarily the domain of river hydraulics; however, in
artificial mountain reservoirs and Alpine lakes, it plays an important role in the
sedimentation processes and possible reduction of the efficiency of the electrical
energy production which is connected with the water power plants consuming the
stack water kept in the reservoir. More generally, river water is fraught with
moving sediments of essentially two different sorts, (1) the suspended particles in
the water, which are dispersed by turbulent diffusion within the water in which
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they are suspended and (2) the bed load at the bottom of the river, which consists
of those particles, which move and bounce in a thin saltation layer along the rigid
bed of the water-saturated soil. The suspended sediments comprise the grain
fraction smaller than that of the bed load, generally non-buoyant and, consequently
subjected to a buoyancy force downward, and then likely contributing to
sedimentation and mass accretion of the bed load in the saltation (or detritus or
re-suspension) layer.1 It contains the sliding, slipping, and bouncing particles.
They move because the shear traction at the upper surface of the saltation layer is
strong enough to break particles loose from the bed. These particles may stay
within the saltation layer or they may be lifted and transported into the particle
laden fluid above the detritus layer. So, particles may change from the slurry into
the saltation layer or vice versa, and under situations of steadiness these exchange
processes may balance or be absent in which case a dynamic equilibrium occurs.
In Chap. 31, the processes are restricted to flows in a vertical plane. This
situation is somewhat academic, but the governing equations of the sediment
transport with vanishing suspension load for simple driving conditions can be
solved analytically, and the obtained solutions can relatively easily be verified by
laboratory experiments. When a river (perhaps in a dynamic equilibrium) enters a
quiescent water basin, it may encounter largely different flowing conditions. At the
river mouth and in its vicinity, deltaic formations depend on whether the riverine
water has (1) the smaller, the same or (2) the larger density than the ambient water.
If qr  qa , where qr is the river density and qa the density of the ambient water at
the river mouth, then we may envisage that the river water entering the lake at the
river mouth will stay close to the free surface, while the suspended larger particles
will quickly fall owing to their downward buoyancy force and the reduced turbulence and form a delta with a frontal slope equal to the angle of repose of the
subaqueous sediments. Lighter particles of small size will stay in suspension and
sediment out only in those regions of the lake where the turbulence is small
enough to let them do so. Alternatively, when qr [ qa , the river water will at the
entrance to the lake form a bottom gravity current, essentially along a trajectory
down the steepest decent of the shore slope. In this case the delta will form a
varied frontal slope. At the plunge point, which is the location, where the river
enters the lake, the subaqueous gravity current encounters the largest slope; it is
much smaller than the angle of repose of the subaqueous sediment. This slope of
the forming deltaic deposition tapers as one moves away from the plunge point
along the gravity current trajectory.
In the simplest situation of one-dimensional flow in the downslope direction, the
sediment transport in the river is described by a diffusion equation for the upper
1

Often, this saltation layer is called detritus layer, and debris forming this layer is called
‘detritus’ (= waste, clippings). In different sciences the word ‘detritus’ expresses different sorts of
debris. In soil science it stands for humus, i.e., organic material. An organic root is also implied in
hydrology and in medicine. In geology and engineering hydraulics ‘detritus’ stands primarily for
rocky, stony debris whereby fragmented residuals of organisms may not be excluded. Our own
use of ‘detritus’ in this book is that of geology and hydraulics: bed load).
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surface of the detritus layer, subject to a prescribed upstream mass flow and
position and flux conditions at the river mouth. For hypopycnal deltaic formations,
i.e., when qr  qa , this flux is constrained by the angle of repose of the slope of
the delta front and thus prescribes the growth rate of the delta. These problems are
mathematically reminiscent to STEFAN problems of heat conduction with phase
change. For hyperpycnal deltaic formations, i.e., when qr [ qa , the subaqueous
density current, which is also described by a diffusion equation with vanishing
downstream mass flux, must be patched together with the bed load diffusion
equation of the tributary. This requires continuity of the free surface and flux
transition conditions at the plunge point.
Whereas the geometrically restricted conditions of sediment transport in
Chap. 31 provide the background of a rather detailed understanding of the physical
foundation of sediment transport in an alluvial river–lake system, it is hardly
applicable when realistic estuary sedimentation must be predicted. This more
realistic situation is the subject of Chap. 32, in which the particle laden fluid is
modeled as a mixture of class I with mass, momentum, and energy balance laws
for the mixture as a whole, and mass balances for a finite number of solids with
disjoint size ranges. These governing equations with the structure of the NAVIER–
STOKES–FOURIER–FICK equations are also subjected to turbulent averaging processes and various corresponding closure schemes. Of particular significance is
also the parameterization of the free fall velocity of the non-buoyant particles
within their size classes. Boundary conditions at the free surface, which is treated
as material with respect to the barycentric velocity, are the traction condition for
the wind shear, vanishing solid mass flows across the surface and energy boundary
conditions for atmospheric surface heat flow or temperature.
Of particular interest is the treatment of the moving sediment bed. For its
mathematical-physical description several approaches are possible, e.g., to model
it as a thin material layer of a mixture of class I or II or as a singular surface
equipped with surface solid particles of different size and a surface fluid which
moves independently. This surface mixture can again be modeled as a mixture of
class I or II. We choose the simpler class I-model, and then must formulate surface
balance laws of mixture mass and mixture momentum plus mass balances for the
solid particles mimicking the bed load motion. This process entails determination
of the solid surface-mass flux in terms of surface-strain rates and associated
surface diffusivities for the solid surface masses. This process requires projecting
the surface momentum equation into its components tangential and orthogonal to
the singular surface. The simplest sediment model with complete closure relations
is obtained if the component of the momentum balance equation perpendicular to
the singular surface is ignored and the erosion and deposition rates of solid mass
are prescribed. This is not readily seen; it requires writing of the mathematical
equations in a curvilinear system of coordinates and parameterizing the basal
surface and the distances perpendicular to it. The model equations are new and go
beyond commonly known sediment transport models.

Chapter 31

Prograding and Retrograding
Hypo- and Hyper-Pycnal Deltaic
Formations into Quiescent Ambients

List of Symbols
Roman Symbols
A
B
b(X, t)
C
c p , cice
D1
D2
Dice =
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κice
ρ c p ice

f (Δ ), f 1,2 (Δ )
g
H
h
I
L
ṁ = ρ1 Q
ṁ ≈ = (ρ − ρ√ )hu
n0
pb
Q

Constant of integration in the construction of similarity solutions of the
diffusion equation
Constant of integration in the construction of similarity solutions of the
diffusion equation
Basement function, defining the solid bed below the lake and alluvial
deposits, see e.g. Fig. 31.8
Constant of integration in the construction of similarity solutions of the
diffusion equation
Specific heat of ice at constant pressure or constant volume
Topset diffusivity of the subaerial moving bed load
Topset diffusivity for hyper-pycnal sediment processes
Diffusivity of ice
Point production/annihilation rate of sediment mass at the plunge point
Constant of integration in the construction of similarity solutions of the
diffusion equation
Similarity functions for the detritus surface
Gravity constant (g = 9.81 m s −2 )
Constant thickness/depth of a channel of still water
Thickness of the moving slurry-layer of water above the detritus layer
at the basement
Sediment source to the main bed load from a side tributary
Latent heat of freezing/melting of water/ice
Downslope (horizontal) subaerial total sediment mass flow
Downslope (horizontal) subaqueous total mass flow
Porosity in the moving subaerial bed load
Normal pressure at the sediment bed
Volumetric discharge = specific volume flux
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Greek Symbols
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β
δ
ε
ζ̂
ζ = ζ(x, t)
ζ̂ = ζ̂(X, t)
ζ̂ = ζˆ0 (t) or ζ̂ = Z Ψ (t)
ζ̂s = ζ̂(s(t))
ζ̂toe = ζ̂(u(t))
∈
ζ̂/ Qt
θ = T + Tsur f
ϑ1,2 = ζ̂1,2 − ζˆ0
κ, κice
Ω(λ) = ω
λ

Specific downslope sediment flux
Specific down-slope sediment flux at far upstream position—constant
value of q at graded conditions
Heat flow through the
 free surface of a lake

t
Relative lake level RΨ (t) = Z Ψ (t) + 0 σt ≈ dt ≈ at X = s(t)
Dimensionless relative lake level
Alluvial-basement transition (X = r (t))
Far up-stream and far-down-stream bed slopes
Inclination thresholds below which no bed load transport is possible
X -position of the shore point (plunge point) as a function of time
Temperature
Temperature (of the water) at the free surface of a lake
Temperature of the lake water at the deep bottom
Time
Mean downslope velocity in the turbid layer water (possibly with suspended sediments)
Position of the toe of a hypo-pycnal delta
Mean down-slope detritus velocity in the sediment layer
Horizontal Cartesian coordinates
Similarity variable
Downslope Cartesian coordinate in the topset tangential to the basement
Similarity variable [see (31.51)]
Vertical Cartesian coordinate
Position of the lake level as a function of time
Cartesian coordinate perpendicular to the inclined sediment bed

Ratio of the subaqueous down-slope sediment velocity to the downslope density current velocity, 21 < α1 < 1
Ratio of the subaerial down-slope sediment velocity to the down-slope
slurry velocity
Inclination (slope) angle of the subaerial sediment layer
Thickness of the moving sediment layer—Dirac Delta-function
Small parameter (0 < ε << 1)
Vertical position of the upper surface of the moving sediment
As a function of (x, t), measured perpendicular to the basement
As a function of (X, t), measured vertically
Z -coordinate of the lake level
Upper surface of the moving sediment layer at the plunge point
Detritus level at the delta fore front
Similarity variable
Temperature variable
[see (31.120)]
Heat conductivity of ice
[see (31.38)]
Separation constant, introduced in the generalized Stefan conditions
arising as s(t) = λξ(t)
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ξ, Δ/ξ(t)
π
ρ
ρ0
ρw , ρs
ρ1
ρ√
σ
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ω
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Similarity variable for the sediment position [see (31.20)]
=3.14159
Mass density of water or slurry (due to wash load)
Mass density of the moving sediment layer
True density of water,—of sediment
Buoyancy corrected detritus density in the top set
Density of the particle laden lake water at the upper edge of the
subaqueous turbidity current
Supply rate of moving sediment mass
Effective stress (pressure) at the top of the moving sediment layer
Shear traction at the upper surface of the bed load layer
Angle of internal friction (angle of repose measured under water)
Ratio of slopes, defining the parameter λ in the generalized Stefan
condition [see e.g. (31.38)]

Miscellaneous Symbols
d/d t
∂/∂t
∀
erf
erfc
ierf

Total time derivative operator
Partial time derivative operator
Nabla (gradient operator)
Error function
Complementary error function
Integrated error function [see (31.183) and (31.184)]

Sediment transport from mountainous rivers into a quiescent ambient with simultaneous formation of deltas is reviewed. To focus on the principal physical processes
attention is restricted to flow in vertical cross-sections with no changes perpendicular to the plane of the flow. The bed load transport in the river is derived for
quasi-steady situations using sediment mass balance and the Mohr–Terzaghi shear
stress-pressure relation with the angle of internal friction, φ as the essential frictional
parameter. The emerging model is a diffusion equation for the upper surface of the
moving sediment layer and corresponding boundary conditions. Its diffusivity is
expressible in terms of the hydraulic discharge, the densities of the sediment and the
turbid water, the angle of internal friction and a parameter characterizing the bedparallel sediment velocity in terms of the average velocity in the turbid layer. When
this river flow enters quiescent water, two different classes of deltas can be formed.
When the entering water is either neutrally buoyant or lighter than the ambient
water, the sudden reduction in tractive force along the bed generates a conspicuous
avalanching flow to depth. This leads to steep-sloped foreset deposits with delta
fronts inclined by the angle of internal friction. Such so-called Gilbert-type deltas
are governed by a jump requirement of the sediment flux across the shore line and
the geometry of the receiving basin. When the inflowing discharge is denser than the
receiving ambient water, it will dive down as a turbulent under-current. The basal
sediment transport in this subaqueous density current is analogous to the subaerial
case and again described by a diffusion equation with similarly determined diffusivity. The combined dual subaerial-subaqueous sedimenting process is mathematically
very similar to a (generalized) Stefan problem, e.g. the freezing of an ice cover on
a lake. We present (mostly analytical) solutions for (i) bedrock-alluvial transitions,

404

31 Prograding and Retrograding Hypo- and Hyper-Pycnal Deltaic Formations

(ii) overtopping failure of a dam, (iii) topset-foreset diffusion processes for hypoand hyper-pycnal deltas. Laboratory experiments demonstrate the adequacy of the
models.

31.1 Introduction: Estuarine Development Due to Riverine
Sediment Inflow
31.1.1 Fluvio-Deltaic Sedimentation in Lakes From Rivers
Sediment transport in alluvial rivers constitutes in mountainous lakes the dominant
mode of sediment delivery. These modes arise generally in two different forms, as
bedload transport of the coarse grains and as suspended matter of the clay and silt
fractions. The amount of the dense, coarse movable sediment depends on the driving
stress—in quasi-steady flows expressed by the Meyer–Peter and Müller [42] or
similar formulae—the packing of the river bed and the size composition of the sand
comprising the transported total sediment mass. Of the total sediment load a nominal
es
threshold grain diameter φthr
bedload essentially separates the moving sediments into two
classes, (i) the bedload, moving in the bottom saltation layer and (ii) the fine grains,
which are suspended in the turbulent water above the saltation layer. The relative
proportion of the dense bedload-mass flow and the suspended dilute sediment-mass
diffusion depends in quasi-steady states on the local inclination of the river, provided
this slope is smooth and suffers only small changes with position.
At the entrance of a river into relatively quiescent waters, an artificial reservoir,
lake or the ocean, the entering bed and sediment loads will suddenly be subjected
to an abrupt change of the hydrodynamic conditions, and depending on the relative
hydro-physical changes, the subsequent process will differently evolve according to
these conditions.
In what follows, we introduce a few terms from the geological nomenclature,
which will facilitate later discussions, see Swenson et al. (2000), [64], Lai and
Capart (2007), [34] and Fig. 31.1:
• Sediment laden river flow will be referred to as subaerial flow and the region of
river flow is called topset.
• Correspondingly, the flow immediately beyond the shoreline is called the subaqueous flow, and the region of this flow is denoted as foreset. Beyond the delta
region it is often called the bottomset.
• If the entering fluid flow as a mixture of water and sediment is lighter than, or
equal to, the water density of the ambient, the flow characteristics will be called
hypopycnal and homopycnal, respectively, if it is denser than the mixture density
of the ambient, then it is called hyperpycnal.
Dismissing the complex transition conditions in the immediate vicinity of the
advancing (or retreating) shoreline, the downstream subaqueous deposits differ for
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(a)

(b)

Fig. 31.1 Alluvial river deltas under hypo- or homopycnal, Gilbert-type (a), and under
hyperpycnal (b) conditions, illustrating the common nomenclature. Gilbert-type deltas have plane
frontal slopes at the angle of repose of the coarse grained sediment, and delta growth is by granular avalanching. Hyperpycnal deltas evolve under the action of a turbidity current, and the basal
sediment transport is analogous to sediment transport in alluvial rivers. The horizontal position of
the shoreline is x = s(t). Similarly, the toe of the slope break is given by x = u(t). Figure after
Lai and Capart (2007), [34], with changes, © J. Geophys. Res. Earth Surface, reproduced with
permission

the three mentioned pycnal characterizations from one another. The sudden change in
speed that occurs when the river water crosses the shoreline and enters the region of
calm water generates ‘for homopycnal and hypopycnal flows, in which the entering
discharge is either neutrally buoyant or lighter than the ambient fluid, a sudden
reduction in tractive force along the bed [. . .]. This leads to steep-sloped foreset
deposits controlled by the angle of repose (approximately angle of internal friction)’
(Lai and Capart (2007), [34]). The coarser grains will avalanche down the shore
slope and the fines will stay afloat in a near surface jet-boundary layer and settle
out further downstream as bottomset beds. ‘Such deltas, and their topset-foresetbottomset architecture were first described in a classical work by Gilbert (1890),
[19] and are accordingly known as Gilbert-type deltas’ (Lai and Capart 2007,
[34]).
Two quantities characterize Gilbert-type delta wedges, (i) the shoreline position s(t), which is the horizontal distance of the shoreline (see Fig. 31.1a) from a
Cartesian origin far upstream in the topset and (ii) the delta toe u(t), which is the
horizontal distance from the same Cartesian origin of the intersection point between
the deposit-wedge front and the basement. The latter is in geological applications
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taken as a subsiding fault block or any well defined lower boundary of the Earth
mantle, in engineering-type sedimentology of lake deposits a well defined lake bottom surface in the recent past or at present. Of interest are the time evolutions of s(t)
and u(t). The following geological nomenclature is commonly used (see Voller
et al. 2006, [67]).
• Regression and transgression refer, respectively, to the foreward (ṡ(t) > 0) and
landward (ṡ(t) < 0) migration of the shoreline.
• Progradation and retrogradation refer, respectively, to the foreward growth
(u̇(t) > 0) and landward retreat (u̇(t) < 0) of the entire fluvio-deltaic system.

31.1.2 Morpho-Dynamics of Hypo-, Homo- and Hyper-Pycnal
Flows
According to Lai and Capart (2007), [34] hyperpycnal flows occur when the inflowing discharge is denser than the receiving ambient water. This may occur e.g. when
floodwater, laden with sediments, enters fresh water lakes, or when cold river water
from snow melt enters a lake of warmer water. In these cases the denser river water
will form a density current (Fig. 31.1b) moving down the littoral slope, approximately
in the direction of steepest descent of the lake bathymetry from the plunge point of
the river. Entrainment of ambient water in such density currents is generally small
(and in a first approximation negligible), because stable stratification inhibits turbulence at the upper boundary of the density current, (Ellison and Turner 1959, [12],
Turner 1973, [66]). Such flows maintain therefore, in general, their boundary-layer
character as long as their density is larger than that of the ambient fluid. If this remains
so through the entire depth such turbidity currents may travel over considerable distances, decaying primarily due to a continuous and size dependent settling-out of
their suspended matter.
Whereas hypopycnal deltas have steep slopes of the size of the angle of internal friction, hyperpycnal deltas are much less steep, with generally convex shape
(Fleming and Jordan 1989, [14], 1990, [27]; Kostic et al. 2002, [29]; Kostic
and Parker 2003, [30, 31]). The steepest inclination occurs at the plunge point
(Fig. 31.1b) and is commonly substantially smaller than the angle of repose of their
Gilbert-type counter parts. As one moves farther away from the plunge point, their
inclination tapers and smoothly approaches the far distant bathymetric profile. Moreover, the deltaic deposition rates in (mountainous) lakes are large as compared to the
far distant sediment depositions due to the early fall-out of the coarse-grained suspended matter. It follows that in a first approximation for the estimation of the formation and erosion of deltas the far downstream lake bathymetry may be assumed to be
steady. Contrary to processes on geological time scales, this assumption is generally
appropriate for applications in water engineering.
Fluvio-deltaic sedimentation thus appears basically in two different forms, for
homo- and hypopycnal flows as Gilbert-type deltas, and as hyperpycnal deltas.
Both grow chiefly by dense granular transport at the bed, for Gilbert-type deltas
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as granular avalanches, which continuously adjust their slope to the angle of repose,
for hyperpycnal deltas much like subaqueous streams of which the granular motion
follows classical bedload transport rules.
In geological applications of Pleistocene or Holocene time scales transgressive
and regressive ocean shore movement is linked to the sea level rise and fall and
the corresponding topset and foreset estuarine developments (Pitman 1978, [57]).
Furthermore, grain size variation in ocean or lake sediment cores is linked to the particle size segregation of delta deposits in alluvial basins (Paola et al. 1992, [53]).
These models all operate with a subaerial bedload mode in the topset region and
Gilbert-type deltas in the foreset. On the other hand, engineering applications may
concern formation and decay of tributary dammed lakes (Capart et al. 2010, [7]) or
reservoir infill during and immediately after heavy rain fall (Lai and Capart 2009,
[35]), or forced alteration of delta geometries with the intention to regulate the alluviation. These situations are characterized by hyperpycnal type foresets for which
the Alpine Rhine River (Alpenrhein) at Lake Constance is a typical case. ‘During
flood conditions, the Rhine carries into the lake a large suspended load composed of
10 % clay, 70 % silt and 20 % sand, at concentrations of up to 6,000 mgl−1 (Müller
and Förstner 1966, [45]; Roth et al. 2001, [59]). This inflow generates turbidity
currents along the bottom, with underflow velocities of more than 1 ms−1 (Lambert
1982, [37]), carrying the clay and silt fractions to the deeper parts of the lake, [59].
The associated delta morphometry is illustrated in Fig. 31.2. Upstream of the shore-
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Fig. 31.2 Rhine River delta (Alpenrhein) at Lake Constance, Switzerland. a Present subaerial and
subaqueous long profile of the Rhine (after Hinderer 2001, [23]). b Progradation of the subaqueous
delta foreset from 1885/1889 to 1979 (after Kenyon and Turcotte 1985, [28]; data from Müller
(1966), [44], supplemented by more recent profiles from Hinderer (2001), [23]), from Lai and
Capart (2007), [34], © J. Geophys. Res. Earth Surface, reproduced with permission
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line the long profile of the Rhine River plain exhibits a mild inclination and a slightly
concave curvature. At the shoreline a sharp break of slope is observed. Downstream
the subaqueous foreset exhibits a steeper gradient and a concave profile of more
marked curvature. Near the shoreline break, the maximum inclination of the foreset
is of the order of 6◦ (Adams et al. 2001, [2]), much greater than the topset slope,
but well below typical angles of repose. Towards the deep end of the lake, the leading edge of the foreset bed connects smoothly with the lake bathymetry. The shape
of the delta front thus differs significantly from Gilbert’s description. Plotted in
Fig. 31.2b, the recorded evolution of the Rhine river delta front between 1885/1889
and 1979 further shows that foresets have maintained a similar morphology over
almost a century of progradation’, after Lai and Capart 2007, [34].
In the ensuing analysis we shall be involved with both Gilbert-type and hyperpycnal-type delta formations; however, our interest is less in the geological application on Pleistocene and Holocene time scales, but rather on decadal to century time
scales, for which engineering-type regulations of foreset alluviations are of interest.

31.2 Sediment Transport in the River
As Fig. 31.1 suggests, the topset is characterized by river dynamics and its fluvial
transport. With the somewhat restricting simplifying assumptions stated below, the
sediment transport process can be described by a diffusion equation for the interface
position Z = ζ̂(X, t) between the bedload layer and the suspension layer above it,
see Fig. 31.3. ‘The diffusion metaphor has long been used in modeling river systems
[. . . ]1 and has been applied to deltas (Kenyon and Turcotte 1985 [28]) and foreland basins (Fleming and Jordan 1989 [14]; Jordan and Fleming 1990 [27])’.
A detailed derivation is given by Paola et al. 1992 [53] using the Meyer-Peter
Müller formula [42] for sediment transport. Here, we follow Lai and Capart
(2007), [34], who base their derivation on the Coulomb–Terzaghi yield criterion.
These authors present a clearly formulated list of assumptions on which their diffusion equation for Z = ζ̂(X, t) is based. As with previous derivations the important
information is a formula for the diffusivity in terms of parameters characterizing
steady channel flows.
In what follows we list the salient assumptions which are imposed to derive the
diffusion equation.
• The river flow in the valley stretch above the plunge point (the topset region) can be
assumed to be one-dimensional. Sources in terms of precipitation or point sources
from side tributaries are treated as continuous prescribed functions of space and
time: σ(x, t). This assumption is not very critical since the lowest stretch of a river
before entering a basin is generally very flat, shallow and smooth. On century time
1 Paola et al. 1992 [53] cite a large number of references, of which we mention here Soni 1981 [63],

Gill 1983 [20] and Zhang and Kahawita 1987 [71] but Culling 1960 [10] remains unmentioned
as an early example of derivation of the diffusion equation for erosion problems.
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(a)

(b)

(c)

(d)

Fig. 31.3 a Side view of a plane river section consisting of a turbid, particle laden fluid layer of
homogeneous density ρ, mass flow ṁ and thickness h, underlain by the moving sediment-water
layer of constant density ρ0 , volume flux q parallel to the bed and thickness δ. Both are assumed to
move immiscibly on an immobile bed, also assumed of density ρ0 and inclined by the slope of angle
β. The Cartesian coordinate system (x, t) is aligned with the bed. b Element of length dx of the
moving sediment-water mixture with volume fluxes at the two side faces. Its growth in thickness is
[(∂ ζ/∂ t)dt]dx and a possible external source is [σ(x, t)dt]dx. c Column of the particle laden and
the sediment-water mixture with the corresponding gravity forces and basal shear traction τb and
basal normal pressure pb . d Horizontal-vertical coordinates (X, Z ) and sediment-water interface
Z = ζ̂(X, t) and corresponding inclined (x, z) coordinates with z = ζ(x, z)

scales meandering may occur (and has more frequently occurred in the past); in
such a case the discharge is averaged and the average flow is assumed to be straight
and unidirectional.
• The turbid water and the bedload sediment-water mixture are assumed homogeneous and taking place in layers, see Fig. 31.3, for the suspended particle laden
fluid as a slurry of thickness h and for the bedload as a dense granular water
saturated fluid of thickness δ with particles moving under saltation.
• The motion of this two-layer system is assumed to take place sufficiently smoothly
and slowly with no abrupt changes such that the currents in both layers adjust in
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a quasi-steady manner to the ‘slowly varying conditions’. This implies in particular that deposition of fines from the particle laden layer into the moving bed is
negligible. In other words, the interface between the moving sediment layer and
the particle laden fluid layer is material.
Analogously, it is also supposed that no particles of the moving sediment layer will
settle, nor particles from the immobile bed will entrain into the moving sediment
layer. Thus, also the bed surface is material.
• The inclination of the bed is small with negligible curvature; so, the river bed is
locally straight and the local Cartesian coordinates (x, z) are, respectively, parallel
and perpendicular to the bed.
• The flow depths of both layers and the river are small in comparison to significant
longitudinal extents of typical variations of the river depth. This is the typical
shallowness assumption.
• The bedload material consists of water with density ρw (w for ‘water’) and gravel
with density ρs (s for ‘soil’ or ‘sediment’) and porosity n 0 . Both densities are
constant because of the incompressibility of water and gravel, but constant n 0 is
a simplifying assumption. It is further also assumed that the soil of the immobile
bed is the same as in the moving sediment bed, with the density given by
ρ0 = n 0 ρw + (1 − n 0 )ρs .

(31.1)

In view of the constant density ρ0 of the sediment layer, the mixture mass balance
reduces to the mixture volume balance, which implies (see Fig. 31.3b)
∂q
∂ζ
+
= σ(x, t),
∂t
∂x

(31.2)

in which q is the variable volume flux and σ(x, t) is a source term. In (31.2) x is
measured tangential to the river bed and ζ(x, t) perpendicular to it. If X, Z = ζ̂(X, t)
are horizontal and vertical, respectively, it is easily seen that (see Fig. 1.3d)


or, since | β |≡ 1,

X
ζ̂
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(31.3)

(31.4)

Similarly, if q̂ = q cos β ⊗ q is the horizontal volume flux, (31.2) may approximately be replaced by
∂q
∂ ζ̂
+
= σ + O(β 2 ).
(31.5)
∂t
∂X
In steady state at constant velocity (no acceleration), the tangential normal force
components of the gravity force in the column of Fig. 31.3c balance with the shear
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traction at the base, τb and the normal basal pressure, pb as follows, see Fig. 31.3c,
τb = (ρh + ρ0 δ) g sin β,

(31.6)

pb = (ρh + ρ0 δ) g cos β.

(31.7)

The normal-to-bed component of the submerged weight of the bedload, on the other
hand, is given by
σb≈ = [(ρ h + ρ0 δ) − ρ(h + δ)]g cos β = (ρ0 − ρ)δ g cos β,

(31.8)

and is known as ‘effective stress’.
The lower interface separating the moving sediment bed and the immobile ground
is a sliding surface at which the Coulomb yield criterion applies
τb = tan φ σb≈ ,

(31.9)

in which τb and σb≈ are given as shown in (31.6) and (31.8) with φ as the angle
of internal friction, in accordance with Terzaghi’s principle (Fraccarollo and
Capart 2002, [15]). If (31.6) and (31.8) are substituted into (31.9), and the resulting
relation is somewhat manipulated, the equation
ρ tan β
δ
=
h+δ
(ρ0 − ρ)(tan φ − tan β)

(31.10)

emerges, or since δ ≡ h and | β | ≡ φ
δ⊗

ρ h tan β
.
(ρ0 − ρ) tan φ

(31.11)

It transpires that the thickness of the sediment layer is given, if the densities ρ and
ρ0 of the turbid layer and the sediment layer and the slope, β, and angle of internal
friction, φ, are known.
The next step towards determination of the sediment mixture-volume flux is the
determination of a velocity profile within the moving sediment layer. For this purpose
application of the momentum principle is out of reach; instead we conjecture a linear
relation between the mean velocities of the turbid, u, and the sediment, v, layers,
viz.,
(31.12)
v = α1 u,
where α1  1 is a dimensionless parameter, chosen to be constant. For plug flow
over the entire depth α1 = 1 and for a linear profile in the sediment layer with value
u at its upper boundary, α1 = 21 . With (31.11) and (31.12) one may approximately2
2

Equation (31.1) is used and [(1 − n 0 )ρs + n 0 ρw ] ⊗ 0 is assumed.
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deduce
q̂ ⊗ q = δ v =

α1 ρ hu tan β
(1 − n 0 )(ρs − ρ) tan φ

(31.13)

for the derivation of which we have set ρ = ρw , i. e. the density ρ of the upper layer
slurry is set equal to the water density. We emphasize, this formula has been derived
under the assumption that the flow is quasi-steady, that particle sedimentation from
the turbid layer and bed erosion into the moving sediment layer are excluded (or
negligible) and that the bed is flat. Under these conditions one also has
dṁ
dρ
= 0 and
= 0.
dx
dx

(31.14)

These equations state that the density ρ and the turbid mass flow rate ṁ do not
change along their trajectories, which are here formally given by lines parallel to the
x-coordinate. In the words of Lai and Capart [34] ‘the values of ρ and ṁ along the
topset are purely controlled by their upstream boundary values, i.e.,
ρ(x, t) = ρupstr eam = ρ1 = constant and
ṁ(x, t) = ṁ upstr eam = ρ hu = ρ1 Q = constant,

(31.15)

where Q denotes the volumetric discharge of the turbid water supplied upstream of
the delta’. Since
∂ ζ̂
,
(31.16)
tan β = −
∂X
Equations (31.13) and (31.5) imply
q = −D1

∂ ζ̂
,
∂x

∂
∂ ζ̂
−
∂t
∂X

D1 =

D1

α1 ρ1 Q
(1 − n 0 )(ρs − ρ1 ) tan φ

∂ ζ̂
∂X

= σ(X, t).

(31.17)

(31.18)

D1 is a (constant) diffusivity, which is proportional to the discharge Q and inversely
proportional to the tangent of the angle of internal friction, φ. Equation (31.18) is an
inhomogeneous diffusion equation, written here for variable diffusivity, even though
D1 in (31.17) is constant. As already mentioned, there are alternative derivations, [10,
53] for geological applications, of which Paola et al. [53] use the Meyer–Peter–
Müller [42] sediment transport formula instead of the Coulomb–Terzaghi friction
law (31.9).
Equation (31.18) is a linear parabolic partial differential equation. As it is second
order in the spatial variable, two boundary conditions for its solution are required. In
a so-called two-point boundary value problem such a condition is prescribed at each
of the two end points of the interval (X 1 , X 2 ), for which the solution is constructed.
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For the situation in question, an upstream flux will be prescribed as well as the vertical
position of the sediment-turbid fluid interface,
q = −D1 ∂∂ Xζ̂ , at X = X 1 (= 0),
ζ̂ = ζ̂0 (t),

(31.19)

at X = s(t),

where ζ̂0 (t) is a prescribed function monitoring the lake level fluctuation. These
conditions do not suffice, however, as a further condition at the shore must connect
the solution with the processes of the delta formation. The condition emerging from
that analysis will determine the function s(t). This additional condition depends on
the type of delta that is formed.

31.3 Similarity Solution for the Homogeneous Diffusion
Equation
It will now be assumed that σ(X ) ≡ 0, i.e., we are looking for a solution of the
homogeneous Eq. (31.18). It turns out that the one-dimensional diffusion equation
with constant diffusivity allows construction of so-called similarity solutions, which
are useful for the sediment transport problem at hand. Such solutions have selfsimilar structures; through adequate variable transformations the partial differential
equation (PDE) transforms into an ordinary differential equation (ODE). For the
diffusion equation the appropriate transformation is (see Hydon 2000, [26] or any
other book on partial differential equations3 )
ζ̂(X, t) = f (Δ )ξ(t), Δ =

X
, ξ(t) = 2 D1 t,
ξ(t)

(31.20)

with differentiable functions f (Δ ) and ξ(t). The function f (Δ ) expresses the shape
of the profile of the moving sediment layer as a function of the dimensionless argument Δ . The factor ‘2’ in the definition of ξ(t) is introduced for convenience. (31.20)1
is a product decomposition of ζ̂ into a function characterizing the time, but having the
dimension of length, and a dimensionless function f of dimensionless variable Δ .
It follows from (31.20) that


2D1
∂ ζ̂
2D1
X ≈
dξ
=
,
=
f (Δ ) ,
f (Δ ) −
dt
ξ
∂t
ξ
ξ
2
∂ ζ̂
1
= f ≈ (Δ ), ∂∂Xζ2 = fˆ≈≈ (Δ ),
∂X
ξ
3

Other books are e.g. Sokolnikoff–Redheffer (1966), [62], Abramowitz and Stegun (1964),
[1], Kreyszig (2006), [32].
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in which primes on f denote differentiation, so that (31.18) takes the form
f ≈≈ (Δ ) + 2 Δ f ≈ (Δ ) − f (Δ ) = 0.

(31.21)

This is a linear, second order ODE for f as a function of Δ . One solution is f 1 (Δ ) =
−AΔ , where A is a constant. As known from elementary calculus, a second solution
can then be constructed by the product decomposition
f 2 (Δ ) := f 1 (Δ ) g(Δ ) = −Δ g(Δ ).

(31.22)

Indeed, with (31.22) and (31.18) and with
h(Δ ) := g ≈ (Δ )˙

(31.23)

it is easy to show that h(Δ ) must satisfy the differential equation
d
h ≈ (Δ )
2(1 + Δ 2 )
=
(ln(h(Δ )) = −
h(Δ )
dΔ 
Δ  
Δ 2(1 + x 2 )
1
dx − ln
=⇒ ln [h(Δ )] = −
x  
B
1
1
2
= −2 ln(Δ ) − Δ − ln
B
 
1
= − ln(Δ 2 ) − Δ 2 − ln
B


h(Δ )Δ 2
2
=⇒ ln
= −Δ ,
B
or
h(Δ ) := g ≈ (Δ ) = B

exp(−Δ 2 )
.
Δ2

(31.24)

B is a constant of integration. A further integration of (31.24) now yields4

g(Δ ) = B

A exp(−x 2 )

Δ

x2

dx = B

 exp(−Δ 2 )
Δ


+2


Δ
0

⎟
exp(−x 2 )dx +C .
⎛
⎝

∈

πerf(Δ )

(31.25)
Here, erf is the error function,
2
erf(x) = ∈
π
4



We compute this indefinite integral as follows:

0

x

exp(−y 2 )dy,

(31.26)
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and C is again a constant of integration. Once a choice for C has been made, the
most general solution of (31.18) is given by
⎟

∈
f (Δ ) = −AΔ + B exp(−Δ 2 ) + πΔ (erf(Δ ) + C)
with derivative

∈
f ≈ (Δ ) = −A + B π{erf(Δ ) + C}.

(31.27)

(31.28)

The construction of the solution (31.27) is standard. The above derivation, here given
in details, follows essentially [6].
Capart et al. [6] emphasize that ‘the assumed similarity structure also imposes
certain restrictions on the boundary conditions of ODE (31.21) to be specified at
given values of the ratio Δ = X/ξ(t); the boundary positions X 1 and X 2 must be of
the form
X 2 = λ2 ξ(t),
(31.29)
X 1 = λ1 ξ(t),
where the scaling constants λi , i = 1, 2, can either be given or are unknown (and
must then be subject to additional boundary conditions). Form (31.29) allows nonmoving boundary conditions, but only at locations X i = 0 and X i = ±√.
Conversely, any λi different from zero or infinity yields a moving boundary.
Restrictions on boundary speeds then follow from
2D1
dξ
2 D1 2
dX i
= λi
=
λi =
λ ,
dt
dt
ξ
Xi i

(31.30)

which implies that products X i (dX i /d t) must be invariants [constants]’. It is also
easy to see that at boundary points the quantities
(Footnote 4 continued)


A
Δ







 A
1
d
exp(−x 2 )dx =
−
exp(−x 2 )dx
dx
x
Δ
⎠

 A
A d ⎞ 1 
1
=
−
exp(−x 2 ) dx −
(−2x) exp(−x 2 )dx
−
x
x
Δ dx
Δ
 A
A −2
exp(−x 2 )dx
= − x1 exp(−x 2 )|Δ
Δ
 Δ
exp(−x 2 )dx
= − A1 exp(−A2 ) + Δ1 exp(−Δ 2 ) + 2
A
⎛
⎝

=

1
x2

exp(−Δ 2
)+2
Δ



=

exp(−Δ 2 )
Δ

which agrees with (31.25).



Δ
0

0 Δ
A+ 0
exp(−A2 )

exp(−x 2 )dx −
⎛
⎝ 

∈
2 πerf(Δ )

∈
+ 2 πerf(Δ ) + C,

A

 A
exp(−x 2 )dx
−2
⎛0
⎝
C
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ζ̂i
,
ξ(t)

ζ̂i
,
X i (t)

∂ ξˆ
∂X

, i = 1, 2
i

must equally be constant. Explicit examples of self-similar evolution for alluvial
channels of semi-infinite length with moving boundaries are constructed by Capart
et al. 2007 [6]. Let us illustrate the application of the similarity solution to a number
of lake-related hydraulic research problems.

31.3.1 Bedrock-Alluvial Transition
A somewhat academic example which demonstrates a hydraulic application, is given
in [6], see Fig. 31.4; it is the sediment flow down a plane inclined bed, which suddenly
changes its slope from −S1 to −S2 . Far upstream and far downstream the steady bed
has these slopes, but to adjust to these slopes, the bed will smoothly change from slope
−S1 to slope −S2 . We may interpret the far upstream bed as solid non-erodible rock
and the downstream bed as the alluvial infill. The transition between the exposed
upstream bedrock and the downstream alluvial channel is located at the evolving
position s(t). At time t = 0, it is assumed that s = 0 and that the alluvial cover has
constant slope S2 < S1 . (Note that this is the ‘academic’ and not realistic condition
guaranteeing that the similarity solution is applicable.) A steady sediment flux Q
is provided far upstream; for a flux Q < D1 S1 no deposition occurs in the upper
stretch of the channel and the sediment simply is transported along the channel until
it reaches the upstream edge of the alluvial channel. Clear water conditions can also

Fig. 31.4 Definition sketch for a bedrock alluvial transition problem. The bedrock is a rigid nonerodible solid with bed-inclination angle arctan(−S1 ) and an initial alluvial infill with slope angle
arctan(−S2 ). It is assumed that for an upstream sediment influx Q the sediment will either be
deposited or eroded in the vicinity of the sudden change in slope at X = 0. It is assumed that as
X → √, the alluvial infill will approach the slope −S2

31.3 Similarity Solution for the Homogeneous Diffusion Equation
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be examined by setting Q = 0. (In this case it is assumed that the alluvial channel
with slope −S1 already exists at Z = 0.
The mathematical problem just outlined is given by the following initial boundary
value problem:
∂ ζ̂
∂ 2 ζ̂
− D1
= 0,
∂t
∂X2
ζ̂ = −S1 X,

s(t) < X < √,
Q
∂ ζ̂
=− ,
∂X
D1

∂ ζ̂
= −S2 ,
∂X
ζ̂ = −S2 X,

X = s(t),
(31.31)
X → √,

X > 0,

t = 0.

Here, (31.31)1 governs the evolution of the alluvial channel profile and is complemented by two upstream boundary conditions (31.31)2,3 , one downstream asymptote
(31.31)4 and an initial profile (31.31)5 . (Note, we have formulated three boundary conditions!) This initial boundary value problem is susceptible to a similarity
solution, if the transformations (31.20) are applied and
s(t) = λ ξ(t) = 2λ D1 t

(31.32)

is used with the yet undetermined constant λ. In the dimensionless variables, (31.31)
takes the form
f ≈≈ (Δ ) + 2{Δ f ≈ (Δ ) − f (Δ )} = 0, λ < Δ < √,
f (λ) = −S1 λ, f ≈ (λ) = − DQ1 ,
f ≈ (√) = −S2 .

(31.33)

The general solution of the first of (31.33) for f is given by (31.27), in which the
constants A, B, C, and λ must be determined from (31.33)2−4 ; however, these are not
uniquely determined, unless a fourth condition is provided. This condition is actually
implicitly contained in (31.33)4 as it requires a constant slope of f as Δ → √. Now,
since
∈
(31.34)
lim f (Δ ) ∞ {−A + B π(1 + C)}Δ,
Δ →√

we may choose the level of the alluvial deposit for Δ → √ by correspondingly
selecting the value for C. For the choice C = −1
lim f (Δ ) = −A Δ,

Δ →√

(31.35)

agreeing with the far-downstream profile at t = 0. In other words, there is no deposition far downstream in the bottomset. Now, it follows from (31.33)3,4 that
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A = S2

S2 − Q/D1
B=∈
π(erf(λ) − 1)

(31.36)

and from (31.33)2
∈
exp(−λ2 ) + πλ(erf(λ) − 1)
Q/D1 − S2
λ−ω
.
= 0, ω :=
∈
S1 − S2
π(erf(λ) − 1)

(31.37)

This is a transcendental equation for λ when Q is prescribed.5
Capart et al. [6] performed some computations. For Q = 0 ‘the resulting sediment profiles are illustrated in Fig. 31.5a [. . . ]. The results shown are obtained for an
alluvial slope set to half the bedrock inclination, i.e. S2 /S1 = 0.5, leading to a parameter value ω = −1. The corresponding value for the root λ is λ =∈0.4328. Profiles are
given for equally spaced values of the similarity variable ξ = 2 D1 t = 0, 1, . . . , 5,
rather than for equally spaced times t, and are plotted in dimensionless form using
an arbitrary length scale L. Under zero upstream sediment supply, the clear water
flow is erosive as it reaches the alluvial cover. Consequently, the transition gradually
moves downstream, exposing new bedrock as time advances. The corresponding
sediment elevation profiles are concave degrading an ever greater extent of the downstream alluvial channel. Contrasting with this behavior, convex profiles associated
with overloading are illustrated in Fig. 31.5b. The parameters for this example are
S2 /S1 = 0.2, ω = 0.5, (Q = 0.6D1 S1 ), and λ = −0.3578, [6].
Equation (31.37) can also be interpreted as an equation of λ for ω,

(a)

(b)

Fig. 31.5 Profile evolution for bedrock-alluvial transition. a Underloading with zero upstream
sediment flux (S2 /S1 = 0.5, ω = −1); b overloading case (S2 /S1 = 0.2, ω = 0.5). Dashed
lines show the initial profile of the downstream alluvial channel; continuous lines show
∈successive
snapshots of the alluvial channel profile for ξ(t)/L = 1, 2, . . . , 5 where ξ(t) = 2 D1 t, from
Capart et al. [6], © J. Sedimentary Res., reproduced with permission
∈
Had we chosen C differently from −1, then (31.36)1 would read A = S2 + π(1 + C) and the
initial value for s at t = 0 would no longer be zero. Requesting that s(0) = 0 would in this case fix
C to be again −1.
5
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(a) 1

(b)
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1

0.4328

-1

Λ (ω)

/[S1 (t)]

0

0

-1

-2
-1

-0.5

0

ω

0.5

1

-1
-1

0

-1

2

X/ (t)

Fig. 31.6 a Bedrock-alluvial transition, plotting λ = Ω−1 (ω), defined in (31.38), where
ω = (Q/D1 −S2 )(S1 −S2 ). Graphs for profiles are shown in panel (b) for the conditions , , ←, ∀.
b Positions of the moving boundary for various values of the supply parameter where the various
symbols belong to: ()ω = −1; ()ω = − 21 ; (←)ω = 0; (∀)ω = 21 . Continuous lines are the
corresponding alluvial channel profiles, and the dashed line is the underlying bedrock. Values ω < 0
imply depletion and values ω > 0 imply accretion upstream of the alluvial channel, from Capart
et al. [6], © J. Sedimentary Res., reproduced with permission

∈
πλ(erf(λ) − 1)
ω = Ω(λ) =
.
∈
exp(−λ2 ) + πλ(erf(λ) − 1)

(31.38)

The inverse function λ = Ω−1 (ω) is plotted in Fig. 31.6a in the interval
−1  ω < 1. ‘For selected values of ω, marked as hollow symbols on the curve
in panel (a) the alluvial channel responses are further documented in panel (b). Similarity profiles are shown, normalized with respect to the evolving scaling variable
X/ξ(t) [. . . ]. Values ω < 0 correspond to underloading. In this case the sediment
supply Q is below the equilibrium transport capacity D1 S2 of the downstream alluvial
channel and degradation results. The alluvial edge is gradually washed downstream.
At value ω = 0, the upstream supply is precisely equal to the equilibrium capacity of
the alluvial channel, and there is no geomorphic change; this scenario corresponds
to the classical ‘graded river’ of Mackin 1948 [41], see later. Values ω > 0 then
correspond to overloading. The sediment supply is above the equilibrium transport
capacity of the downstream alluvial channel and deposition results at the transition.
The alluvial edge moves upstream gradually draping sediment over the bedrock flow
when ω > 1, the sediment supply starts to exceed the equilibrium transport capacity
D1 S1 of the bedrock channel itself. Sediment is deposited before reaching the transition covering the bedrock from upstream to downstream. Foreshadowing this complete change of behavior, the speed, at which the bedrock-alluvial transition moves
upstream, becomes infinite as the value ω = −1 is approached from below’, [6].
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(a)

(b)

Fig. 31.7 a Definition sketch for the overtopping failure problem of a dam. The upstream face of
the dam has ‘adverse’ slope (S1 > 0, for the chosen coordinate system). The sand dam is assumed
to be homogeneously packed and to extend to X → ±√ with slopes −S2 and S1 , respectively.
b Profile evolution for the overtopping dam failure problem. The dashed lines show the erodible dam
for t = 0. The solid
∈ lines show snapshots for the alluvial channel profile for ξ(t)/L = 1, 2, . . . , 5,
where ξ(t) = 2 D1 t and ω = 41 , λ = −0.1562. The value of λ(ω) is shown as black diamond in
Fig. 31.6a, from [6], © J. Sedimentary Res., reproduced with permission

31.3.2 Overtopping Failure of a Dam
A similar academic problem with a realistic touch is the overtopping failure of a sand
dam. It turns out to be mathematically identical to the bedrock-alluvial transition
problem. Figure 31.7a illustrates the situation. It is assumed that the dam consists
of homogeneously packed sand. Given the experience with the alluvial sediment
transport problem, the sediment flow of Fig. 31.7a at time t for X > s(t) is given by
the following initial value problem.

31.3 Similarity Solution for the Homogeneous Diffusion Equation

∂ ζ̂
∂ 2 ζ̂
= 0,
s(t) < X < √,
− D1
∂t
∂X2
∂ ζ̂
ζ̂ = +S1 X,
= 0,
X = s(t),
∂X
∂ ζ̂
= −S2 ,
X → √,
∂X
ζ̂ = −S2 X, X > 0,
t = 0.
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(31.39)

This is the same initial boundary value problem as (31.31). The only difference is
that here Q = 0 and the slope S1 has a different sign (see (31.39)2 ). It follows
that s(t) is also given by (31.32) and λ is related to ω by (31.37) with ω now
given by ω = S2 /(S2 − S1 ) and restricted to the range 0  ω < 1. Capart
et al. [6] performed calculations for S2 /S1 = − 13 , corresponding to ω = 14 and
λ = −0.1562. Figure 31.7b displays the ∈
dam erosion ζ̂/(S2 L) plotted against X/L
for ξ(t)/L = 1, 2, . . . , 5, where ξ(t) = 2 D1 t. Obviously, erosion of the dam crest
leads to lake drainage.

31.4 Hypopycnal (Gilbert-Type) Deltas
As explained earlier in connection with the diffusion equation. (31.18), the two
boundary conditions (31.19) are not sufficient to solve the fluvio-deltaic sedimentation problem. An additional relation is required to locate the shoreline position
and thus close the initial-boundary-value problem. For the two cases of the bedrock
alluvial transition [see (31.31)] and the overtopping failure of a dam [see (31.39)],
such a third boundary condition was naturally prescribed: at X = s(t), the values
for ζ̂ and ∂ ζ̂/∂ X are given, as is the flux condition far upstream and far downstream, respectively. The additional boundary condition was in both cases a flux (or
Neumann-type) condition at the shore discontinuity. Physically, the statement
emerges from applying the conservation law of sediment mass. Figure 31.8 is motivated by a figure in [64]. Accordingly, Gilbert-type deltas are characterized by
straight forefronts of constant inclination (given as the tangent of the angle of internal friction). Should this straight front be disturbed by external or internal wave
activity or by some local effect e.g. of cohesion, it is assumed that the sediment flux
from the topset will quickly smooth the surface by the avalanching processes.
To establish a formula for the sediment flux condition, consider Fig. 31.8 and the
area shaded in dark. It is bounded on the left by the coordinate line X = 0, from
above by the top surface, Z = ζ̂(X, t) of the moving sediment (in 0  X  s(t))
and the straight delta front (in s(t)  X  u(t)), and from below by the basement
Z = b(X, t), whose motion on geological time scales is likely governed by subduction processes, but is steady, Z = b(X ), on decadal deltaic variations. The lake
surface is given by Z = Z Ψ (t), for which annual variations may be of significance.
Monitoring the lake level by a weir at the outlet may be used to influence temporal
development of delta formation.
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Fig. 31.8 Idealized hypopycnal delta formation. The region is bounded from above by the topset
sediment bed ζ̂(X, t) and the foreset lake surface Z Ψ (t) and from below by the basement b(X, t),
subject to a prescribed subsidence rate σ(X, t). The delta wedge has constant slope (− tan ⊥φ⊥)
from the plunge point s(t) to the delta toe u(t). The far upstream boundary is fixed but fed by a
prescribed sediment supply q0 , which feeds the delta front surface

The dark-shaded area in Fig. 31.8 is bounded such that a sediment flux enters it
only at X = 0; it is given by q0 . Global sediment conservation then yields6


q0 =

s − (t) 


ζ̂(X, t) − b(X, t) dX
0

u(t) 
d
+dt
(Z Ψ (t) − b(X, t)) − tan φ (X − s(t)) dX.
d
dt

(31.40)

s + (t)

The first integral on the right-hand side represents the shaded area in Fig. 31.8 between
X = 0 and X = s(t). The second integral represents the corresponding area (minus
the light-shaded triangle of the lake). If the differentiations of the integral terms on
the right-hand side are performed (note the Leibniz rule must be applied in this
differentiation), and the condition7
[ζ̂(X, t) − b(X, t)]|X =u(t) = 0
is used, then the following formula is obtained:

6 s ± (t)
7

= s(t) ± ε, ε > 0, ε → 0.
An alternative derivation of formula (31.42) when σ = 0 is given in Appendix A.

(31.41)
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(u(t) − s(t)) tan φ
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d s(t)
= q(s(t), t)
dt
−(u(t) − s(t))

in which
q(s(t)) = −D1

d Z Ψ (t)
+
dt



u(t)

σ(X, t)d X,

s(t)

∂ ζ̂(X ) ⎧
,
∂ X ⎧⎧ X =s − (t)

σ(X, t) = −

(31.42)

(31.43)

∂ b(X, t)
.
∂X

(31.44)

Equation (31.42) can be viewed as a differential equation for the shore line position, s(t); however, to this end u(s) must be expressed in terms of s(t) and Z Ψ (t).
Figure 31.9 shows that the top surface of the wedge-type delta is given by the
equation8
ζ̂(X, t) = ζ̂(s(t)) − tan φ (X − s(t))
(31.45)
= Z Ψ (t) − tan φ(X − s(t)).
For X = u(t) (and ζ̂(u(t), t) = b(u(t), t)) this equation can be written as
{b(u(t), t) + tan φ u(t)} = Z Ψ + tan φ s(t).
Plunge
Point

(31.46)

Lake level
Z=Z (t)
(X-s(t))tan

s(t)
ζ(X,t)

Z

Z=b(X,t)

σ(X)

Basement
Delta toe

u(t)

X

Fig. 31.9 Close-up of the foreset regime of a Gilbert-type delta, explaining how the basement toe
position u(t) can be determined from the geometric positions of s(t), Z Ψ (t), b(X, t) and the delta
front at slope—tan ⊥φ⊥

8

From now on φ is counted as positive.
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For prescribed lake level Z Ψ (t), plunge point s(t), basement elevation b(X, t) and
angle of internal friction, φ, (31.46) can be viewed as a nonlinear equation for u(t).
Therefore, (31.46) must accompany (31.42) as an additional algebraic equation to
determine u(t). Thus, u is obtained in general from a functional equation of the form
u = u[s(t), Z Ψ (t), b(u(t), t), tan φ].
If the basement is immobile, b = b(X ), (31.46) can be replaced by
u(t) = s(t) +


1 
Z Ψ (t) − b(X )|X =u(t) .
tan φ

Thus,

=⇒
or

⎪
⎨
1
db
˙
u̇(t) = ṡ(t) +
u̇(t)
Z Ψ (t) −
tan φ ⎨
dX |X =u(t)
⎪
1 db
1+
u̇(t) = ṡ(t) + tan1 φ Z˙Ψ (t)
tan φ dX |X =u(t)

⎪
u̇(t) = 1 +

1 db
tan φ dX |X =u(t)

⎨−1 ⎪
ṡ(t) +

⎨
1 ˙
Z Ψ (t) .
tan φ

This formula shows that u̇(t) = ṡ(t) provided b = const. and Z Ψ = const. Lake
level rises, Z˙Ψ > 0, enhance u̇(t) over ṡ(t), but (db/dX )|u(t) > 0 decrease u̇(t). All
these behaviors are geometrically obvious.
Let us consider the simplest case of steady lake level, Ż Ψ = 0, vanishing subsidence, σ = 0, and uniform water depth H . In this case the field Eq. (31.18), boundary
conditions (31.19), (31.42) and initial condition s(0) = 0 reduce to
∂ 2 ζ̂
∂ ζ̂
= D1
,
0  X  s(t),
∂t
∂X2
q0
∂ ζ̂
(0, t) = − ,
∂X
D1
ζ̂(s(t), t) = 0,

(31.47)

∂ ζ̂
(s(t), t),
∂X
initial condition,

−H ṡ(t) = q(s(t), t) = −D1
s(0) = s0 (= 0)

where we have set the origin of the coordinates at the intersection point of the lake
surface with the basement. H = (u(t) − s(t)) tan φ is the uniform water depth. Note
that because of the constancy of b, Eq. (31.46) is linear in u, can be solved for u(t) and
then substituted into (31.42). The emerging equation is then (31.47)4 and constitutes
an ODE for s(t).
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The above Eq. (31.47) are not in a form susceptible to similarity solutions; however, they constitute a so-called single phase Stefan problem, see [8, 9], which, for
instance, arises in solidification-melting problems of a heat conducting body reaching
the melting temperature. It is, perhaps helpful to quickly look at this problem.

31.4.1 The Classical Stefan Problem
We commence by demonstrating that freezing of a lake and sediment transport into
a quiescent ambient fluid are mathematically analogous problems. Consider a lake
in winter with an ice cover of a certain thickness, Fig. 31.10. Assume either that the
surface temperature, −Tsur f (below freezing), or the heat flux into the atmosphere,
qsur f is prescribed. [Both conditions are thinkable as upper boundary conditions,
but neither one is strictly correct in a practical application.] Assume, moreover, that
the water layer is at the melting temperature (0 ◦ C) and that Clausius-Clapeyron
effects (the melting temperature depends on the pressure) and the non-monotonicity
of the thermal equation of state are ignored. The initial boundary value problem
describing the temperature in the ice is then given by the following equations
∂2 T
∂T
= Dice
,
0  X  s(t),
∂t
∂X2
qsur f
∂T
(0, t) = −
T (0, t) = −Tsur f , or
,
∂X
Dice
T (s(t)) = 0,
∂T
(s(t), t),
−ρ L ṡ(t) = q(s(t), t) = −κice
∂X
s(0) = 0,
initial condition.

(31.48)

In these equations Dice = κice /(ρc p )ice is the thermal diffusivity of ice, c p its specific
heat at constant pressure, κice its thermal conductivity, ρ its density and L the latent

Fig. 31.10 Layer of ice floating on a lake in winter. This is the simplest version of the thermal
description of the ice front s(t). At the atmosphere/ice interface, the surface temperature −Tsur f or
the surface heat flux qsur f is prescribed
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heat of melting/freezing. The input quantity is either the surface temperature Tsur f or
the heat flow loss, qsur f . Equation (31.48)1 is the heat conduction equation in the ice
layer. The two equations in the second line are the driving elements of the problem,
leading eventually to two different initial boundary value problems. The equation in
the third line is the statement that the temperature at the ice-water interface equals the
freezing temperature. The statement in the fourth line of (31.48) says that the energy,
which is withdrawn from the interface and transported through the ice by the heat
flow, q, equals the amount of mass of water which freezes per unit time multiplied
with the latent heat, L. This latter statement is the Stefan condition. By simple
comparison of (31.47) and (31.48), it is seen that the different physical problems of
sediment transport into a quiescent ambient fluid and progression of an ice front in
a freezing lake are analogous.
Let us demonstrate the solution of the classical Stefan problem (31.48) for the
case that the surface temperature Tsur f is prescribed. Construction of this solution is
facilitated by introducing the transformation
θ := T + Tsur f .

(31.49)

The initial boundary value problem (31.48) then transforms into
∂2θ
∂θ
= Dice
,
∂t
∂X2
θ(0, t) = 0,

0  X  s(t),

θ(s(t), t) = Tsur f ,
∂θ
L
(s(t), t),
ṡ(t) = q̂(s(t), t) = −Dice
−
cice
∂X

(31.50)

s(0) = 0,
in which q̂(s(t), t) = q(s(t), t)/(ρcice ) is the diffusive heat flux per specific heat.
A solution to (31.50)1 is sought in terms of the similarity variable
X
Y = ∈
2 Dice t

(31.51)

and can be written as (see e. g. Kreyszig [32], Crank [9])


X
θ = A + Berf ∈
2 Dice t



2
, erf(y) = ∈
π



y

exp−ξ dξ,
2

(31.52)

0

in which A and B are constants of integration. Equations (31.50)2,3 imply A = 0
and


s(t)
.
(31.53)
Tsur f = Berf ∈
2 Dice t
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Because Tsur f and B are constants, so must be the argument of erf(·), which we now
set equal to λ,
s(t)
= const.
λ= ∈
2 Dice t

−→

s(t) = 2λ Dice t.

(31.54)

This representation, first, satisfies the initial condition
∈ (31.50)5 and, second, shows
that the thickness growth of the ice cover follows a t-law. Obviously, an analogous
law also holds for the forward motion of the plunge point of a Gilbert-type delta.
To determine the constant λ the remaining Stefan condition, (31.50)4 is used. With
⎩ 
2 
1
2B
∂θ
X
= ∈ exp − ∈
,
∈
∂X
π
2 Dice t
2 Dice t
∈
λ Dice
ṡ(t) = ∈ ,
t

(31.55)

the definition of λ and with (31.52), Eq. (31.50)4 can be written as
Tsur f
λ exp(λ2 )erf(λ) = ∈
,
π(L/cice )

(31.56)

which is a transcendental equation for λ. As an approximation, we assume λ to be
small, λ ≡ 1; then
2
exp(λ2 ) ⊗ 1,
erf(λ) ⊗ ∈ λ
π
and (31.56) becomes
λ2 ⊗

Tsur f
,
2(L/cice )

(31.57)



with the aid of which
s(t) ⊗

2Dice Tsur f
t.
(L/cice )

(31.58)

If we translate this result into the prograding process of the plunge point of a
hypopycnal delta, it reads

2D1 ζ̂in
t,
(31.59)
s(t) ⊗
H
in which ζ̂in is the far upstream thickness of the moving sediment layer and H is the
constant bottomset depth.
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31.4.2 Prograding Deltas
It will be shown now that the analogous problem for the sediment transport differs from the thermal problem only by the ‘Stefan-condition’. An advancing
Gilbert-type delta grows into the bottomset region of a lake with a frontal slope of
the angle of internal friction φ. With reference to Fig. 31.9 it is clear that
ζ̂toe = ζ̂s − tan φ (u(t) − s(t))

(31.60)

gives the Z -coordinate of the toe of the delta-wedge, irrespective of the exact form
of the geometry of the basement. However, if the basement is given as an inclined
plane, then
(31.61)
ζ̂toe = −u(t) tan α1 + ζ̂b0 = −u(t) tan α1 ,
where α1 is the joint slope angle of the basement in the topset and foreset and ζ̂b0 = 0
applies, if the origin of the coordinates is shown as indicated in Fig. 31.36 (see
Appendix A). Combining (31.60) and (31.61) yields
−u(t) tan α1 = ζ̂s − tan φ (u(t) − s(t))
or u(t)[tan φ − tan α1 ] = ζ̂s + tan φ s(t),
=⇒ u(t) =

ζ̂s + tan φ s(t)
.
tan φ − tan α1

(31.62)

If this expression is now substituted into (31.42), in which σ = 0 and Ż Ψ = 0, the
sediment flux at the plunge point takes the form

q(s(t), t) =


ζ̂s + tan φ s(t)
ds
− s(t) tan φ .
tan φ − tan α1
dt

(31.63)

Thus, the topset diffusion of a sediment flow on an inclined basement is governed
by (31.47)1,2,3,5 with qs (s(t), t) given by (31.63), viz.,
∂ ζ̂
∂ 2 ζ̂
= D1
,
0  X  s(t),
∂t
∂X2
q0
∂ ζ̂
=− ,
X = 0, t  0,
∂X
D1
ζ̂ = 0,
X = s(t), t >0,
ds(t)
ζ̂(s(t), t) + tan φ s(t)
− s(t) tan φ
tan φ − tan α1
dt
= q(s(t), t) = −D1

∂ ζ̂
.
∂ X (s(t),t)

(31.64)
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∈
The general solution
of (31.64)1 has the form ζ̂ = A + Berf(X/(2 D1 t). If we
∈
write s(t) = λ D1 t with constant λ, the constants of integration, A and B, can be
determined with the aid of (31.64)2,3 , so that
∈

⎪  

⎨
λ
X
π q0
ζ̂ =
erf
− erf ∈
.
2 D1
2
2 D1 t

(31.65)

Now, since s(t)ṡ(t) = D1 λ2 /2 and ζ̂(s(t), t) = 0, the flux boundary condition
(31.64)4 becomes an equation for λ:
 2
λ2
λ
exp −
=
2
2
⊗

q0 tan φ−tan α1
D1 tan α1 tan φ

q0 1
, if |α1 | ≡ φ.
D1 tan α1

(31.66)

It is not difficult to become convinced that this analytical solution could only be
constructed, because ζ̂(s(t), t) = 0 was imposed as one of the boundary conditions
at the plunge point.

31.4.3 Fluvial ‘Grade’ in River-Lake Systems
Significant for the fluid mechanical understanding of the formation of Gilbert-type
alluvial deltas in a river-lake system are conditions for which neither net deposition nor net erosion arise. A segment of a river where this arises is called graded.
This terminology was introduced by Gilbert (1877) [18]. According to Muto and
Swenson (2005) [49, 50] the ‘concept of fluvial grade is typically presented as
the long-term, equilibrium9 state of a river system subject to steady allogenic forcing’. They state, quoting Schumm (1977) [60], that ‘the mechanisms for attaining
grade are thought to include adjustments in slope, channel geometry, sinusoidity,
bed roughness and grain size.’ We add as an important influential factor temporal
variations of the free surface of the lake.
Most stretches of alluvial rivers entering a lake are not, or at most approximately
‘in a graded state as their long term behavior depends fundamentally on the behavior
of its upstream and downstream neighboring environments. Because of this coupling
the alluvial river generally cannot attain a graded state with steady boundaries’ [50].
This is illustrated in the two panels of Fig. 31.11, which are motivated by two figures in
[49] and Parker (1977) [54]. Panel (a) shows an idealized fluvio-deltaic Gilberttype system [19], prograding into a flat-bottomed basin with steady eustatic lake
level and constant supply of sediment and water to its upstream boundary. In this
case the vertical position of the alluvial-basement transition (the plunge point) is
9 We regard the denotation ‘equilibrium’ as introduced by geologists as a misnomer, since the
graded state is not a thermodynamic equilibrium.
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(a)

Gilbert-type data propagation

Alluvial river system
Sediment

Shoreline
Uniform and steady
water depth
Graded alluvial profile

(b)

(qin=qout)
Weir

Sediment inflow
qin

Non-graded
alluvial profiles
(qin=qout)

Alluvial-basement transition
migrates updip (onlaps) until
grade is attained

Sediment
outflow
qout

Flume floor

Fig. 31.11 a Idealized fluvio-deltaic Gilbert-type system prograding into a standing body of
water with uniform and steady depth. Sediment and water supply are steady. Even when the initial
state is graded, progression of the wedge delta moves the system away from this graded state into
aggravation of sediment, from Muto and Swenson [49, 50] © J. Geophys. Res. Am. Geophys.
Union, reproduced with permission. b Sediment flow on an alluvial basement of constant inclination.
A weir fixes the free surface of the reservoir. A graded state is attained when aggradation and onlap
at the alluvial-basement transition generate a linear profile that allows complete sediment bypass.
Courtesy Parker [54] © J. Hydraul. Div. ASCE, reproduced with permission from ASCE

fixed. However, even if the river stretch at time t = 0 were in a graded state, the
subaqueous avalanching steady sediment flux at the delta front will make the plunge
point move lakeward. Consequently, the constant slope delta front will equally move
lakeward and therefore lengthen the river stretch and thus decrease its slope thereby
forcing aggradation (sediment deposition). The river stretch will thus have its graded
state to which it will never return unless an appropriate external control mechanism
enforces such conditions. Lake level variations are among such possibilities.
The situation illustrated in panel (b) of Fig. 31.11, due to Parker (1977) [54],
shows sediment flow into an artificial reservoir bounded by a weir. ‘The supplied
sediment that progrades and aggrades until the position and elevation of the shoreline
coincide with the top of the weir. From this time onward, sediment reaching the
shoreline (qout ) cannot accumulate on the vertical weir face [. . . ]. The alluvial river
system continues to expand landward through a combination of aggradation and onlap
at the alluvial-basement transition. Eventually, the slope of the alluvial river system
becomes constant along its entire length and all sediment is bypassed (qin = qout ).
This graded state, which is characterized by a linear channel profile, will be sustained
as long as the fluxes of sediment and water remain unchanged’ [49].
Muto and Swenson [49] consider the situation sketched in Fig. 31.12, where a
Gilbert-type delta is formed. This fluvio-deltaic system is prograded across a linear
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Fig. 31.12 Idealized fluvio-deltaic system along a basement of constant inclination (−α1 ) with
a Gilbert-type delta of slope φ. Three points are significant: the alluvial-basement transition,
X = r (t); the shoreline or plunge point, X = s(t), and the delta toe, X = u(t), all moving.
Courtesy Muto and Swenson [49] © J. Geophys. Res., reproduced with permission

shelf (‘basement’ b(X, t)) in response to a sediment supply qs0 . The shelf has a slope
−α1 and is subsiding at a spatially uniform rate σ(t). The origin of the coordinate
system is taken as the intersection of eustatic lake level with the shelf surface at t = 0.
Let ζ̂(X, t), b(X, t) and Z Ψ (t) be the elevations of the sediment surface, the shelf
and eustatic lake level, respectively. The position of the alluvial-basement transition,
shore line (plunge point) and delta toe are r (t), s(t) and u(t), respectively. The initial
[. . . ] wedge is vanishingly small [. . . ] such that at t = 0, r = s = u = 0 [49].
The diffusion equation in the subaerial regime and boundary conditions at a topset
cross-section far upstream, X = X 1 and at the plunge point are
∂ ζ̂
∂ 2 ζ̂
− D1
= −σ,
∂t
∂X2


∂ ζ̂

= −(tan |α1 |), 
∂X

∂ ζ̂

D1
= −qs0 , 
∂X
ζ̂ = Z Ψ (t),

X 1 < X < s(t),
X = r (t),

(31.67)

X = s(t).

Here, σ = const. is the spatially and temporally constant subsidence of the inclined
basement. Equation (31.67)2 expresses that the sediment approaches the up-slope of
the basement smoothly, whilst (31.67)3 prescribes the temporally constant upstream
sediment flow. (31.67)4 sets the level of the sediment surface at the plunge point
equal to the level of the lake surface. These conditions must be complemented by
a flux jump condition at the plunge point. This is obtained by geometric reasoning.
Before turning to that, it is advantageous to introduce the transformed bed elevation


t

ζ̃ := ζ̂ +
0

σ(τ )dτ .

(31.68)
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Since σ has by assumption no X -dependence, (31.68) transforms (31.67) into
∂ ζ̃
∂ 2 ζ̃
,
0 < X < s(t),
= D1
∂t
∂X2


∂ ζ̃

= − tan |α1 |, 
∂X
X = r (t),

∂ ζ̃

D1
= −qs0 , 
∂X
 t
ζ̃ = Z Ψ (t) +
σ(τ )dτ = RΨ (t),
X = s(t).

(31.69)

0

The remaining missing boundary condition is the zero jump of sediment flux as the
shoreline is crossed: [[ qs (s(t), t)]] = 0 and will be given here for conditions of nonvanishing subsidence, σ(t) = 0, and non-trivial lake level movements Ż Ψ = 0. A
first relation is obtained by evaluating the water depth at the delta toe by two different
geometric expressions, see Fig. 31.12,

Z Ψ (t) +

t

σ(τ )dτ + u(t) tan |α1 | = (u(t) − s(t)) tan |φ|,

0

from which we deduce
u(t) =

tan |φ|s(t) + RΨ (t)
,
tan |φ| − tan |α1 |

(31.70)

where RΨ is defined in (31.69)4 . Next, the sediment flux is given by

$
d u#
ζ̂(X, t) − b(X, t) dX
dt s
⎠
 u⎞

 du 
 ds
∂ ζ̂(X, t) ∂b(X, t)
dX + ζ̂ − b |u
− ζ̂ − b |s
−
=
s
 ⎛ ⎝ dt
 ⎛ ⎝ dt
⎛ ⎝  ∂t
⎛ ⎝
 ∂t

qs (s(t), t) =


=
s

u⎞

−σ(t)

dZ Ψ
dt (t)

=0

tan |φ|(u−s)

⎠
dZ Ψ
du
+ σ dX + tan |φ|(u − s)
dt
dt
 ⎛ ⎝
dRΨ
dt (t)

= (u(t) − s(t))



d RΨ (t)
du
+ tan |φ|
dt
dt


.

At this junction u(t) and du(t)/dt can be eliminated; this yields


tan |φ|ṡ(t) + ṘΨ (t)
tan |α1 | + RΨ (t) d RΨ
qs (s(t), t) =
,
+ tan |φ|
tan |φ| − tan |α1 | d t
tan |φ| − tan |α1 |

⎛
⎝
ds(t)
dt
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in which | tan φ||ṡ| ≡ | ṘΨ (t)| and tan |α1 | ≡ tan |φ| have been used in the second
term of the parenthesis. Then,
tan |α1 | + RΨ (t)
qs (s(t), t) ⊗
tan |φ| − tan |α1 |
= −D1



d RΨ (t)
ds(t)
+ tan |φ|
dt
dt

∂ ζ̃(s(t), t)
,
∂X



(31.71)

which is the expression used by Muto and Swenson [49]. For prescribed σ(t) and
Z Ψ (t) this formula allows computation of the slope ∂ ζ̃(s(t), t)/∂ X at X = s(t) in
terms of the basement slope |α1 | and the angle of repose |φ|. We rather wish here
to use (31.71) to determine the temporal evolution of the lake level RΨ (t), which is
necessary to generate graded conditions in the topset. Such conditions prevail, if the
slope ∂ ζ̃/∂ X is constant throughout the topset river stretch; it implies (see Fig. 31.12)
∂ ζ̃
qs
qs0
=−
=−
= const.,
∂ X |s
D1 | X ∈[r (t),s(t)]
D1
∂ ζ̃
= 0.
∂t |s

(31.72)

With the obvious relation
d ζ̃
∂ ζ̃
d s(t) ∂ ζ̃
dRΨ (t)
=
+
=
,
d t |s
dt
∂ X |s d t
∂ t |s
 ⎛ ⎝
 ⎛ ⎝
−qs0 /D1

(31.73)

=0

leading to
dRΨ (t)
qs0 d s(t)
,
=−
d t |graded
D1 d t

RΨ (t)|graded = −

qs0
s(t).
D1

(31.74)

Here, the second expression has been obtained by an integration with respect to time.
Now, substituting into (31.74)1 the expression for qs0 stated in (31.71)4 , it can be
shown that


D1
d  2
qs0
RΨ = R2 α1 , φ,
(31.75)
dt
qs0
with
⎨
⎨
⎪
⎪
D1 −1
D1 −1
× 1 − tan |φ|
. (31.76)
R := 2(tan |φ| − tan |α1 |) 1 − tan |α1 |
qs0
qs0
2
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Therefore, by integration

RΨ = −R

t

∈ ∈
qs0 (τ )dτ = −R qs0 t,

(31.77)

0

in which the expression on the far right holds for qs0 = const. Alternatively, in view
of the definition of RΨ (t) in (31.69)4
∈ ∈
Z Ψ = −R qs0 t − σ t,

for

σ = const.

(31.78)

The positive root in (31.77) would correspond to a lake level rise for which no graded
flow exists.
Relation (31.77) can be made dimensionless by using the reference length [L]
and reference time [T ] via
[L] := qs0 |

dRΨ
[L 2 ]
|c , [T ] =
dt
D1

(31.79)

and by scaling RΨ and t by
RΨ∗ =

RΨ
t
, t∗ =
.
φ[L]
D1 [L]

(31.80)

With these, (31.77)2 takes the form
∈
RΨ∗ = R∗ t ∗ ,
 
 



qs0 −1
qs0 |α1 | −1
qs0 3
|α1 |
∗
1−
1−
R =− 2 1−
|φ|
|φ|D1
|φ|D1
|φ|D1 |φ|
(31.81)
in which all quantities are dimensionless.
Muto and Swenson [49] present model predictions of fluvio-deltaic response to
the four patterns of RΨ —fall, shown conceptually in Fig. 31.13. Common to all model
scenarios are the dimensionless numbers qs0 /(D1 |α1 |) = 0.5, |α1 |/|φ| = 0.2, and
the dimensionless duration of progradation (0 < t ∗ < 3). They consider first the
response to a linear RΨ history (Fig. 31.13, dashed trajectory, labeled 1), which cannot
support sustained grade.
Figure 31.14 shows the evolution of the positions X = {r (t), s(t), u(t)}, and the
corresponding stratigraphic evolution of the fluvio-deltaic system. ‘At small times,
the constant rate of fall in RΨ is less than that required for grade, thereby placing
the system in the aggradational regime of RΨ − t space. During this time interval
the position X = r (t) migrates lakeward, and the fluvial system is everywhere
aggradational. At t = Tg the linear RΨ trajectory intersects the graded trajectory, and
the fluvial system attains a state of grade (in an instantaneous sense). The system
cannot maintain in this graded state, however [. . . ], for t > Tg fluvial incision
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Fig. 31.13 Conceptual partitioning of the RΨ − t space into regions of global alluvial aggradation
(shaded) and degradation. Trajectory 2 is that required for grade. For details of the dynamics of
trajectories 1–4 see the main text. Courtesy Muto and Swenson [49] © J. Geophys. Res., reproduced
with permission
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Fig. 31.14 Progradation of a Gilbert-type delta in response to a steady rate of fall in relative lake
level. a Trajectories of the alluvial-basement transition X = r (t); shoreline, X = s(t); delta toe,
X = u(t); b Time-lines of the free surface. All quantities are dimensionless. Courtesy Muto and
Swenson [49] © J. Geophys. Res., reproduced with permission

continuously cannibalizes previously deposited sediments and, correspondingly, the
transition point X = r (t) migrates lakeward (offlap)’ [50].
Figure 31.15 shows the graded (top), sub-graded (middle) and super-graded (bottom) states. In panels (a) (left) the evolutions of the alluvial-basement transition,
shoreline, and delta toe for the fluvio-deltaic response to a relative lake level curve
are shown; panels (b) show the corresponding time lines of the stratal architecture for
the indicated dimensionless times. In the top panel the lake level time curve is given
by Eq. (31.81). ‘The alluvial basement transition remains stationary throughout the
prograding process. The shoreline and delta toe advance lakeward at a monotonically decreasing rate that reflects the linearly increasing water depth, [49]. Panel (b)
is showing the time lines. The alluvial system has a linear profile and shows neither
net aggradation nor net erosion. Throughout progradation, the entire sediment supply
bypasses the alluvial regime to drive progradation via deposition on the delta’ [49].
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Fig. 31.15 Top Fluvio-deltaic progradation in a state of grade. Dimensionless relative lake level
trajectory, given by Eq. (31.81). a Trajectories of alluvial-basement transition, X = r (t); shoreline
X = s(t); delta toe X = u(t); b Resultant stratal architecture
(time lines). Top Graded state. Middle
∈
Same as in the top panel in response to RΨ∗ ∝ − t ∗ , but with a leading coefficient, which is half
that of the graded value. Note the persistent landward ∈
displacement of X = r (t). Bottom Same
as in the top and middle panels in response to RΨ∗ ∝ − t ∗ , but with a leading coefficient, which
is twice that of the graded value. Note the persistent lakeward displacement of all these points
X = {r (t), s(t), u(t)}. Courtesy Muto and Swenson [49] © J. Geophys. Res., reproduced with
permission

The panels in the middle and at the bottom of Fig. 31.15 show ∈
fluvio-deltaic
progradation in response to relative lake level trajectories RΨ∗ ∝ − t ∗ but with
leading coefficients that are half (trajectory 3, Fig. 31.13) and twice (trajectory 4,
Fig. 31.13), respectively, the graded value given by Eq. (31.81). In the middle panels

31.4 Hypopycnal (Gilbert-Type) Deltas

437

of Fig. 31.15 the alluvial-basement transition X = r (t) migrates landward (onlap)
throughout the fall of the lake surface, while the shoreline and delta toe move
lakeward. The rate of fall in RΨ (t) is insufficient to generate incision and the fluvial system is aggradational throughout the fall of the lake surface. In contrast, the
progradation shown in the bottom panel of Fig. 31.15 results from a RΨ∗ trajectory
that is always below the graded trajectory of Eq. (31.81) in RΨ∗ − t ∗ space. Here, the
relatively large rate of fall in RΨ prevents aggradation and [. . . ] the alluvial-basement
transition migrates lakeward (offlap) throughout the fall’ [49].

31.4.4 Experimental Verification
Muto and Swenson [49] present laboratory experiments performed at Nagasaki
University, which corroborate the correctness of the theoretical model for fluviodeltaic formations with the outlined specific patterns of relative lake level fall.
A stainless steel tank (4.5 m long × 1.0 m wide × 1.3 m deep) with a frontal
glass wall for photographic recording of the moving sediment mass was filled with
water, whose free surface was computer monitored via an electromagnetic flow meter
with high accuracy. Inside the tank, a narrow 4.3 m long flume with uniform width
(1.0 cm) and longitudinal inclination (|α1 |) is placed to mimic the sloping basement.
The downslope end of the flume is open. A slurry of 0.2 mm quartz sand and water
was fed into the flume from a point above the initial water level, which produced
from zero inceptions the desired alluvial deltaic depositions with the typical slope
discontinuity at the moving shore line. The sediment flow depth is approximately 1.0
mm thick, and avalanching was the dominant transport mechanism on the subaqueous
delta. Among the four experiments in this set-up the significant difference was in
doubling and halving of the upstream water supply qw0 , which controls diffusivity
D1 and characteristic slope of the fluvial surface qs0 /D1 . The dependence of D1 on
qw0 was determined by separate flume experiments. Note also that the initial rate of
fall in relative lake level according to (31.77) or (31.81) has a square root singularity
at t = 0, which cannot be reproduced in the experiments.
Instead, linear initial fall of
∈
level
fall curve at t = Tg , say,
lake level was used, which intersects the ideal − t lake
∈
beyond which lake level monitoring followed the − t curve, for details see Muto
and Swenson [49]. In the following we report some of their results, see Table 31.1.
‘Figures 31.16 and 31.17 document the evolution of the fluvio-deltaic system
generated in experimental Run 1, in which the rate of fall in relative lake level was
constant. Figure 31.16 shows the trajectories X = {r (t), s(t), u(t)} in X − t space;
Fig 31.17 is a set of sequential photographs of the experiment. With a constant sediment supply in this experiment, the spatial extent of both the alluvial river and the
delta foreset increased with time (Fig. 31.16). Shore line and delta toe migrated basinward throughout the experiment, whereas the alluvial-basement transition migrated
first landward (0 < t < 450 s) and then basinward (450 < t < 3736 s). This transition from net alluvial aggradation to net degradation [. . . ] is clear in Fig. 31.17.
During the degradational phase, material deposited in the previous aggradational
state is re-deposited in the formation of the advancing delta front’ [49].
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Table 31.1 Experimental parameters for two of the 4 experiments. Courtesy Muto and Swenson
[49], © Geophys. Res.
Run time, s
Total RΨ fall, cm
Mode of RΨ fall
Steady component
Duration Tg , s
Fall rate dRΨ /dt cm/s
Decelerating component
Duration, s
Coefficient in (31.77) cm s−1/2
Coefficient in (31.81)
Shelf slope | tan α1 |
Foreset slope tan |φ|
Alluvial slopea
Water discharge qw0 b , cm2 /s
Sediment discharge qs0 b , cm2 /s
Fluvial diffusivity D1 , cm2 /s
Length scale, [L], cm
Elevation scale, H cm
Time scale [T ], s
Dimensionless numbers
Alluvial/shelf slope qs0 /(D1 |α1 |)
Shelf/foreset slope | tan α1 |/ tan |φ|
a
b

Run 1

Run 2A

3736
−38.9
Steady

7214
−16.2
Initially steady,
then decelerating

3736
−1.04×10−2

570
−7.78 × 10−3

–
–
–
0.204
0.739
0.141
4.88
0.351
2.49
33.7
6.88
455

6644
0.197
0.0986
0.196
0.654
0.107
3.91
0.181
1.69
80.9
15.9
3860

0.688
0.277

0.545
0.300

Length-averaged quantity
Width-averaged quantity

Fig. 31.16 Trajectories of the
alluvial-basement transition,
X = r (t); shore line, X =
s(t); and delta toe, X = u(t);
in experimental Run 1, in
which RΨ falls steadily. Note,
r (t) first migrates landward
(onlap) until t = 450 s, before
moving basinward (offlap)
for the remainder of the
experiment. By contrast, s(t)
and u(t) migrate persistently
lakeward. The finite slope of
all curves is manifestation of
the initial linear lake level fall.
Courtesy Muto and Swenson
[49], © J. Geophys. Res.,
reproduced with permission
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Fig. 31.17 Sequence of photo images of the fluvio-deltaic system in experimental Run 1. Experimental run time (in seconds) is shown in each panel on the left; position of the initial alluvialbasement transition (agreeing with the corresponding theoretical transition position under graded
conditions for all time) is shown as ↑. The evolving experimental alluvial-basement transition point
is shown as ∀ and indicates its landward early movement for t < 450 s, followed by persistent
basinward motion afterwards. Courtesy Muto and Swenson [49], © J. Geophys. Res., reproduced
with permission

In the complementing three experiments the lake level RΨ was monitored in the
piecewise continuous manner explained previously with data as given in Table 31.1.
Figures 31.18 and 31.19 show the moving boundary trajectories and stratigraphic
evolution of the fluvio-deltaic system generated in experimental Run 2A (of Muto
and Swenson [49]), which approximately mimics graded conditions. During the
initial steady fall in relative lake level (0 < t < Tg = 570 s) the alluvial basement
transition migrates landward (Fig. 31.18), accompanied with sediment deposition in
response to the non-graded initial linear lake level drop. This phase was followed
by the graded history RΨ and re-adjustment into a graded state by degradation and
slight lakeward advance of the alluvial-basement transition, X = r (t). This phase
terminated at t = 720 s beyond which the fluvio-deltaic system was graded. This is
clearly seen in Fig. 31.19, in which the alluvial-basement transition point (∀ in the
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Fig. 31.18 Trajectories of the alluvial-basement transition, X = r (t); shore line, X = s(t); delta
toe, X = u(t); in experimental Run 2A. During the early linear lake level fall (0 < t < Tg = 570 s)
the alluvial-basement transition point retreated somewhat; after t = 720 s this transition point
remains stationary up to t = 7200 s. This experiment mimics graded conditions nearly perfectly as
the experimental curve X = r (t) remains practically constant
for t > 720 s. Note X = s(t) and
∈
X = u(t) show linear initial stretches merging into − t curves with a slight kink at t = 720 s.
Courtesy Muto and Swenson [49], © J. Geophys. Res., reproduced with permission

figure) does not move through time. The small shift between the critical position of
this point (↑ in the figure) and its position
through time (∀) is due to the early time
∈
linear lake-level fall (to avoid the − t singularity as t → 0) and further experimental
imperfections (see Muto and Swenson [49]). Except for these the maintenance of
the graded behavior is well kept in this experiment.

31.5 Hyper-Pycnal Deltas
As already mentioned in the introductory section, hyper-pycnal flows in still ambient waters occur when the inflowing discharge is denser than that of the receiving
ambient. This commonly occurs when flood waters, laden with fine sediments enter
freshwater lakes. In such cases the denser, particle laden, inflow will plunge down
the lake shore in form of a density or turbidity undercurrent as sketched in Fig. 31.1b.
According to Ellison and Turner (1959) [12] such flows maintain their identity
for long distances because, owing to their relatively large density, mixing with the
ambient fluid at their upper boundary is hampered. Their slow cessation is primarily
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Fig. 31.19 Run 2A, subjected to nearly graded conditions. Sequence of photo images of the fluviodeltaic system in experimental Run 2A, subjected to nearly graded conditions. ↑ indicates the initial
position of the alluvial-basement transition points. ∀’s show these transition points at the indicated
times (on the left in each panel); this position remains unchanged after t = 720 s and is, together
with the plane free surface of the alluvial deposit, reminiscent of graded conditions. Courtesy Muto
and Swenson [49], © J. Geophys. Res., reproduced with permission

due to a gradual settling out of their finer fractions of the suspended sediments (Bell
(1942) [4]) and because of the dying turbulent intensity due to turbulent dissipation.
The boundary layer structure of hyper-pycnal flows down the lake bottom from its
shore input to the bottomset far-field generally exerts a significantly different geomorphological influence than do their homo- and hypo-pycnal counterparts. The foresets
of hyper-pycnal deltas have much smaller inclinations and, unlike the avalanching
processes in Gilbert-type delta fronts, their sediment transport is akin to subaerial
bedload transport in the topset river stretches. Such views are supported by studies
and observations in the Alpine Rhine river at Lake Constance (Müller and Förstner (1966) [45]; Roth et al. (2001) [59]), where maximum slopes in the foreset
regime are of the order of 5–10◦ (Adams et al. (2001) [2], 6◦ ) and have further
found corroboration e. g. in the Colorado River delta in Lake Mead (Grover and
Howard (1937) [22]; Smith et al. (1960) [61]) and the Noeik River delta in a fjord of
the British Columbia Coast (Bornhold and Prior (1990) [5]). Moreover, Write et
al. (1988) [69] have studied the marine dispersal and deposition of Yellow River silts
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by gravity driven underflows and Fan and Morris (1992) [13] employ such density current concepts to study reservoir sedimentation, all as mentioned by Lai and
Capart (2007) [34]. Corresponding laboratory experiments have been conducted,
among others, by Yu et al. (2000) [70], Kostic and Parker (2003) [31], Tonioli
and Schultz (2005) [65] and Lai (2006) [33].
In this connection an influential paper by Kenyon and Turcotte (1985) [28]
should be mentioned. Lai and Capart emphasize that these authors have foreseen
such kind of foreset morphology and its time evolution via a diffusion process. They,
‘however, identified bulk transport (creep and landslides) as the geomorphologic
agent responsible for the subaqueous diffusion. [. . .] they did not consider the possibility that turbidity undercurrents could be responsible instead.’ This under water
density current is Lai and Capart’s (2007) [34] suggested mechanism, which is
responsible for the formation of hyper-pycnal deltas.
In the ensuing analysis we shall rely upon the diffusive transport model for the
topset regime as developed in Sects. 31.2 and 31.3. This diffusion model will be
connected at the plunge point to a similar diffusion model, which will be valid
in the foreset regime. This latter model is by itself a simplified description of the
realistic sedimenting processes as they occur in hyper-pycnal delta regions. Indeed,
‘the turbulent [under]current carries fine sediments which gradually settle out of
suspension, and simultaneously they can drive a basal transport of coarser grains.
This dual role played by the currents complicates both theoretical developments and
experimental interpretations. For this reason, [we will] ignore the first process, and
focus only on the second. It will be assumed that the fines fraction of the turbidity
current (responsible for the density contrast with the ambient water) settles out of
suspension at a very slow rate. As a result, we will not consider the long range delivery
or long term settling of these fines, nor consider the resulting formation of bottom
set beds. Instead, we will focus exclusively on the upstream geomorphic influence
exerted by the turbid underflows on the coarser-grained foresets. This simplified
picture is illustrated in Fig. 31.1b, where it is contrasted with the Gilbert-type
delta, Fig. 31.1a, described earlier’ [34].

31.5.1 Foreset Diffusion Model
The ensuing derivation follows and complements an analysis by Lai and Capart
(2007) [34]. Accordingly, even though limited entrainment of ambient water into the
submerged gravity current gives rise to a growth of mass flow, steady plumes are
observed, which describes no growth of mass flow. They correspond to effectively
normal subaqueous flow states for which the basal shear stress (Turner 1973 [66])
is given by
τb = [(ρ − ρ√ )gh + (ρ0 − ρ)gδ] sin β ⊗ (ρ − ρ√ )gh sin β,

(31.82)
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where the approximation holds since δ ≡ h. ρ is the density of the turbid water
in the density current, and the shear stress τb has been reduced due to the ambient
buoyancy. Analogously,
σb≈ = [(ρ√ h + ρ0 δ) − (ρ√ h + ρδ)]g cos β = (ρ0 − ρ)δg cos β.

(31.83)

Assuming the Coulomb-Terzaghi relation (31.9), viz.,
τb = tan φ σb≈

(31.84)

and substituting (31.82) and (31.83) into (31.84) yields
δ=

(ρ − ρ√ ) tan β
(ρ − ρ√ ) tan β
h=
h,
(ρ0 − ρ) tan φ
[(1 − n 0 )ρs − ρ] tan φ

(31.85)

where n 0 is the porosity. This is the subaqueous analogue to the subaerial representation (31.11). Note, this result is at variance with that stated in [34]. Next we
write
(31.86)
v = α2 u,
in which u is the depth averaged downslope velocity of the density current and v is
the corresponding average speed of the moving sediment layer. The dimensionless
parameter α2 plays the same role as α1 in (31.12) with likely different value, because
the velocity profiles in the subaerial flows are not similar to those of subaqueous flows.
Now, with q = δ v we obtain
q = δ v = α2 hu

(ρ − ρ√ ) tan β
.
[(1 − n 0 )ρs − ρ] tan φ

(31.87)

with tan β = −∂ ζ̂/∂ X , the definition
ṁ ≈ := (ρ − ρ√ )hu

(31.88)

and the diffusion property
q = −D2

∂ ζ̂
,
∂X

in which tan φ = −∂ ζ̂/∂ X , we may alternatively write for the diffusivity
D2 =

α2 ṁ ≈
.
[(1 − n 0 )ρs − ρ] tan φ

(31.89)

Even though the thickness, density and velocity of the current can evolve along
the trajectory of the density current, it can be shown that the buoyancy flux (31.88)
remains constant along the trajectory
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dṁ ≈
= 0.
dX
This is the vanishing entrainment assumption above. In summary, with the conservation of sediment mass Eq. (31.5) we obtain the diffusion equation
∂ ζ̂
∂
=
∂t
∂X

D2

∂ ζ̂
∂X

(31.90)

as evolution equation for the position of the upper surface of the sediment layer of
hyper-pycnal deltaic formations.
With D1 and D2 given by (31.17) and (31.89), respectively, we may deduce
D2
α2 (ρ − ρ√ )(1 − n 0 )(ρs − ρ1 )
.
=
D1
α1
[(1 − n 0 )ρs − ρ]ρ

(31.91)

Replacing as an approximation in the braces of the denominator the density ρ by
(1 − n 0 )ρ1 , where ρ1 is the upstream density, the above formula becomes
α2 ρ1 − ρ√
D2
α2 ρ − ρ√
⊗
⊗
.
D1
α1
ρ
α1
ρ1

(31.92)

This formula may serve as an approximation for estimations of the ratio of the foreset
and topset diffusivities. With α2  α1 and ρ1 ∞ ρ, it is seen that the subaqueous
diffusion coefficient is smaller or very much smaller than its subaerial counterpart.10
This reflects a reduction in transport capacity when the flow transits from subaerial
stream flow to subaqueous density current flow.

31.5.2 Combined Topset-Foreset Diffusion Process
for Hyper-Pycnal Deltas
According to the above simple formulation of the formation of hyper-pycnal deltas,
their evolution is described by the foreset diffusion Eq. (31.18), which is solved subject to an upstream boundary condition (either prescription of the moving sediment
flux or the Z -coordinate of the moving sediment layer). This topset diffusion problem must be connected to an analogous foreset diffusion problem (31.90), subject
to the far downstream boundary condition that the layer thickness of the density
current tends to zero as X → √. At the plunge point the two models must be
patched together such that the sediment layer thickness at X = s(t) is continuous as
With α1 = α2 and ρ1 = 2100 kg m−3 and ρ√ = 1100 kg m−3 one obtains D2 /D1 = 0.48
(foreset conditions). Alternatively, with ρ1 = 1200 kg m−3 , ρ√ = 1100 kg m−3 , we get D2 /D1 =
0.083.

10
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is the sediment mass flux across the plunge point. Lai and Capart [34] write these
conditions as

∂ ζ̂


, ζ̂(X, t)  Z Ψ (t),
 −D1
∂X
q(X, t) =


⎫ −D ∂ ζ̂ , ζ̂(X, t)  Z (t),
2
Ψ
∂X
ζ̂(X, t) − Z Ψ (t) = 0,

(31.93)

where Z Ψ is the lake level elevation. Equations (31.18) and (31.90), combined with
upstream and downstream boundary conditions and transition conditions (31.93)
define a so-called double-diffusion problem, which Prior to Lai and Capart [34]
was already given by Jordan and Fleming (1990) [14] [based on precursory results
by Begin et al. (1981) [3], Kenyon and Turcotte (1985) [28], but these authors
did not interpret the foreset diffusion problem as emerging from a turbulent density
under-current].
(a) Topset and bottomset with equal basement slope As a simple but nevertheless
mathematically not easy example, consider an infinitely long inclined plane defining the topset-bottomset lower boundary basement with slope −S = − tan β, see
Fig. 31.20a. Assume, moreover, a constant lake surface and choose a Cartesian coordinate system as shown in the figure with origin at the intersection of Z = Z Ψ and
Z = −S X . Let a sediment transport process be started with this configuration at
time t = 0, and assume a hyper-pycnal delta is being formed for t > 0, of which
Fig. 31.20b shows a snapshot. Its plunge point is at X = s(t), Z = Z Ψ (= 0 here).
The sediment transports in the topset and foreset are then described by the following
initial boundary value problems.

(a)

(b)

Fig. 31.20 Formation of a hyper-pycnal alluvial delta in a lake with a bottom profile of constant
slope −S in the topset and foreset alike. a Geometry and selection of the coordinates (X, Z )
(situation at t = 0). b Delta architecture at t > 0
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∂ ζˆ1
∂ 2 ζ̂1
= 0, −√ < X < s(t),
− D1
∂t
∂ X2
∂ ζ̂1
= −S,
X → −√,
∂X
ζ̂1 = 0,
X = s(t),
ζ̂1 = 0,
as well as

t > 0,
t  0,
t  0,

−√ < X < s(t),

∂ ζˆ2
∂ 2 ζ̂2
− D2
= 0, s(t) < X < √,
∂t
∂X2
∂ ζ̂2
= −S,
X → √,
∂X
X = s(t),
ζ̂2 = 0,
ζ̂2 = 0,
s(t) < X < √,

(31.94)

t = 0,

t > 0,
t  0,

(31.95)

t  0,
t = 0,

and these equations must be ‘connected’ by the transition condition
q1 (s(t), t) − q2 (s(t), t) = −d,
[[q(s(t), t)]] = d.

(31.96)

Problem (31.94) describes the sediment transport in the topset as a diffusion process,
with vanishing layer thickness at ζ̂1 (X, 0), ζ̂1 (s(t), t) and approaching a prescribed
slope far upstream. Analogously, the sediment transport in the foreset is also diffusive,
starting from a vanishing delta front thickness ζ̂2 (X, 0) = 0, ζ̂2 (s(t), t) = 0 and
approaching the same bottomset slope for X → √ as in the topset for X → −√.
These two solutions are matched at the plunge point by requesting that the moving
sediment flux may suffer a jump of size d as given in (31.96). Its physical significance
will be discussed below.
A solution to this problem has been constructed by Lai and Capart (2007) [34].
The general solution of the diffusion equation has been derived in Sect. 31.2, see
(31.20), and is based on the definitions and assignments
X
,
ζ̂1 = f 1 (Δ1 )ξ1 (t), Δ1 :=
ξ
(t)
1
∈
∈
ξ1 (t) := 2 D1 t, s1 (t) := λ D1 t.

(31.97)

(the index (·)1 stands for ‘topset’). It reads [see (31.27)]

⎟
∈
f 1 (Δ1 ) = −A1 Δ1 + B1 exp(−Δ12 ) + πΔ1 (erf(Δ1 ) + C1 ) ,

(31.98)

in which A1 , B1 , C1 are constants of integration. As Δ1 → −√ we wish to have
limΔ1 →−√ f 1 (Δ1 ) = −SΔ1 which implies A1 = S and C1 = 1 (else the second
term in braces would violate this condition). Moreover, from (31.94)3 we deduce
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B1 =

Sλ
.
∈
π(erf(λ/2) + 1)

(31.99)

2 exp(−λ2 /4) + λ

This solution is still incomplete, because the parameter λ is not yet determined. It
must await construction of the solution in the foreset.
To find the general solution for (31.95)1 the procedure is analogous. We write
(and use the index (·)2 for the foreset variables)
X
,
ζ̂2 = f 2 (Δ2 )ξ2 (t), Δ2 :=
ξ
2 (t)
∈
∈
ξ2 (t) := 2 D2 t, s2 (t) := λ D1 t

(31.100)

and thus obtain for the function f 2

⎟
∈
f 2 (Δ2 ) = −A2 Δ2 + B2 exp(−Δ22 ) + πΔ2 (erf(Δ2 ) + C2 ) ,

(31.101)

again with constants of integration A2 , B2 , C2 . As Δ2 → √, we wish to have
limΔ2 →√ f 2 (Δ2 ) = −SΔ2 , which now implies C2 = −1 and A2 = S. Moreover,
from (31.95)3 , since
plungepoint
(Δ2 )|X =s(t)

we obtain
B2 =


2 exp

−λ2
4

λ
s2 (t)
=
= ∈
2
2 D2 t


D1
,
D2

(31.102)

⎬
D1
Sλ D
2

⎟.
∈ ⎬ D1   λ ⎬ D1 
D1
+
λ
erf
−
1
π
D2
D2
2
D2

(31.103)

This solution is incomplete as is the solution for f 1 , but an equation for λ follows
from the flux jump condition (31.96), which shall now be derived.
The straightforward approach would be to request in (31.96) that d = 0 and,
consequently q1 = q2 at X = s(t), or
− D2

∂ ζ̂2
∂ ζ̂1
+ D1
= 0.
∂ X | X =s(t)
∂ X | X =s(t)

(31.104)

In view of (31.28) [and the formulae immediately before (31.21): ∂ ζ̂/∂ X = f ≈ (Δ )]
(31.104) is equivalent to
−D2 f 2≈ (Δ2 ) ⎬ D1 λ + D1 f 1≈ (Δ1 )| λ = 0,
| D 2
2
2
∈
≈
f 1 (Δ1 )| λ = −S + B1 π {erf(Δ1 ) + 1}|Δ1 = λ ,
2
2
∈
f 2≈ (Δ2 )⎬ D1 λ = −S + B2 π {erf(Δ2 ) − 1}
D2 2

(31.105)

⎬
D
|Δ2 = D1

λ
2 2

,
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in which B1 and B2 are functions of λ as given in (31.99) and (31.103).11 It is now
clear that (31.105) is a transcendental equation for λ.
According to Lai and Capart (2007) [34] ‘the above equations generate profiles which are relatively close in character to the profiles of hyper-pycnal deltas
[. . .]. Qualitative comparisons with small scale experiments [. . .], however, are rather
poor’. They state that substantial improvements of the fit could be obtained at relatively little costs by including the effects of the inclination thresholds. Following
Mitchell (2006) [43], they propose the new flux requirements





max −D1



q1,2 (X, t) =




 max −D2

⎫


∂ ζ̂1
min
+ S1
, 0 , ζ̂1 (X, t)  Z Ψ ,
∂X

∂ ζ̂2
min
+ S2
, 0 , ζ̂2 (X, t)  Z Ψ ,
∂X

(31.106)

min are inclination thresholds below which no bedload transport takes place,
where S1,2
applicable to the topset and foreset, respectively. Application of (31.106) at the plunge
point to the statement [[q]] = 0 yields

q2 (s(t), t) − q1 (s(t), t) = −D1

∂ ζ̂1
+ S1min + D2
∂X

∂ ζ̂2
+ S2min
∂X

=0
(31.107)

or





D2 f 2≈ (Δ2 ) ⎬ D1 λ − D1 f 1≈ (Δ1 )| λ = − D2 S2min − D1 S1min ,
| D2 2
2
⎛
⎝

d
∈
f 1≈ (Δ1 )| λ = −S + B1 π {erf(Δ1 ) + 1}|Δ1 = λ ,
2
2
∈
⎬
,
f 2≈ (Δ2 ) ⎬ D1 λ = −S + B2 π {erf(Δ2 ) − 1}
| D2 2
|Δ2 = DD21 λ2

(31.108)

If q1 = 0 and q2 = 0 at X = s(t), then obviously d = 0.
It is worth interpreting these formulae more closely. Formula (31.106) defines
the sediment-mass flux in (31.93), but still demands continuity of it through the
plunge point. This is also the interpretation in (31.107). However, the differential
Eqs. (31.94)1 and (31.95)1 are based on flux relations which do not conform with
(31.106) (unless, of course, S1min = S2min = 0). A different interpretation is that
the mass flow is uniformly defined by the Fickian relation (31.93). In this case, the
flux of sediment mass suffers a jump as expressed in (31.96) with d given on the
right-hand side of (31.96). The quantity d can be interpreted as a point production
or annihilation rate of sediment mass at the plunge point. It says that the abrupt
change of slope from the topset to the foreset regime is achieved by a local pointwise
deposition or erosion of sediment. This may correspond to a concentrated action of
11

Note that the primes in these functions designate differentiations with respect to different
variables.
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a process which in reality is a smooth but rapid adjustment of the delta slope from
the topset to the foreset regime.
It is a fortunate coincidence that the jump condition (31.108) can be satisfied for
⎪
d=

constant,
∈
g[d(s 2 )/dt, λ], s(t) = λ Dt, d[s(t)2 ]/dt = λ2 D,

(31.109)

where D is a diffusivity, e.g. D1 or D2 and g[·] is a differentiable function of
d[s 2 (t)]/dt and λ. The jump condition (31.108) then takes the form
# 
D2 A λ,

$
− 1 − D1 [B(λ) − 1] = dS ,
⎟
∈ ⎬ D1   λ ⎬ D1 


πλ D2 erf 2 D2 − 1
D1
:=
A λ, D
⎟,
 2  ∈   ⎬ 
2
D1
λ D1
+
−
1
2 exp − λ4 D
πλ
erf
2
D2
2
⎟
∈  λ
πλ erf 2 + 1
⎟,
 2 ∈   
B(λ) :=
2 exp − λ4 + πλ erf λ2 + 1
D1
D2



⎪

and
d=

D2 S2min − D1 S1min ,
g[(s 2 )· , λ] = g[λ2 D, λ].

(31.110)

(31.111)

While (31.111)1 has univariate variability, (31.111)2 is very flexible.
Formula (31.110) provides an additional flexibility to adjust theoretical-computational results to corresponding experimental findings. (31.111)1 shows that the flexibility is only through the combination [[DS min ]] = d. Variation of this parameter
therefore only generates a one-parameter family of solutions. Separate selection of
S1,2 or D1,2 does not yield improved matching of experimental results with the theory.12 Formula (31.111)2 , however, exhibits a broader flexibility through the dependence of g on λ.
(b) Sediment intake into a constant depth canal Next, let us consider the flow of
sediment with initial level ζ̂0 at a distance far in the topset (at X = 0) into an ambient
of constant water depth H0 (see Fig. 31.21a, illustrating the situation at t = 0). At
the initial time the fluid basin, a semi-infinite canal, bounded by a vertical wall at
X = 0, is free of sediments. The continuous discharge of sediment from this point
will diffusively fill the basin and form the alluvial deposit as sketched in Fig. 31.21b.
Hydraulically, this problem is somewhat artificial as the position (X, Z ) = (0, ζ̂0 )
is kept fixed, which ‘forces’ the slope of the topset sediment flow to adjust as the
delta formation proceeds. The initial boundary value problem in the topset regime
is described by the equations (for the chosen Cartesian coordinates, see Fig. 31.21;
Lai and Capart [34] choose d = [[D]]S min , assuming that S1min = S2min . They say that this
choice may be too restrictive, but it is clear from above that they did not restrict the flexibility of
the model by this choice.

12
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(a)

(b)

time t>0

time t=0

ζ0

ζ0
Z

Z X

X

0

H0

H0

Fig. 31.21 Alluvial deposition into a quiescent ambient channel of constant depth H0 from a
far upstream position (X, Z ) = (0, ζ̂0 ). a Situation at time t = 0 with vertical sediment motion
down a vertical end wall. b Snapshot of the situation at t > 0 with the alluvial architecture at the
actual time (solid line) and at a selection of previous times (dashed lines). The early time behavior
is hydraulically not realistic. Panel b courtesy Lai and Capart [34], © J. Geophys. Res.-Earth
Surface, reproduced with permission

the indices (·)1,2 stand again for the ‘topset’ and ‘foreset’ regimes, respectively.)
∂ ζ̂1
∂ 2 ζ̂1
= D1
,
∂t
∂X2

0 < X < s(t),

ζ̂1 = ζ̂0 = const. = 0,

X = 0, t  0,

ζ̂1 = 0,

(31.112)

X = s(t), t  0.

with the sediment flux q1 = −D1 ∂ ζ̂1 /∂ X , in 0 < X < s(t). Analogously, the
foreset problem is described by
∂ ζ̂2
∂ 2 ζ̂2
= D2
,
∂t
∂X2
ζ̂2 = 0,
ζ̂2 = −H0 = const. = 0,
ζ̂2 = −H0 = const. = 0,

s(t) < X < √,
X = s(t), t  0,
X → √, t  0,
0 < X < √, t = 0 (initial condition).

(31.113)

The two initial-boundary value problems are to be connected by the flux jump condition (31.107)
[[ q(s(t), t) ]] = d = [[ DS min ]], or
∂ ζ̂2
∂ ζ̂1
+ D1
= D2 S min − D1 S min .
−D2
∂X
∂X

(31.114)

X =s(t)

The problem, described by (31.112)–(31.114) is mathematically nearly identical
to the Stefan problem of the formation of an ice cover at the top of a lake. (The problem to be described is the more exact description of the freezing of still water in a lake
of which an approximation was described in Sect.31.4.1). The situation is sketched
in Fig. 31.22, in which it is assumed that the temperature at the ice-atmosphere
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Fig. 31.22 Layer of ice floating on still lake water. The surface temperature Tsur f < T f , the freezing
temperature T f = 0 ◦ C and the bottom temperature T√ are assumed constant and prescribed. In
the regions (1) and (2) the heat conduction describes the temperature distributions. The inset shows
the heat flows in and out of the layer of freezing water per unit time and thickness ṡ(t)

interface is T = −Tsur f , at the ice-water interface it is the freezing temperature
T = T f = 0 ◦ C, and at depth, identified with X = √ it is T = T√ (=4 ◦ C). The
heat diffusion problems in the regimes (1) and (2) of Fig. 31.22 are given by
∂ 2 T1
∂T1
= D1
,
0 < X < s(t),
∂t
∂X2
T1 = −Tsurf = const. = 0, X = 0, t  0,
X = s(t), t  0,
T1 = 0(◦ C),

(31.115)

and
∂ 2 T2
∂T2
= D2
,
s(t) < X < √,
∂t
∂X2
T2 = 0(◦ C),
X = s(t), t  0,
T2 = T√ (=4 ◦ C),
T2 = T√

(31.116)

X → √, t  0,
0 < X < √, t = 0 (initial condition),

in which D1,2 = κ1,2 /(c1,2 ρ1,2 ), where κ1,2 , c1,2 and ρ1,2 are heat conductivities,
specific heats and densities of ice and water, respectively. Variations of D1,2 with X
(or T ) are ignored. Moreover, q1,2 = −κ1,2 ∂T1,2 /∂ X are the heat flows in the ice
and water, respectively.
To derive the Stefan condition at the ice-water interface, consider the thin layer of
thickness ṡ(t), which freezes onto the ice-water interface per unit time. The heat that
flows out from, and into, this layer is q2 −q1 . This heat must equal the latent heat that
is released by the water mass ρ2 ṡ(t), which freezes in unit time: L 2 ρ2 ṡ(t). Therefore,
[[ q(s(t), t) ]]s(t) = ρ2 L 2 ṡ(t), ṡ > 0,

(31.117)

where L 2 is the latent heat of freezing water. With the Fourier heat law, (31.117)
takes the form
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κ1

∂T1
∂T2
− κ2
∂X
∂X


X =s(t)

= ρ2 L 2 ṡ(t).

(31.118)

or when introducing the thermal diffusivities of ice and water, respectively,

D1

∂T1
c2 ρ2 ∂T2
− D2
∂X
c1 ρ1 ∂ X


=

X =s(t)

ρ2 L 2
ṡ(t).
c1 ρ1

(31.119)

Inspection of (31.112)–(31.119) shows that the deltaic formation of sediment
deposition from a fixed upstream position into a quiescent water channel of constant
depth and the freezing of an ice cover on a lake agree mathematically with one another
except for the Stefan conditions (31.114) and (31.119). Complete agreement could
only be achieved if c2 ρ2 = c1 ρ1 and if d in (31.114) would be parameterized as Lṡ(t),
where L is a constant. This has so far not been suggested, but it is a requirement,
if the above solution involving the similarity variables (31.123) satisfy the Stefan
condition, as we shall indicate below.
To solve Eqs. (31.112)–(31.114), it is advantageous to use the transformations
ϑ1,2 = ζ̂1,2 − ζ̂0 ,

(31.120)

where ζ̂0 is the constant elevation at X = 0. Relations (31.112) and (31.113) then
reduce to
∂ϑ1
∂ 2 ϑ1
,
0 < X < s(t),
= D1
∂t
∂X2
(31.121)
ϑ1 = 0,
X = 0, t  0,
ϑ1 = −ζ̂0 ,
X = s(t), t  0
and

∂ϑ2
∂ 2 ϑ2
= D2
,
s(t) < X < √,
∂t
∂X2
X = s(t), t  0,
ϑ2 = −ζ̂0 ,
ϑ2 = −(H0 + ζ̂0 ), X → √, t  0.

(31.122)

Introducing the similarity variables
Δ1,2 =

X
2 D1,2 t

,

(31.123)

it is straightforward to see, [8], that the general solutions of (31.121)1 and (31.122)1
are given by
ϑ1 = A + Berf



ϑ2 = C + Eerfc

∈X
2 D1 t





∈X
2 D2 t

,



erf(x) :=
, erfc(x) :=

∈2
π



∈2
π

x

0√
x

exp(−ξ 2 )dξ
exp(−ξ 2 )dξ.

(31.124)
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The boundary conditions stated in (31.121) and (31.122) imply that A = 0, C =
−(H0 + ζ̂0 ) and

Berf

s(t)
∈
2 D1 t



= −ζ̂0
= −(H0 + ζ̂0 ) + Eerfc



s(t)
∈
2 D2 t



.

(31.125)

The first line of this equation implies, since B and ζ̂0 are constants, that the argument
of the error function must also be a constant, which we choose to be
s(t)
= λ(= const.).
∈
2 D1 t

(31.126)

Similarly, from the second line of (31.125),

s(t)
=λ
∈
2 D2 t

D1
.
D2

(31.127)

Therefore, again from (31.125),
B=−

ζ̂0
,
erf(λ)

E=

H0
 ⎬ .
D1
erfc λ D
2

(31.128)

The constant λ is still not determined; this is accomplished by satisfying (31.114), or


∂ϑ2
∂ϑ1
−D2
+ D1
= d,
(31.129)
∂X
∂ X X =s(t)
= Lṡ(t),

(31.130)

demonstrating two different parameterizations for the jump [[ q ]]. With the representations


X
ζ̂0
erf ∈
,
erf(λ)
2 D1 t


H0
X
,
ϑ2 = −(H0 + ζ̂0 ) +
 ⎭  erfc ∈
D1
2 D2 t
erfc λ
D2
ϑ1 = −

(31.131)

a somewhat lengthy but straightforward computation shows that the jump condition
(31.129) with constant d = 0 does not allow determination of λ; the constructed
functions (31.131) are no solution of that double alluvial diffusion problem. If, on
the other hand, (31.130) is chosen with L = const., the following transcendental
equation for λ is obtained:
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D2
exp(−λ2 )
−
erf(λ)
D1



⎭ 

D1
2
∈
exp −λ
D1
λL π
D2 H0
=−
.
 ⎭ 
D2
D1
ζ̂0
ζ̂0
erfc λ
D2

(31.132)

For L = 0, corresponding also to d = 0, the sediment flux through the plunge point
is continuous. Time slices of the solution in that case are displayed in panel b of
Fig. 31.21.
The above solution corresponds to the classical Stefan problem, the freezing of
water in a lake from its surface. The governing equations are (31.115), (31.116). If
we write
ϑ1,2 = T1,2 + Ts
and make the identifications Tsurf ↔ (−ζ̂0 ) and T√ ↔ (−H0 ), then the solutions
(31.131) remain valid, but the Stefan condition (31.119) implies
exp(−λ2 )
erf(λ)

−

κ2
κ1





2 D1
∈
exp
−λ
D2
D1
λL π
T√
⎬
=
,


D2 erfc λ D1 Tsur f
cice Tsurf

(31.133)

D2

in which cice is the heat capacity of ice. Note, the analogy between (31.132) and
(31.133) is only complete, if cice ρice = cwater ρwater . If we ignore in (31.133) the
◦
second term on the left-hand side (e.g.
∈ by assuming that T√ = 0 C, then (31.133)
reduces to (31.56) with (31.58) as t-relation for s(t). The corresponding relation
(31.59) is less realistic, since it is not obvious that the second term on the left-hand
side of (31.132) may be negligible.
Finally, if the parameterization of the jump of the sediment flux d in (31.129)
does not possess the form (31.130), the construction of the solution with functions
involving similarity variables (as in this section) breaks down. In such situations one
must use numerical techniques to find solutions.

31.6 Laboratory Experiments
The theory presented in the previous sections has been tested for both Gilberttype and hyper-pycnal formations of alluvial deltas under the restrictions of twodimensional motion in a vertical plane, for which the model has so far been developed.
Experiments by Muto and Swenson (2005) [49] on Gilbert-type delta formations
have been reported in Sect. 31.4.4. Laboratory experiments on progradation from the
topset to the foreset regime on both types of deltas have been conducted by several
research teams and are listed (as far as we know) in Table 31.2. Here, we shall present
a brief description of laboratory experiments on hyper-pycnal delta formation and
compare results from them with results obtained from the double-diffusive theory.
Results are due to Lai and Capart [33–35].
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Table 31.2 Reported research on laboratory experiments for hypo- and hyper-pycnal delta formations
Hypo-pycnal

Hyper-pycnal

Kostic and Parker (2003) [30, 31]
Muto (2001) [46]
Muto and Steel (1992) [47]
Muto and Swenson (2005) [49]

Lai (2006) [33]
Lai and Capart (2007) [34]
Capart et al. (2007) [6]
Lorenzo-Trueba et al. (2009) [40]

31.6.1 Progradation of Hyper-Pycnal Deltas
In what follows we shall report on a subset of results, which have been described in
greater detail by Lai (2006) [33] and Lai and Capart (2007) [34]. The experiments
were conducted at the Hydro Tech Research Institute of the National Taiwan University. The apparatus, which they constructed was essentially a small scale copy of an
experimental set-up by Garcia (1993) [17] for the study of turbidity currents (see
Fig. 31.23 and the description in the figure caption). The flow is photographed with a
CCD digital camera from the side perpendicular to the observation window. The bed
elevation profile, position of the plunge point and the lake level height are extracted
from each digitized photo (note the scale bar on the observation window). Details of

Salt water
with dye

40 cm

Dry sand
supply

Side view

Acrylic tank
Observation window
Dense c
Scale bar
urrent
Water
Delta
level

Sa n d b
ed

100 cm

Front view

Weir
Outlet

1 cm

Fig. 31.23 Experimental set-up by Lai and Capart [34, 33], used for the small scale experiments
on prograding hyper-pycnal deltas. The narrow flume is separately fed by steady streams of salt
water at the top left and dry sand from a silo somewhat distant down flow. For material properties
of brine and sand and other experimental parameters, see Table 31.3. This brine-sediment mingling
moves down the prefabricated sand-bed with 10◦ -slope. Initially, subaerial steady flow is established without fresh-water in the basin. Then, freshwater is rapidly added to establish a fresh-water
basin with constant water level, kept by a weir. This establishes conditions for delta formation and
subaqueous progradation. By adding fluorescent dye to the brine, the subaqueous density current
is easily visible. To make the temporal formation of the hyper-pycnal deltas visible, black coal
grains are intermittently added to the dripping sand, of which each event leaves imprinted stripes
in the deltas, and thus illustrates their architecture. Courtesy Lai and Capart [34], © J. Geophys.
Res.-Earth Surface, reproduced with permission
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this careful analysis of the experiments are available from Lai (2006), [33] and Lai
and Capart (2007) [34].
Lai and Capart [34–36] present results on two experiments, called ‘run 1’ and
‘run 2’ which differ by the amount of brine influx
Q 1 = 154 mm2 s −1 ,

Q 2 = 229 mm2 s −1 .

A sequence of consecutive snapshots is displayed in Fig. 31.24, which shows
side views of the delta build-up in run 1 with sediment flow from left to right. ‘The
current is subaerial upstream, plunges into the ambient basin at the shoreline break,
and then continues as a subaqeous density current. The delta progrades lakeward by
simultaneously building topset and foreset deposits on the two sides of the shoreline.
The repeated dark stripes are coal-dust traces bedded into the topset deposit at times
corresponding to their intermittent release. As for the observed morphology ‘topset
and foreset profiles are concave upwards, and everywhere gently curved except for
the sharp cusp at the shoreline break, with the topset curvature milder than the foreset
curvature. The maximum inclination of the foreset is 24◦ , well below the measured

Fig. 31.24 Series of photographs from a laboratory experiment depicting the progradation of a
hyper-pycnal delta in a lake of constant water level, starting from a bed of constant inclination.
Flow is from left to right (indicated by the arrow). For details, see main text. Photographs courtesy
Lai and Capart [34] © J. Geophys. Res.-Earth Surface, reproduced with permission
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Table 31.3 Properties of the sand material and brine solution used in the experiments and values
of parameters for the double diffusion problem, which fit the illustrated experiment (after [34, 35])
Property

Value

Median sand diameter d50 [mm]
Sand uniformity coefficient Cu = d60 /d10
Sand density ρs [kgm−3 ]
Porosity of uncompacted sand bed n 0 = Vvoid /V [ – ]
Angle of repose φ [deg]
Upstream brine density [kgm−3 ]
Water density in receiving ambient [kgm−3 ]
Q (1) . Discharge in experimental Run 1 [mm2 s −1 ]
Q (2) . Discharge in experimental Run 2 [mm2 s −1 ]
α1 Velocity ratio (topset) [ - ]
α2 Velocity ratio (foreset) [ - ]
(1)
D1 Diffusivity (topset) [mm2 s −1 ]
D2(1) Diffusivity (foreset) [mm2 s −1 ]
(2)
D1 Diffusivity (topset) [mm2 s −1 ]
(2)
D2 Diffusivity (foreset) [mm2 s −1 ]
(1)
λ , λ(2)

0.17
2.3
2,670
0.507
37◦
1,200
1,000
0.59
0.30
0.59
0.30
199
16.9
295
25.1
0.468

angle of repose of 37◦ (see Table 31.3). At its toe the foreset connects smoothly with
the original bed’ [34]. Delta profiles at different times are similar to each other; this
is shown in Fig. 31.25, where in panel (a) measured delta profiles from four time
slices (t = 20, 45, 80, 125s) are plotted: ζ̂1,2 against X . If, instead the same profiles
∈
∈
are plotted as ζ̂1,2 / Qt against X/ Qt, then the graph in panel (b) is generated. All
curves collapse to a single profile, which beautifully demonstrates the self-similarity
property. A stronger test of the theory emerges when this same transformation is
also performed for (t = 20, 45, 80, 125s) for experimental Run 2 with Q 2 . This is
demonstrated in Fig. 31.26b, where • and ◦ are taken from the respective photographs
of Run 1 and Run 2. The two experimental profiles in the scaled plot ‘define’ a single
curve through the foreset and most of the topset. Panel (a) shows the profiles for the
four time slices (t = 20, 45, 80, 125s) for the second run. The measured profiles in
panels (a) of Figs. 31.25 and 31.26 show as solid curves also the computed profiles
of the analytical solutions, derived in Sect. 31.5.2.
Finally, Fig. 31.27 displays in physical dimensions the time evolution of the shoreline
∈ position for Run 1 and Run 2 (open and
∈full circles) together with the theoretical
t-curves (solid lines) based on s(t) = λ D2 with λ as given in Table 31.3. These
values for λ achieve the more rapid shoreline advance for Run 2 than for Run 1.
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(a)

(b)

Fig. 31.25 Results for hyper-pycnal delta progradation for Run 1 with Q = 154 mm2 s−1 . Panel
a shows four snapshots at times (t = 20, 45, 80, 125 s), ζ̂ plotted against X . Points represent topset
and foreset profiles as read from photographs at the above times, solid lines depict the computed
profiles of the double diffusive model as explained in the main text. Panel b shows the same
∈
∈
experimental data now rescaled by the inverse square root: ζ̂/ Q t versus X/ Q t. Courtesy Lai
and Capart [34], © J. Geophys. Res.-Earth Surface, reproduced with permission
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(a)

(b)

Fig. 31.26 a Hyper-pycnal delta progradation for Run 2 with Q = 229 mm2 s−1 . Measured data
(circles) are compared with results from analytical solutions (solid lines) of the double diffusion
∈
model.
fashion: ζ̂/ Q t plotted against
∈ Panel b combines the data of both Runs 1 and 2 in 2rescaled
−1
X/ Q t for (t = 20, 45, 80, 125 s) and Q (1) = 154 mm s (full circles), Q (2) = 229 mm2 s−1
(open circles). Courtesy Lai and Capart [34], © J. Geophys. Res.-Earth Surface, reproduced with
permission

31.6.2 Reservoir Infill by Hypo- and Hyperpycnal
Deltas Over Bedrock
Lai and Capart (2009) [35] also performed computations along the above lines and
extended these by comparing results under homo- and hyperpycnal conditions and
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Fig. 31.27 Comparison of experimental and analytical results for the time varying shoreline position of hyper-pycnal deltas. Full circles show results for the sediment flux Q 1 = 154 mm2 s−1 ,
open circles for Q 2 = 229 mm2 s−1 . Solid lines represent the theoretical results. Courtesy Lai and
Capart [34], © Geophys. Res.-Earth Surface, reproduced with permission

sediment loads at different rates. For hyperpycnal conditions the approach of the
mathematical solution for the delta formation follows Sect. 31.5, and delta configurations are as shown in Figs. 31.24–31.27. For homopycnal conditions the foreset
diffusivity vanishes (see formulae (31.89), (31.88), when ρ = ρ√ ) and the diffusion
solution is replaced by a frontal deltaic slope equal to the angle of repose of the sand
in water. The topset diffusion equation then still holds with prescribed sediment flux
at the bedrock-alluvial transition and a general Stefan condition as illustrated in
App. A, Fig. 31.36.
The experimental stand used by Lai and Capart [35] is similar as that shown
in Fig. 31.23. The flume is 1 [m] long and 1 [cm] wide and side-glass walls allow
visual inspection. Downstream, the flume is fitted with weirs to control the lake water
level and the subaqueous interface. Upstream, a head tank supplies the constant river
discharge, and a conveyor belt supplies the bedload sediment. For the river discharge,
either freshwater (ρ = 1000 [kg m−1 ]) or brine (ρ = 1200 [kg m−1 ]) are used to generate homo- and hyperpycnal inflows into the freshwater lake. The sand characteristics for the bedload sediment are: median diameter d50 = 0.17 [mm], coefficient of
uniformity d60 /d10 = 2.3, angle of repose φ = 3◦ (see Table 31.3). Green fluorescent
dye is added to the brine to visualize underflows, and black ash is sprinkled at repeated
intervals to visualize the stratigraphy of the deposits. Photography is taken as in earlier
reported experiments. ‘Figures 31.28a, b, c, d show deltaic morphologies resulting
from homo- and hyperpycnal river inflows, respectively, over bedrock forms of moderate inclination (θ = 10◦ )’. Experiment A (Fig. 31.28a) shows typical Gilbert-type
behaviour. ‘To examine the effect of inclination, experiment C is conducted under
the same hyperpycnal conditions as experiment B with the steepness of the bedrock
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Fig. 31.28 Experimental deltas over bedrock: a Homopycnal delta (bedload influx q0 =
5.7 [mm2 s−1 ], bedrock inclination θ = 10◦ ); b Hyperpycnal delta (q0 = 5.2 [mm2 s−1 ], θ = 10◦ );
c Hyperpycnal delta over steeper bedrock slope (q0 = 5.2 [mm2 s−1 ], θ = 20◦ ); d Hyperpycnal
delta with smaller rate of sediment influx (q0 = 0.94 [mm2 s−1 ], θ = 20◦ ), from Lai and Capart
[35], © Geophys. Res. Letters, reproduced with permission

floor increased twofold to θ = 20◦ . Experiment D shows what happens under the
same conditions when the bedload supply is decreased by a factor of approximately
5.5, and the hyperpycnal current ponds into a subaqueous pool at the downstream
end of the flume [. . .]. All tests are performed under the same river discharge, held
steady at a volumetric flow rate per unit width, q = 80.6 [mm2 s−1 ]’, [35].
‘The experiment photographed in panel A and performed under homopycnal conditions and θ = 10◦ bedrock slope leads to a Gilbert delta with a topset of mild
inclination, a steep foreset, inclined at the angle of repose and sharp slope breaks at
the shore line and at the delta toe. This behaviour is contrasted in experiment of panel
B, which was performed under hyperpycnal conditions; it has again a topset of mild
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inclination and slope break at the shoreline, but smaller now, well below the angle
of repose. The concave foreset profile changes smoothly, is therefore longer than for
Gilbert-type deltas and reaches the base theoretically at an infinite distance from
the shoreline. Qualitatively, whereas the foresets in panels A and B are different, the
topset geometries are qualitatively very similar. This is quite different in the experiments of panels C and D, of which both have a basal bedrock inclined by 20◦ and
are subjected to hyperpycnal conditions. In panel C the upstream sediment flux is the
same as in panels A and B, but owing to the increased bedrock slope, this flow drives
a greater proportion of the sediment load into the lake. The delta foreset is highly
elongated, nearly straight but still concave-curved, with a small topset forming the
subaerial delta. The fluorescent trace indicates the sediment flow very clearly. The
experiment in panel D, in which the water flow and bedrock slope are the same as
in panel C, but the upstream sediment inflow q0 is reduced by a factor of 5.5. The
entire river sediment load is now driven into the lake without formation of a subaerial delta but building a subaqueous delta, prograding into the turbid pool. Evidently,
the subaqueous delta of experiment A and the subaerial delta of experiment D are
quite similar in their morphology. Both exhibit short, straight foresets, inclined at
the angle of repose, and long topsets with small curvature. Their difference is in
the topset inclination. Panels C and D on the other hand, demonstrate that it is possible for lake deposits to exhibit very different patterns, even at the same bedrock
slopes’ [35]. The theoretical profiles, corresponding to the four different experiments
displayed in Fig. 31.28 possess similarity structure (as one would expect). So, if
∈
∈
in each experiment ζ̂/ q0 t is plotted against X/ q0 t the results in all experiments should fall onto one curve. Lai and Capart [35] have done this and present
Fig. 31.29, in which the panels A to D correspond to the panels A to D of the experiments shown in Fig. 31.28. Figure 31.29 shows as solid heavy lines the computed
similarity solutions, and as coloured symbols the digitized experimental profiles
from photographs taken at four different times. The shapes of the sediment bed and
the elevations are well predicted with only slight errors in phase for the positions of
the delta fronts. Most important, the theory is able to reproduce the wide range of the
experimental deltas. This range includes the production of straight and curved foresets (A versus B), contrasted ratios of foreset to topset lengths (B versus C), and the
formation of topset—foreset deposits of opposite extents (C versus D). The theory
may obviously help explaining depositional patterns that have been documented in
mountain reservoirs, [35].
Lai and Capart [35] list a number of field sites, where the situations displayed in
Fig. 31.28 have been observed. A Gilbert-type delta similar to panel A of Fig. 31.28
has led to the recent infill of the small Ronghua reservoir, upstream of the large Shihmen reservoir (Capart et al. 2007 [6]) in Taiwan. In this reservoir, the river inflow
is highly turbid during floods (Lee et al. [39]) yet, homopycnal conditions prevail
because this small reservoir rapidly becomes turbid itself, blurring the density contrast between inflow and lake waters. The Shihmen reservoir, on the other hand,
shows deposits similar to case D. Well known hyperpycnal deltas having morphologies matching cases B and C are the deltas of the Upper Rhine at Lake Constance
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Fig. 31.29 Comparison of measured (symbols) and theoretical (solid lines) profiles for the experimental deltas of Fig. 31.28. Data points coloured red, green, blue and orange denote delta profiles
measured at evenly spaced times t1 to t4 . Normalized coordinates are used to demonstrate selfsimilarity, from Lai and Capart [35], © J. Geophys. Res. Letters, reproduced with permission

(Hinderer 2001 [23]) and the Colorado river at Lake Mead (Graf 1971 [21]). A
first step into this direction has been taken by Capart et al. (2011) in a study of the
formation and decay of a tributary-dammed Lake in the Laonong River [7].
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At the research forefront the next urgent steps should now be the application of the
illustrated theoretical concepts to the sediment infill of artificial lakes in mountainous
areas during floods and the release of deposited sediments through the bottom or side
outlet of the reservoir barrage.

31.7 Formation and Evolution of Tributary Dammed Lakes
31.7.1 Introduction
In this section a dynamical description of ‘onset and growth of tributary dammed
lakes’ due to Hsu and Capart (2008) [24] is presented. In mountainous regions
many natural lakes have been formed by glacial retreats at the termination of the last
Ice Age. Apart from this glaciogenic formation natural lakes have also been created
by river obstruction due to landslides, which may occur during heavy rainfall events.
Sudden sediment deposits at a localized restricted region of a valley from a side
tributary may block the continuous flow of sediments down the valley, whilst the water
flow, after a short interruption may continue, once the lake level has reached the crown
of the dam of the sediment deposit. Early descriptions of such tributary dammed
lakes are by Davis (1933) [11] and Lane (1955) [38] and examples are reported
by Galay et al. (1983) [16]. Hsu and Capart report that the ‘Upper Mississippi
River, where postglacial outwash deposits supplied by the tributary Chippewa River
caused the formation of Lake Pepin (Zumberge (1952) [71]; Wright et al. (1998)
[68])’, Fig. 31.30. Two different regimes of river morphology may ensue from such
tributary sediment depositions. ‘When this influx is moderate, the main river can
deposit sediment upstream of the aggrading tributary junction to maintain a downvalley bed inclination. The result is a cuspate profile [Fig. 31.31a]. When the influx
from the side is large, by contrast, the deposition rate in the main river cannot keep
pace with [the] confluence aggradation because of insufficient sediment load. This
causes the formation of a natural lake upstream of the tributary mouth, as in the
case of Lake Pepin upstream of the Chippewa confluence’, Hsu and Capart (2008)
[24].13
In the ensuing analysis a simplified situation will be considered, in which the
sediment flow in the principal valley is one-dimensional and defined by the classical
13 Similar, somewhat reminiscent alterations of sediment regimes have frequently occurred in the
Alps during the Middle Ages when ice avalanches, formed from hanging glaciers, dammed riverine
valleys, Roethliberger (1978), [58]. As long as the ice deposit existed, an ice-dammed lake
formed and changed the upslope and downslope sediment flows. More significantly, floods due to
sudden dam break caused devastating debris flows. Other, related processes are artificially formed
when barrages are built for valley reservoirs. They change the upstream sediment regimes and
slowly fill the reservoir, thereby reducing the power-generating capacity. Through a base opening
in the barrage or side channel and judicious flushing operations, in which the discharge and the lake
level are monitored, the sediment deposit is partly removed, a process which affects the sediment
regimes in the lake and its topset as well as the sediment flow in the river stretch below the barrage.
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Fig. 31.30 Tributary-dammed Lake Pepin, formed across the Mississippi River because of sediment
influx from the Chippewa River: a Map showing the local relief (digital elevation data from the
Upper Mississippi Basin Stackholder Network, St. Mary’s University of Minnesota) and watercourse
(bathymetry from the USGS Upper Midwest Environmental Sciences Centre) and b elevation plot
showing the influence of the Chippewa and Wisconsin rivers on the long profile of the Upper
Mississippi (source of the data, USGS). The marker at river mile 765 has latitude 44◦ 24≈ 49≈≈ N and
longitude 92◦ 06≈ 54≈≈ W, from Hsu and Capart (2008) [24] © Water Resources Research, American
Geophysical Union, reproduced with permission

diffusion equation. Moreover, the sediment influx from a tributary is represented by
a steady14 point source, and the origin of the horizontal-vertical coordinate system
(X, Z ) is chosen to be the location of the point source. With the notation of Sect. 31.1,
the sediment diffusion equation takes the form
∂ ζ̂s
∂q
+
= σ = I δ(X ),
∂t
∂X

(31.134)

in which ζ̂s is the vertical coordinate of the upper surface of the sediment layer, q is
the sediment flux in the main river and I is the (here) steady point sediment source
14

Unsteady situations can also be analysed, but may need pure numerical solution techniques.
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Fig. 31.31 Self-similar alluvial responses to sediment supply from a tributary: a Tributary-induced
cuspate aggradation and b tributary-dammed lake, forming when the tributary supply exceeds twice
the original sediment transport rate in the river (I > 2q0 ), from [24] © Water Resources Research,
American Geophysical Union, reproduced with permission

from the tributary river (a change of the amount of water in the river stretch below
the source point is ignored). δ(X ) is the Dirac function.
We further assume that the longitudinal sediment motion is driven by a steady
uniform water discharge (per unit width), qw , flowing down valley (qw > 0). Variations in the evolution of the sediment profile are assumed to be sufficiently slow as
the water surface reacts quasi-statically. This implies that Z = ζ̂s and Z = ζ̂w are
varying ‘in parallel’, so that with sufficient accuracy
∂ ζ̂w
∂ ζ̂s
=
,
∂t
∂t

∂ ζ̂w
∂ ζ̂s
=
.
∂X
∂X

(31.135)

Finally, ζ̂w and ζ̂s are subject to the following inequalities:
ζ̂w  ζ̂s + h 0 , −


 ∂ ζ̂
∂ ζ̂w
w
 0, ζ̂w − ζ̂s − h 0
= 0.
∂X
∂X

(31.136)
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Theses inequalities subdivide the river course into stretches of running water and
sediments for which
∂ ζ̂w
∂ ζ̂s
=
> 0, ζ̂w − ζ̂s = h 0 ,
∂X
∂X

(31.137)

where steady (normal) flow is assumed, and segments with standing water for which
∂ ζ̂w
∂ ζ̂s
=
= 0,
∂X
∂X

ζ̂w > ζ̂s + h 0 .

(31.138)

In other words, these regions are the lake-pools, where the water surface is horizontal
and larger than Z = ζ̂s + h 0 , and where the sediment flux vanishes.
We also follow Hsu and Capart (2008) [24] and postulate the sediment flux in
the form


∂ ζ̂w
− Smin , 0 ,
(31.139)
q = Dmax −
∂X
in which D is the alluvial diffusivity, defined in (31.17), and Smin is the minimum
slope required for sediment transport. Note that (31.135) contains ∂ ζ̂w /∂ X , but it can
be replaced by ∂ ζ̂s /∂ X , if (31.135) is satisfied. For segments where −∂ ζ̂w /∂ X >
Smin and with Smin = constant and D = constant, we have ∂q/∂ X = −D∂ ζ̂w /∂ X =
−D∂ ζ̂s /∂ X ; in this restricted case (31.134) takes the form
∂ 2 ζ̂s
∂ ζ̂s
+D
= I δ(X ).
∂t
∂X2

(31.140)

There remains to establish the initial and boundary conditions, for which (31.140)
is to be solved. Hsu and Capart (2008) [24] assume that the process starts from initial
conditions ζ̂s (X, 0) = −S0 X , representing a linear profile of constant inclination S0
exceeding the transport threshold (S0 > Smin ). The background sediment transport
rate is then
(31.141)
Q 0 = D(S0 − Smin ).

31.7.2 Theory
The solution for the partial differential Eq. (31.140) is determined by constructing
it intuitively from independent functions which satisfy the boundary conditions at
X = 0 and X = ±√. We shall construct solutions in −√ < X  0 and in
0  X < √ independently, and then will match the two solutions at X = 0.
Linearity is a crucial element of this approach. For mathematical properties of the
involved functions, see Appendix B to this chapter.
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• The linear function

ζ̂s(1) = −S0 X

(31.142)

satisfies (31.140) with I = 0 trivially and matches the asymptotic requirement
that the full solution approaches −S0 X as X → ±√.
It follows that any further solution which is added to (31.142) must satisfy the
(2)
(3)
asymptotic limit ζ̂s (X, t) → 0 as X → √ and ζ̂s (X, t) → 0 as X → −√.
• The function


X
A∈
, X >0
(31.143)
Dt ierfc ∈
ζ̂s(2) =
D
2 Dt
is equally a solution of the homogeneous Eq. (31.140) (with I = 0) in X > 0 with
the properties that
(2)
ζ̂s → 0 as X → √,
(2)
(31.144)
A
∂ ζ̂s ⎧⎧
.
=−
⎧
+
∂ X X =0
2D
• The function
ζ̂s(3)



|X |
A∈
=
Dt ierfc ∈
,
D
2 Dt

X <0

(31.145)

is also a solution of the homogeneous diffusion equation (31.140) (with I = 0)
and with the properties that
(3)

ζ̂s

→ 0 as X → −√,

∂ ζ̂s(3) ⎧⎧
∂X

⎧

X =0−

(2)

=

(31.146)

A
2D .

(3)

These properties, claimed for ζ̂s and ζ̂s are collected in Appendix B and can be
verified by elementary computation. The complete solution of the inhomogeneous
partial differential Eq. (31.140) may now be written as
ζ̂s =


 −S0 X +
⎫ −S0 X +

∈

A
D Dt
∈
A
D Dt





∈X
,
 2 Dt 
|X |
,
ierfc ∈
2 Dt

ierfc

0  X < √,
−√ < X  0.

(31.147)

The free constant A follows by patching the two solutions (31.147) at X = 0. A
first condition is that ζ̂s (0− , t) = ζ̂s (0+ , t), which is already satisfied by setting
A1 = A2 = A. A follows by integration of (31.140) from X = −ε to X = +ε for
arbitrarily small ε > 0. Indeed,


+ε

 −ε

 +ε
 +ε
∂ ζ̂s
∂ 2 ζ̂s
D
=I
δ(X )dX ,
dX −
∂t
∂X2
⎛
⎝  −ε ⎛
⎝  −ε ⎛
⎝

→0

[[D ∂∂ ζ̂Xs ]]

I
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in which [[ f ]] = f (0+ )− f (0− ) is the jump of f across the discontinuity. Therefore,
using the results of items 2 and 3 above, we obtain −[[D∂ ζ̂s /∂ X ]]| X =0 = I or

S0 D +

A
2





A
− S0 D −
= A = I.
2

(31.148)

Consequently, a compact form of the solution of (31.147) is


|X |
I ∈
, −√ < X < √,
Dt ierfc ∈
ζ̂s = −S0 X +
D
2 Dt

(31.149)

which is the form reported by Hsu and Capart [24]. This solution represents conditions of aggradation during which the sediment bed maintains its cuspate shape
of Fig. 31.31a. The self-similarity of the profile becomes evident, if (31.149) is
written as
zs = −S0 Δ +

X
I
ζ̂s
ierfc(|Δ |), Δ = ∈ , z = ∈ ,
D
2 Dt
2 Dt

(31.150)

which demonstrates that for fixed S0 , I the similarity variables in the horizontal and
vertical directions are subjected to the same scaling.
The solution (31.149) is, however, not valid for unrestricted values of the flux I
from the side tributary. Its limitation for the validity of (31.149) follows from the
slope of the river channel immediately upstream of the tributary junction
S0− = S0 −

I
2D

(31.151)

(see Appendix B and (31.148)). In order that sediment flux qs > 0 occurs at X = 0− ,
we must have S0− > Smin , implying with (31.151)
I  2D(S0 − Smin ) = 2q0 ,

(31.152)

where q0 is the sediment flux far upstream at X → −√. If the inequality (31.152) is
violated, i.e. if I > 2q0 , the sediment flow at X = 0− ceases and all upstream sediments are deposited. In Hsu and Capart’s [24] words ‘the sediment infill upstream
of the junction cannot keep up with the aggrading confluence, and a tributary channel
lake forms, Fig. 31.31b. The point of minimum inclination S = Smin at the downstream end of the upstream alluvial reach is forced to retreat up-valley, producing
a migrating slope break at [the] evolving position X = −L(t). The resulting gap
−L(t) < X < 0 is filled by a pool of standing water, across which sediment transport
is suppressed’, [24].
Under these conditions two separate mathematical problems of sediment transport
must now be solved,
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i. the sediment transport for the downstream part of the river, which is fed at X = 0+
with a sediment flux of the side tributary only, whose upper Z -coordinate at
X = 0+ is given by the moving lake level, and
ii. the upstream sediment flow with vanishing flux (and thus slope) at the lake end
X = −L(t) and flux q0 far upstream at X = −√.
Sediment flow below the lake: 0+ < X < √. With a constant sediment flux at
X = 0+ and a basal slope of magnitude −S0 as X → √, it is easy to see on the
basis of the previous analysis that the function
ζ̂s (X, t) = −S0 X +

A∈
X
Dt ierfc(Δ ), Δ := ∈
D
2 Dt

(31.153)

solves the diffusion equation for which
q0+ = −D

∂ ζ̂s
+ Smin
∂X

= D(S0 − Smin ) −

A
[erf(Δ ) − 1]
D

(31.154)

describes the flux. At X = 0+ , we have
q0+

A
=I
2
A = 2[I − D(S0 − Smin )] = 2(I − q0 ).
⎛
⎝


(31.154)

=

=⇒

D(S0 − Smin ) +

(31.155)

q0

Consequently, the sediment flow below the lake is described by the equation
ζ̂s (X, t) = −S0 X +



X
2(I − q0 ) ∈
, 0 < X < √.
Dt ierfc ∈
D
2 Dt

(31.156)

At X = 0+ this becomes
ζ̂s (0+ , t) =

2(I − q0 ) ∈
Dt,
∈
D π

(31.157)

which is positive for q0 < I < 2q0 according to (31.152). On the other hand, if no
lake is formed, (31.149) applies and ζ̂s (0− , t) takes the form
ζ̂s (0− , t) =

I ∈
Dt.
∈
D π

(31.158)

The thickness of the sediment deposit at the tributary mouth is thus given by
⎨
⎪
1
2(I − q0 ) I ∈
,
H := ζ̂s (0, t) = ∈ max
Dt.
D
D
π

(31.159)
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With (31.157) the lake level at X = 0± then follows as15
ζ̂w (0+ , t) = ζ̂s (0+ , t) + h 0 .

(31.160)

Because of (31.159) ‘the dependence of the deposit thickness on the tributary influx I is nonlinear. A break of trend occurs at the onset of lake formation
(I = 2q0 ), beyond which aggradation is enhanced at the tributary junction. When
the influx exceeds this threshold, a lake of rising level and increasing length develops
(Fig. 31.31b) […]. Water continues to flow past the dam and only sediment transit
is interrupted across the lake. The up-valley transgression of the lake leaves a characteristic bathymetric signature with a lake bed that acquires a downstream facing
slope of constant inclination. Unlike avalanching [Gilbert-type] delta foresets, for
which the slope is determined by the angle of repose, here the lake bed inclination
is set by the rate of aggradation of the tributary dam. A faster aggradation [by an
increased value of I ] yields more rapid lake transgression, hence a lake of milder
downstream-facing slope [. . . ]’, [24]. Analogous shoreline transgressions for deltas
responding to sea level rise are due to Muto and Steel (1992) [47] and Parker
and Muto (2003) [55].
Sediment flow above the lake: −√ < X < −L(t). Under standing water conditions, ∂ ζ̂w /∂ X = 0, the upstream edge of the lake rises in lockstep with the
aggrading ‘dam crest’, defined by (31.157) (Fig. 31.31b). The initial boundary value
problem again possesses the solution
ζ̂s (X, t) = −S0 X +



A∈
X
.
Dt ierfc − ∈
D
2 Dt

(31.161)

Indeed, this function satisfies the homogeneous diffusion equation (with constant
diffusivity) and the asymptotic boundary condition that q0 = S0 D. Additional condi∈
tions must be satisfied at the upper edge of the lake. First, we have with L(t) = λ Dt
!

(31.157) 2(I −q0 ) ∈
∈
Dt
D π
 ∈ 
∈
λ∈ Dt
A
,
Dt
ierfc
D
2 Dt

ζ̂s (−L(t), t) = ζ̂s (0− , t) =
∈
(31.61)
= S0 λ Dt +
from which one may deduce

A ierfc(λ/2)
λ
I − q0
+
− ∈
= 0, q0 := S0 D.
2
2q0
πq0

(31.162)

Once A is determined, this is an algebraic equation for λ. Second, at X = −L(t),
the sediment flux is given by Smin , which together with (31.161) yields
15

h 0 is the water depth on the assumption that the water flux leaving the lake is the same as the
in-flux.
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S0 +

⎞ 

⎠
λ
A
erf −
+ 1 = Smin ,
2D
2

(31.163)

A=

2D(S0 − Smin )
2q0
=
.
erfc(λ/2)
erfc(λ/2)

(31.164)

from which one obtains

Finally, substitution of (31.164) into (31.161) and (31.162) yields
∈


−X
Dt
2q0
, −√ < X < −L(t),
ζ̂s (X, t) = −S0 X +
ierfc ∈
D erfc(λ/2)
2 Dt
λ
q0 ierfc(λ/2)
I − q0
+
−∈
=0
(31.165)
2
DS0 erfc(λ/2)
π DS0
∈
as the sediment transport equation and lake length L(t) = λ Dt.

31.7.3 Experiments
As a test of the above model approach, Hsu and Capart (2008) [24] performed
laboratory experiments. The experimental set-up is sketched in Fig. 31.32. It consists
of a 250 [cm] long, 1 [cm] wide channel of adjustable inclination angle. The water
flow, qw far upstream enters the flume from a constant back tank and the sand is
dropped onto the steady upstream water flow from two feeders whose fluxes, q0
and I , are adjustable. A sink tank at the lower end collects the sediment and water
outflow. The most important data are collected in Table 31.4.

A-A
sediment
feeders
qw

q0

I

1cm
A
back tank
with constant
water depth

250

cm

A

channel with adjustable
inclination
sink tank

Fig. 31.32 Sketch of the laboratory experiment to check the theoretical model, performed by Hsu
and Capart (2008) [24]
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Table 31.4 Key properties of
the laboratory experimental
stand and the physical
parameters of the sand used
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Channel length
Channel width
Flume inclination angle
Submerged angle of repose
Sand median diameter d50
Sand coefficient of uniformity d60 /d10

250 [cm]
1 [cm]
adjustable
36 [◦ ]
0.32 [cm]
1.84 [−]

Calibration runs with the tributary influx I turned off and the bed brought to equilibrium grade under steady upstream inflows of water and sand were first performed
to characterize the relation q0 (qw , S) between upstream water discharge qw , inclination S = −∂ ζ̂s /∂ X and sediment flux q0 . The resulting data (Fig. 31.33) are well
approximated by the power law
q0 = kqwα S β ,
k = 1.03 [mm2 s−1 ]1−α , α = 1.39, β = 2.28

(31.166)

(and root-mean-square residual = 4 [mm2 s−1 ] for sediment fluxes in the range
0 < q < 130 [mm2 s−1 ]). ‘Tributary experiments were conducted for different values
of water discharge and tributary sediment influx. All experiments were started from
the same initial grade S0 = 0.11, obtained by adjusting the upstream sand supply q0 to
the corresponding water discharge. At t = 0, the tributary sand supply is turned on at
prescribed rate of influx I . The ensuing response of the sand bed is observed through

q0 /(kqw)
0.03

0.02

0.01

0
0

0.05

0.1

0.15

0.2

S

Fig. 31.33 Calibrated sediment transport relation (thin curve power law; thick curve, approximate
diffusion flux). Symbols represent experimental data for water discharges q1 = 283 [mm2 s−1 ]
(squares), q2 = 467 [mm2 s−1 ] (diamonds), and q3 = 733 [mm2 s−1 ] (circles), from Hsu and
Capart (2008) [24], © Water Resources Research, American Geophysical Union, reproduced with
permission
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the transparent side wall using time-lapse photography’, [24]. Hsu and Capart
performed a total of 27 runs with water discharges qw = {280, 470, 730} [mm2 s−1 ]
subject to various tributary influxes I such that 1 < I /q0 < 5. For comparison with
the theory, which is not built on a functional relation (31.166), the power law (31.166)
must first be approximated by the simplified form of Eq. (31.139). This was done by
cross calibrating the coefficients D and Smin against k, α and β (using least squares
over the range 0  S/Smin  2, yielding D/q0 = 30 and Smin /S = 0.7, and the
precise relation represented by the bold line in Fig. 31.33.) Once the two coefficients
have been determined, all other results can be calculated from the theory and thus
present testable predictions.
Comparison of theory and experimental results. Figures 31.34a, b show in dimensionless
∈ representation the lake length L S0 /H and sediment deposition thickness
H/ S0 q0 t against I /q0 . The solid curve in Fig. 31.34a represents the results of the
theory, symbols those of the experiments. As shown theoretically, a lake is formed
only when I > 2q0 , which explains the onset of non-vanishing values for L at
I /q0 < 2. The curve in this latter range of I /q0 follows from solutions of (31.165)
for λ and (31.159) and grows sharply for I /q0 slightly larger than 2, but quickly tapers
with a decelerating growth. The experimental lake length L(t) is represented for each
run with a data point and error bar for q0 = {283, 467, 733} [mm2 s−1 ], represented by
{squares, diamonds, circles}, respectively. Evidently, even though the observed onset
of the lake formation is slightly delayed, and the measured data fall slightly below the

(a)

(b)

I/q0

q

I/q0

Fig. 31.34 a Normalized lake length versus ratio of tributary sediment supply I to undisturbed
sediment transport q0 , with lake formation predicted to occur when I > 2q0 . b Dependence of
the normalized sediment deposit thickness at the tributary on the ratio I /q0 . The thick curves in
the two panels are the theoretical predictions, and symbols represent experimental data for water
discharges q1 = 283 [mm2 s−1 ] (squares), q2 = 467 [mm2 s−1 ] (diamonds), and q3 = 733
[mm2 s−1 ] (circles), from Hsu and Capart (2008) [24], © Water Resources Research, American
Geophysical Union, reproduced with permission
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theoretical curve, the experimental data and the theory follow the ∈
same trend. Results
for the theoretical dimensionless sediment deposit thickness H/ S0 q0 t follow two
linear (I /q0 )-dependences, given mathematically by (31.159), Fig. 31.34. The experimental points follow the same trend, but a kink at I /q0 = 2 is not clearly identifiable.
Longitudinal profiles for two experimental runs below (I /q0 = 1.6, Fig. 31.35a)
and above (I /q0 = 4.4, Fig. 31.35b) the lake-formation threshold are presented
in Fig. 31.35. As profiles ζ̂s (X, t) are geometrically self-similar, they collapse
together when plotted in the normalized coordinates of Fig. 31.35. Below the threshold I /q0 = 2, a cuspate aggradation is observed. ‘The deposit thickness [then]
exhibits mirror symmetry about the tributary mouth, and the bed profile maintains an
elevation that monotonically decreases down valley [Fig. 31.35a]. Above the threshold [. . .], the alluvial profile is no longer monotonically decreasing, and a lake forms
upstream of a tributary dam [. . .]. The downstream deposit accumulates more sediment (received from the strong tributary influx) than the upstream deposit (which
traps the weaker background sediment flux). Overall the theoretical and experimental
profiles match well, [except] for a slightly underestimated cuspate deposit thickness

q

(a)

X q

q

(b)

X q

Fig. 31.35 Self-similar river and lake bed profiles produced by steady sediment influx from a
tributary: a Cuspate aggradation (I /q0 = 1.6) and b tributary-dammed lake (I /q0 = 4.4). Lines
are the theoretical predictions, and rotated triangles represent measured profiles approximately 1,
2, 3, 4 minutes after the start of the tributary influx. Both experimental runs correspond to water
discharge q2 = 467[mm2 s−1 ], from Hsu and Capart (2008) [24], © Water Resources Research,
American Geophysical Union, reproduced with permission
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in Fig. 31.35a, and for the upstream dam face in Fig. 31.35b, assumed vertical in the
theory (no up-valley sediment motion is allowed), but which relaxes to the angle of
repose in the experiments [. . .]. The other features of the tributary-dammed lake of
Fig. 31.35 show good agreement between theory and experiment. This includes the
predicted retreat of the upstream lake edge along a line of constant inclination (well
below the angle of repose), the shallow deposit upstream of the lake, and the half-cusp
profile of the river bed downstream of the tributary mouth’, [24]. Qualitatively this
is reminiscent of the recorded profile of the Upper Mississippi River (Fig. 31.30b)
with the convex segments upstream and downstream of the Wisconsin junction, and
the existence of Lake Pepin with its triangular bathymetry.

31.8 Discussion and Conclusions
A review has been given in this chapter on sediment transport from an alluvial river
stretch into a quiescent ambient. Depending upon whether the river-water density is
lighter than, the same or heavier than that of the water of the lake, two kinds of delta
formations could be distinguished: for ρriver  ρlake (hypo-pycnal delta formations)
the coarser sediments tend to separate from the suspended fines and form deltas
with constant frontal slopes generated by the angle of repose. For ρriver > ρlake
(hyper-pycnal delta formation) the subaerial river current plunges down into the
still ambient water and forms a turbulent subaqueous density current with moving
coarse sediment load. For hypo-pycnal deltas, the alluvial river transport can be
described by a sediment diffusion equation, generally subject to upstream flux and
downstream lake level prescriptions. The positions of the shore line as a function of
time is obtained from a generalized Stefan condition relating the sediment flux to the
basement geometry and basement deformation processes. For hyper-pycnal deltas
the subaerial and subaqueous sediment transports are both governed by diffusion
equations with different diffusivities (Dsubaerial = Dsubaqueous ). Far upstream and far
downstream boundary conditions in the topset and foreset and lake level prescription
at the temporally varying shore line complete the problem formulation except for the
determination of the shore line position via a generalized Stefan condition. This
condition is formulated as a jump condition of sediment flux across the shore line
position, in which the jump of sediment flux is given as a phenomenological statement
for the turbulent mixing processes induced in the transition region of the abrupt flow
changes. Numerous analytical solutions for both delta types have been presented and
some have been compared with results from laboratory experiments. Moreover, the
close mathematical connection is demonstrated of the single and double sediment
diffusion problems with freezing of lake water in winter when being subject to
constant freezing atmospheric temperature.
The presented model is limited because several simplifying assumptions both
in the physical and mathematical descriptions have been imposed. Among such
assumptions are the following restrictions.
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• The subaerial and subaqueous sediment flows are restricted to motions taking
place in a vertical plane. This is particularly restrictive as soon as the river water
enters the lake environment. A generalization to a three-dimensional set-up of the
concept is likely possible if one is satisfied with increased phenomenology in place
of physics. A step towards this end has been undertaken by Voller et al. [67].
• The suspended matter in the turbid water has been ignored as have been the particle
size separation and the segregational depositions in the bottomset. Memoirs, which
include these processes in a two-dimensionally restricted setting are given by
Kostic et al. [29–31].
• All applications, which have been presented, have so been chosen that mathematical solutions could be constructed analytically. More generally, (generalized)
Stefan problems are moving boundary value problems and therefore require care,
when numerical integrations have to be performed. If sedimentary processes are
strictly prograding or strictly transgrading, the time t can be replaced as an independent variable by s(t), the shore line position, and a fixed-domain formulation
without moving boundaries be constructed.
For Gilbert-type deltas numerical solutions have been constructed by Voller
et al. (2006) [67], and for hyper-pycnal deltas by Lai and Capart (2011) [36].
• The focus in the present paper has been sediment transport and deployment in a
quiescent ambient on decadal and centennial time scales, but it must have become
clear that the formulation is equally applicable to geological time scales of millennia and multi millennia through the Holocene and Pleistocene. In this connection
the term ‘graded’ river stretch was introduced (see Sect. 31.4 and [49]), and it
became clear that graded sediment flow was the exception rather than the rule.
The concept is important in long term sedimentary processes as a special response
to lake level fall, which generates alluvial aggradations, whereas lake level rise
leads to shore line transgression. Such hydro-geological processes are studied in
detail by Muto et al. [50, 51, 56].
• Applications to river-reservoir hydraulics have been given by Lai and Capart
(2009) [35], and Capart et al. (2010) [7] and Lai and Capart (2011) [36].

Appendix A: Derivation of the Sediment Flux Boundary
Condition at the Plunge Point of a Gilbert-Type Delta
In this appendix an explicit derivation of the flux boundary condition (31.42) at the
plunge point of a hypopycnal delta will be given. The derivation follows Kostic and
Parker [30] but in the notation of this chapter.
Consider Fig. 31.36. With reference to this figure the front surface of the foreset
delta can be described as
ζ̂(X, t) = ζ̂s − tan φ (X − s(t)) , where ζ̂s = ζ(s(t), t).
If this is evaluated at the toe of the alluvial deposit,

(31.167)
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Fig. 31.36 Definition sketch for a Gilbert-type deltaic deposition on a non-erodible basement of
slope angle α1 . The origin of the (X, Z )-coordinates is at the intersection of the basement, Z = b(X )
and the lake surface at time t = 0, Z = Z Ψ (0), the plunge point is at [X = s(t), Z = ζ̂s (t)] and
the front of the wedge is at [X = u(t), Z = ζ̂toe (t)]. The sediment flow through the plunge point
from the topset is qs (s(t), t) and the conservation of mass of the sediment, expressed in formula
(31.169) is explained in the inset. The river water depth at the plunge point is h s (t) and the level of
the lake may vary with time, Z = Z Ψ (t)

ζ̂b = ζ̂s − tan φ (u(t) − s(t))

(31.168)

is obtained.
If conservation of mass is formulated for a sediment element as shown in the inset
of Fig. 31.36, then one may deduce
ns

∂ ζ̂
dX = q̄s (X ) − q̄s (X + dX )
∂t
∂ q̄s
∂ q̄s
dX = −
dX,
⊗ q̄s (X ) − q̄s (X ) −
∂X
∂X

or, since the solid volume fraction is assumed to be constant,
∂(q̄s /n s )
∂qs
∂ ζ̂
=−
=−
.
∂t
∂X
∂X

(31.169)

In the above, q̄s is the sediment flux at a certain volume fraction, whereas qs is the
corresponding effective flux.
An explicit expression for qs is obtained, if Eq. (31.169) is integrated from X = s −
to X = u(t). This integration is composed of an ‘integration’ from X = s − (t) to
X = s + (t) plus the integration from X = s + (t) to X = u(t). Thus,

Appendix A: Derivation of the Sediment Flux Boundary Condition
s + (t)

qs |s − (t) = qs (s + (t)) − qs (s − (t)) = −



s + (t)
s − (t)
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∂ ζ̂
d X = 0.
∂t

ˆ
Here, the integral on the far right vanishes because of continuity requirements for ζ(·).
It follows that the flux qs is continuous across the plunge point. Therefore, we may
write
 u(t)
 u(t)
∂qs
∂ ζ̂
dX = qs|u(t) −qs − |s(t) =
dX
−
−
∂
X
 ⎛ ⎝
s (t)
s (t) ∂ t
(31.170)
=0
 u(t)
∂ ζ̂
dX,
= −qs|s − (t) = −
s − (t) ∂t
in which integration can now be restricted to X > s(t). Moreover, it was assumed
that the sediment flux at the toe of the frontal surface of the delta vanishes, which is
realistic. With ζ̂ as given in (31.167) one may write

in which


∂ ζ̂
d  −
∂
=
ζ̂ s (t), t −
(tan φ(X − s(t)))
∂t
dt
∂t

ds
d  −
d(tan φ)
=
ζ̂ s (t), t + tan φ −
(X − s(t))
dt
dt
dt

(31.171)

 ∂ ζ̂
d  −
∂ ζ̂
ζ̂(s (t), t) =
ṡ(t)
+
dt
∂t |s(t) ∂ X
∂ ζ̂
=
− tan α1|s − (t) ṡ(t).
∂t |s(t)

(31.172)

Here, tan α1 is the slope of the sediment bed in the topset of the plunge point.
Substituting (31.172) into (31.171) and the resulting expression for ∂ ζ̂/∂ t into
(31.170) yields

 u(t) 
∂ ζ̂
·
− (tan α1 − tan φ)ṡ(t) − (tan φ) (X − s(t)) dX
qs |s(t) =
∂ t |s(t)
s(t)


∂ ζ̂
ds
1
=
+ (tan φ − tan α1 )
(u(t) − s(t)) − (tan φ)· (u(t) − s(t))2 .
∂ t |s(t)
dt
2
(31.173)
The surface point ζ̂|s(t) is given by the level of the lake surface and the water depth
above the sediment as follows: ζ̂|s(t) = Z Ψ (t) − h |s(t) . Consequently,
∂ ζ̂
∂
∂h
=
.
(Z Ψ − h)|s(t) = Ż Ψ (t) −
∂t |s(t)
∂t
∂t |s(t)

(31.174)

Substituting this into (31.173) yields a first variant of the final formulae for qs :
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⎪⎞
qs |s(t) =


⎠
∂h
ds
+ (tan φ − tan α1 )
Ż Ψ −
(u(t) − s(t))
∂ t |s(t)
dt
⎨
· 
2
1
− tan φ u(t) − s(t) .
2

(31.175)

Sometimes it is more convenient to additionally use the trigonometric relation
(u(t) − s(t)) =

ζ̂ − ζ̂toe
.
tan φ

We then obtain
⎡

∂h



 ⎠
⎢ Ż Ψ (t) − ∂ t

|s(t) 

 + 1 − tan α1 ds ζ̂s − ζ̂toe
qs | s(t) = ⎢
⎣


tan φ
tan φ d t

⎫

2 


ζ̂
−
ζ̂
s
toe
1
− (tan α1 )·
.
2

2
(tan φ)


(31.176)

(31.177)

Even though tan α1 < (≡) tan φ, it is not justified in general, to ignore the expression tan α1 / tan φ in the above formulae. However, it is justified to ignore the term
associated with (tan φ)· . Ignoring also (∂ h/∂ t)|s(t) and Ż Ψ (t) yields
 d s(t)

.
qs|s(t) = ζ̂s − ζ̂toe
dt

(31.178)

Formula (31.42) with σ = 0 is obtained from (31.175), if the river water depth is
ignored, (∂ h/∂ t)|s(t) ⊗ 0 and tan α1 is ignored in comparison to tan φ.

Appendix B: Characteristics of Error Functions
In this Appendix we collect a number of properties of mathematical expressions
which are connected to the error function. These have been collected and/or derived
in Carslaw and Jaeger (1959) [8]
• Definition of the error function and complementary error function
2
erf(x) = ∈
π



x

exp(−ξ 2 )dξ,
0
 √
2
exp(−ξ 2 )dξ,
erfc(x) = 1 − erf(x) = ∈
π x
• The above definitions imply

(31.179)
(31.180)
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erf(0) = 0, erf(√) = 1, erf(−x) = −erf(x),
erfc(0) = 1, erfc(√) = 0, erfc(−x) = 2 − erfc(x).
• Both,


erf

x
∈
2 Dt





x
and erfc ∈
2 Dt

(31.181)



satisfy the diffusion equation
∂2 f
∂ f
− D 2 = 0.
∂t
∂x
• The nth integral complementary error functions are defined as


√

=

n

i erfc(x)

in−1 erfc ξdξ, n = 2, 3, 4, . . .

x

i0 erfc(x)

=

ierfc(x)

=

erfc(x),
 √
erf ξ dξ

(31.182)

x
integr. by parts

=

=

ξerfc(ξ)|√
x

1
−∈
π

−x erfc(x) +



√
x

(−2ξ) exp(−ξ 2 ) dξ

⎛
⎝
d
2 ))
exp(−ξ
(
dξ

exp (−x 2 )
.
∈
π

(31.183)

(31.184)

• The function erfc(x) exhibits the following properties:
(1)
ζ̂s(2) (x, t) =
−
−
−



x
A∈
, x  0,
Dt ierfc ∈
D
2 Dt

lim ζ̂ (2) (x, t) → 0,
x→√ s
 
∂ ζ̂s(2)
A



x
−1
∈
∂x
2D
2 Dt
2
ζs (x, t) satisfies the diffusion equation
=

erf

(2)

(2)

∂ 2 ζ̂s (x, t)
∂ ζ̂s (x, t)
−D
= 0,
∂t
∂ x2

(2)

ζ̂s(3) (x, t) =
−



|x|
A∈
, x  0,
Dt ierfc ∈
D
2 Dt

lim ζ̂ (3) (x, t)
x→−√ s

→ 0,

(31.185)
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(3)





|x|
+1
−erf
∈
2 Dt

−

∂ ζ̂s (x, t)
A
=
∂x
2D

−

ζ̂s(3) (x, t) satisfies the diffusion equation
(3)

(31.186)

(3)

∂ 2 ζ̂s (x, t)
∂ ζ̂s (x, t)
−D
= 0.
∂t
∂ x2

References
1. Abramowitz, M. and Stegun, I. A.: Handbook of Mathematical Functions, Dover Publ. Inc,
New York, (1964)
2. Adams, E. W., Schlager, W. and Anselmetti, F. S.: Morphology and curvature of delta slopes
in Swiss lakes: Lessons for the interpretation of clinoforms in seismic data. Sedientology, 48,
661–679 (2001)
3. Begin, Z. B., Meyer, D. F. and Schumm, S. A.: Development of longitudinal profiles of alluvial
channels in reponse to base level lowering. Earth Surface Processes & Landforms, 6, 49–68
(1981)
4. Bell, H. S.: Density currents as agents for transporting sediments. J. Geology, 50, 512–547
(1942)
5. Bornhold, B. D. and Prior, D. B.: Morphology and sedimentary processes on the subaqeous
Noeick River delta, British Columbia, Canada. In: Coarse-Grained Deltas, Spec. Publs. Int.
Ass. Sediment., (Collela, A. and Prior, D. B., Eds.) 10, 169–181 (1960)
6. Capart, H., Bellal, M. and Young, D. L.: Self-similar evolution of semi-infinite alluvial channels
with moving boundaries. J. Sedimentary Research, 77, 13–22, (2007)
7. Capart, H., Hsu, J. P. C., Lai, S. Y. J. and Hsieh, M.-L.: Formation and decay of a tributarydammed lake, Laonong River, Taiwan, Water Resources Res., doi:10.1029/2010WR009159
(2010)
8. Carslaw, H. S. and Jaeger, J. C.: Conduction of Heat in Solids. Oxford University Press, Oxford
(1959)
9. Crank, J.: Free and Moving Boundary Problems, Cambridge University Press, Cambridge
(1984)
10. Culling, W. E. H.: Analytical theory of erosion. J. Geology, 68, 336–344
11. Davis, W.M.: The lakes of California. Calif. J. Mines, 29, 175–236 (1933)
12. Ellison, T. H. and Turner, J. S.: Turbulent entrainment in stratified flows J. Fluid Mech. 6,
423–448 (1959)
13. Fan, J. and Morris G.L.: Reservoir sedimentation VI: Delta and density current deposits. J.
Hydraul. Eng bf 118(3), 354–369 (1992)
14. Fleming, P. B. and Jordan, T. E.: A synthetic stratigraphic model of foreland basin development.
Geophys, Res., 94, 3851–3866 (1989)
15. Fracarollo, L. and Capart, H.: Riemann wave description of erosional dam-break flows. J. Fluid
Mech., 461, 183–228 (2002)
16. Galay, V. J., Tutt, D. B. and Kellerhals, R.: The meandering distributary channels of the upper
Columbia river. In: River Meandering, edited by Eliott, C. M., pp 113–125, Am. Soc. Civil.
Engr., New York (1983)
17. Garcia, M. H.: Hydraulic jumps in sediment-driven bottom currents. J. Hydraul. Eng., 119,
(10), 1094–1117 (1993)
18. Gilbert, G. K.: Geology of the Henri Mountains 170 pp. U.S. Government Print. Office, Washington, D. C. (1877)

References
19.
20.
21.
22.
23.
24.
25.

26.
27.
28.
29.
30.
31.
32.
33.

34.
35.
36.
37.
38.
39.
40.

41.
42.
43.
44.
45.

483

Gilbert, G. K.: Lake Bonneville U.S. Geological Survey Monograph, no. 1, 438 p. (1890)
Gill, M. A.: Diffusion model for degrading channels J. Hydraul. Res., 21, 369–378 (1983)
Graf, W. H.: Hydraulics of Sediment transport, McGraw-GHill, New York (1971)
Grover, N. C. and Howard, C. S.: The passage of turbid water through Lake Mead. Transactions
ASCE, Paper No. 1994, 720–732, (1937)
Hinderer, M.: Late quarternary denudation of the Alps, valley and lake fillings and modern
river loads. Geodinamica Acta, 14, 231–263 (2001)
Hsu, J. P. C. and Capart, H.: Onset and growth of tributary dammed lakes. Water Resources
Research, 44, W11201 (2008)
Hutter, K.: A tutorial on prograding and retrograding hypo- and hyper-pycnal deltaic formations into quiescent ambients. In: Contributions on Sediment Transport. Bericht des Lehrstuhls
und der Versuchsanstalt für Wasserbau und Wasserwirtschaft der TU München Nr. 127, Herausgeber: Prof. P. Rutschmann (2013)
Hydon, P. E.: Symmetry methods for differential equations, Cambridge University press, Cambridge
Jordan, T. E. and Fleming, P. B.: From geodynamic models to basin fill, a stratigraphic perspective. In: Quantitative Dynamic Stratigraphy (Ed.: T.A. Cross), 149–163 (1990)
Kenyon, P. M. and Turcotte, D. L.: Morphology of a delta prograding by bulk sediment transport.
Geol. Soc. Amer. Bull., 96, 1457–1465 (1985)
Kostic, S. Parker, G. and Marr, J. G.: Role of turbidity currents in setting the foreset slope of
clinoforms prograding into standing fresh water. J. Sedimentary Res., 72 (3), 353–362 (2002)
Kostic, S. and Parker, G.: Progradational sand mud deltas in lakes and reservoirs. Part I. Theory
and numerical modeling. J. Hydr. Res. 41(2), 127–140 (2003)
Kostic, S. and Parker, G.: Progradational sand-mud deltas in lakes and reservoirs. Part II.
Experiment and numerical simulation, J. Hydr. Res. 41(2), 141–152 (2003)
Kreyszig, E.: Advanced Engineering Mathematics, Wiley (2006)
Lai, S. Y. J.: Self-similar delta formation by hyperpycnal flows: theory and experiments.
M. S. Thesis, Graduate Institute of Civil Engineering, Natl. Taiwan University, Taiwan, June
2006
Lai, S. Y. J. and Capart, H.: Two-diffusion description of hypopycnal deltas. J. Geophys Res.
Earth Surface, 112, art F05005, 1–20 (2007) doi:10.1029/2006JF00617
Lai, S. Y. J. and Capart, H.: Reservoir infill by hyperpycnal deltas over bedrock. Geophys. Res.
Lett., 36 (2009) L08402, doi:10.1029/2008GL037139(2009)
Lai, S. Y. J. and Capart, H.: Response of hyperpycnal deltas to steady rise in base level.
5th IAHR Symposium on River, Coastal and Estuarine Morphodynamics in press (2011)
Lambert. A.: Turbidity currents from the Rhine River on the bottom of Lake Constance. Wasserwirtschaft, 72(4), 14 (in German), (1982)
Lane, E. W.: The importance of fluvial morphology in hydraulic engineering. Proceedings Am.
Soc. Civ. Eng. 81, 745-1-745-17 (1955)
Lee, H.-Y., Lin, Y.-T., Chiu, Y. J. Quantitative estimation of reservoir sedimentation from three
typhoon events. J. Hydraul. Eng. 11, 362–370 (2006)
Lorenzo-Trueba, J., Voller, V. R., Muto, T., Kim, W., Paola, C. and Swenson, J. B.: A similarity
solution for a dual moving boundary problem associated with a coastal-plain depositional
system. J. Fluid Mech., 628, 427–443 (2009)
Mackin, J. H.: Concept of the graded river. Bulletin Geol. Soc. America 59, 463–512 (1948)
Meyer-Peter, E. and Müller, R.: Formulas for bedload transport. 2nd Meeting, Int. Hydraul.
Structures Research, Stockholm, 39–64 (1948)
Mitchell, N. C.: Morphologies of kinkpoints in submarine canyons. Geol. Soc. Amer. Bull.,
118, 589–605 (2006)
Müller, G.: The new Rhine delta in Lake Constance. In: Deltas in their geologic framework,
Shirley, M.L. and Ragsdale, J. E., eds. Houston Geological Society, 107–124 (1966)
Müller, G. and Förstner, U.: General relationship between suspended sediment concentration
and water discharge in the Alpenrhein and some other rivers. Nature 217, 244–245 (1966)

484

31 Prograding and Retrograding Hypo- and Hyper-Pycnal Deltaic Formations

46. Muto, T. Shoreline autoretreat substantiated in flume experiments. J. Sedimentary Res., 71(2),
246–254 (2001)
47. Muto, T., and Steel, R. J.: Retreat of the front in a prograding delta. Geology, 20, 967–970
(1992)
48. Muto, T. and Steel, R. J.: Autogenic attainment of large-scale alluvial grad with steady sealevel fall. Implications from flume-tank experiments. Geology, 32(5), 401–404; doi:10.1130/
G20269 (2004)
49. Muto, T. and Swenson, J. B.: Large-scale fluvial grade as a non-equilibrium state in linked
depositional systems: Theory and experiment. J. Geophys. Res., 110(F3), art.no F03002 (2005)
50. Muto, T. and Swenson, J. B.: Autogenic attainment of large-scale alluvial grad with steady sealevel fall. An analog tank-flume experiment, Geology, 34(3), 161–164; doi:10.1130/G21923.
1 (2006)
51. Muto, T., Steel, R. J. and Swenson, J. B.: Autostratigraphy: A framework norm for genetic
stratigraphy J. Sedimentary Res., 77, 2–12, doi:10.2110/JSR2007.005 (2007)
52. Paola, C.: Subsidence and gravel transport in alluvial basins. In: New Perspectives in Basin
Analysis (K. L. Kleinsphen and C. Paola, eds), 231–243 (1988)
53. Paola, G., Heller, P. L. and Angevine, C. L.: The large scale dynamics of grain-size variations
in alluvial basins. 1: Theory. Basin Res. 4, 73–90 (1992)
54. Parker, G.: Basic principles of river hydraulics. Hydraul. Div. ASCE103, 1077–1087 (1977)
55. Parker, G., Muto, T.: One-dimensional numerical model of delta response to rising sea-level.
In: Proceedings third IAHR Symposium on River, Coastal and Estuarine Morphodynamics
Editors: A Sánches-Arcilla and A. Bateman, pp. 558–570. Int Assoc. for Hydraulic Research,
Madrid (2003)
56. Petter, A. L. and Muto, T.: Sustained alluvial aggradation and autogenic detachment of the
alluvial river from the shoreline in response to steady fall of relative sea level. J. Sedimentary
Res., 78, 98–111; doi:10.2110/JRS.2008.012 (2008)
57. Pitman, W. C.: Relationship between eustacy and stratigraphic sequences on passive margins.
Geol. Soc. Am. Bull. 89, 1389–1403 (1978)
58. Roethlisberger, H.: Eislawinen und Ausbrüche von Gletscherseen. Jahrbuch der Schweizerischen Naturforschenden Gesellschaft, wissenschaftlicher Teil, 170–211 (1978)
59. Roth, M. M., Weber, M. and Bezzola, G. R.: Physical modeling of sediment deposits in a river
delta: The Alpenrhein Delta in Lake Constance. Proc. XXIX IAHR Congress, Beijing, China,
Theme E., 187–194 (2001)
60. Schumm, S. A.: The Fluvial System, 338 pp. John Wiley, Hoboken, N. J. (1977)
61. Smith, W. O., Vettere, C. P. and Cummings, G. B.: Comprehensive survey of sedimentation in
Lake Mead, 1948–1949. U.S. Geol. Survey Prof. Papier 295, 253 p. (1960)
62. Sokolnikoff, I. S. and Redheffer, R. M.: Mathematics of Physics and Modern Engineering,
McGraw Hill Book Company, New York, etc. (1966)
63. Soni, J. P.: Unsteady sediment teransport law and prediction of aggradation parameters Water
Resour. Res., 17, 33–40 (1981)
64. Swenson, J. B., Voller, V. R., Paola, C., Parker, G. and Marr, J. G.: Fluvio-deltaic sedimentation:
A generalized Stefan problem. Euro J. of Applied Mathematics, 11, 433–452 (2000)
65. Tonioli, H. and Schultz, J.: Experiments on sediment trap efficiency in reservoirs. Lakes and
Reservoirs 10, 13–24 (2005)
66. Turner, T. H.: Buoyancy effects in fluids. Cambridge University Press, Cambridge UK (1973)
67. Voller, V. R., Swenson, J. B., Kim, W. and Paola, C.: An enthalpy method for moving boundary
problems on the Earth’s surface. Int. J. Numerical Methods for Heat & Fluid Flow, 16(5),
641–654, (2006)
68. Wright, H. E., Jr., Lease, K. and Johnson, S. Glacier River Warren, Lake Pepin, and the
environmental history of southeastern Minnesota. In: Contributions to Quarternary Studies in
Minnesota, Minn. Geol. Surv. Rep. Invest. Vol 49, (C.J. Patterson and H.E. Wright, Jr., eds.,
pp. 131–140, Univ. of Minn. Press, Minneapolis, Minn (1998)

References

485

69. Write, L. D., Wiseman, W. J., Bornhold, B. D., Prior, D. B., Suhayda, J. N., Keller, G. H. Yang,
Z.-S. and Fan, J. B.: Marine dispersal and deposition of Yellow River silts by gravity driven
underflows. Nature, 332, 629–632 (1988)
70. Yu, W.-S., Lee, H.-Y. and Hsu, S. M.: Experimental study on delta formation in a reservoir.
J. Chin. Inst. Civ. Hydraul. Eng., 12(1), 171–177 (2000) [in Chinese]
71. Zumberge, J. H.: The lakes of Minnesota, their Origin and Classification Univ. of Minn. Press,
Minneapolis, Minn. (1952)

Chapter 32

Sediment Transport in Alluvial Systems

List of Symbols
Roman Symbols
a
A
A
AL
AV
A

b
b(x, y, t)
bab
B

B±
B

c
cν
[cν ]
ck
cv , c p
cv0 , c0p
cv , cp
cT∂
cT p
[cv ], [c p ]
c1 , c2 , c3 , ck , cμ , cφ
Cs

Parameter in the representation (32.209) of the volume fraction ζ
Parameter arising in formula (32.61) for the particle drag coefficient Cd ν
Unspecified symmetric second rank tensor
≈ [H ]/[L] Aspect ratio for lengths
≈ [W ]/[V ] Aspect ratio for velocities
≈ A L = AV Aspect ratio for lengths and velocities
Parameter in the representation (32.209) of the volume fraction ζ
z-coordinate of the basal surface: z = b(x, y, t)
Coefficients of the second fundamental form of a surface
Parameter arising in formula (32.61) for the particle drag coefficient Cd ν
Material body parts on the ± sides of a singular surface
≈ g[ρ][H ]/[ f ][L][V ] √ 10−2 − 102 Buoyancy parameter; material body
Function arising in the formula for the unit normal, nb , at the basal surface
Mass concentration (fraction) of sediment class ν
√ 10−3 − 10−1 Scale for mass concentration of sediment class ν
Coefficient in the zeroth order parameterization of the turbulent kinetic k
Specific heats at constant volume and constant pressure, respectively
Constant specific heats
Parameters in the linear representations (32.227) for specific heats
Specific heat at constant temperature in the energy formulation
Specific heat at constant temperature in the enthalpy formulation
√ 4200 m2 s−2 K−1 Typical values of the specific heats cv and c p
‘Universal’ coefficients in the zeroth and first order parameterizations
for k − φ
Smagorinsky coefficient
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C
C1 , C2

Cdwind
Cd ν

[dmin , dmax ]
[dν−1 , dν )
d, dν
d∀ , d∀ν

Dν
D (T )
D (cν )
D(T )
D(cν )

D
DS
e1 , e2 , e3
ez
E
E, E ν
f
f˜
fS
F
F

[f]
1/[ f ]
g
g
gab
g ab

G

h
h0
h
H

[H ]
jν

Jν
Jf

Jν
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Closed double point free curve bounding a surface
Drag coefficients of basal sliding laws (32.190), (32.191)
√ 2 × 10−3 Wind drag coefficient
Drag coefficient for sediment class ν with the mean diameter dν
Range of particle diameters of sediment classes ν, ν = 1, . . . , N
Range of nominal particle diameters of sediment class ν
Nominal mean diameter of sediment grains and in class ν:d, dν ∈
[dν−1 , dν )
≈ (Δ g/ζ 2 )1/3 d(dν ) Dimensionless mean particle diameter of class ν
Surface mass diffusivities
ζt
)
≈ η(T
Laminar + turbulent thermal mass flux diffusivity
Ψ +
ρT
ζt
ν)
≈ η(c
+
Laminar + turbulent species mass flux diffusivity
Ψ
ρcν
(T
)
2
≈ D /[ f ][H ] √ 10−4 − 100 Dimensionless thermal diffusivity
≈ D (cν ) /[ f ][H 2 √ 10−4 − 100 Dimensionless species mass diffusivity
Rate of strain-rate (strain rate, stretching) tensor of the mixture
Surface rate of strain-rate tensor of the detritus surface mixture
Unit vectors in the x, y, z-directions
≈ e3 Unit vector in the z-direction
Relative error for settling velocities of different authors
Erosion (entrainment) rate of sediments ν from the base
≈ 2Ω sin ξ First Coriolis parameter; specific density of an unspecified
physical bulk quantity
≈ 2Ω cos ξ Second Coriolis parameter
Specific density of an unspecified physical surface quantity
Function identifying a singular surface by F(x, t) = 0
≈ [V 2 ]/[cv ][ΔT ] √ 10−7 − 10−1 Pressure work parameter
√ 10−4 s−1 Coriolis parameter
Time scale
Gravity constant; Gibbs free energy (≈ h − T ω)
Gravity vector
Coefficients of the first fundamental form of a surface
Components of the inverse matrix of (gab )
≈ g[H ]/[ f 2 ][L 2 ] √ 100 − 103 Squared velocity ratio
Specific enthalpy (≈ π + p/∂); thickness of the detritus layer
Reference specific enthalpy
Unit vector tangent to a surface S and normal to the closed curve C
bounding S
Heaviside function
√ 101 − 103 m Vertical length scale
≈ ∂cν (v ν − v sν ) Diffusive flux of sediment class ν vs. a representative
particle in the class ν
≈ ∂cν (v ν − v) Diffusive flux of sediment class ν with respect to the
barycentric motion
≈ ∂˜ f (v f − v) Diffusive flux of the bearer fluid with respect to the
barycentric motion
Laminar + turbulent specific species mass flux of sediment class ν: ≈

◦ j ν ≡+∂0 ◦cν v  ≡ − ∂0 ◦cν wsν ≡ in Boussinesq model, ≈ ◦ j ν ≡ + ∂ ◦cν v  ≡ −

∂ ◦cν wsν ≡ in Model 2
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k
K
L
LT
[L]
M, M±

eros/dep

Mb
ν/ f
Mb , Mb

n
n
nb
ns
N
N∀

N

p
p atm
pd
pst
P, Pν
P x , P y , Pz
Pπ(T )
(T )
Ph
P (cν )
P
P x , P y , Pz

q
Q π,h
x,y,z
atm
Q ir
water
Q ir
QΨ
Qs
Q⊗
Qπ

Qh
Q atm
⊗
r
Re
Rec∀
Ri
Ri crit
R
RS
s
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Specific turbulent kinetic energy
≈ 21 g ab bab Mean curvature of a surface
≈ grad v Spatial velocity gradient
Transpose of L
√ 104 − 106 m Horizontal length scale
Mass flow through a singular surface [in (32.129)]
Erosion and deposition mass flow through the basal surface
Mass flow through the basal surface [in (32.198)
Average porosity within the detritus layer
Unit normal vector to a surface
The unit normal vector to the basal surface pointing into the flowing material
The unit normal vector to the free surface pointing into atmosphere
Number of constituents ν
Limit index for ν determining dN ∀ such that ν classes for which d∀ν < dN ∀ are
erosive sediment classes
≈ ζt /[ f ][H 2 ] √ 10−6 − 101 Dimensionless kinematic turbulent viscosity
Mixture pressure
Atmospheric pressure
Dynamic mixture pressure [see (32.22)]
(Quasi)-static pressure [see (32.22)]
Fraction of time during which a sediment particle is suspended by the flow;
P—surface pressure function [in (32.188), (32.189)]
Cartesian components of the average pressure work P
≈ [β(T ) ]/∂∀ [ f ][cv ][ΔT ] Power working parameter
≈ [β(T ) ]/∂∀ [ f ][c p ][ΔT ] Power working parameter
≈ [β(cν ) ]/∂∀ [ f ][cν ] Dimensionless constituent mass production parameter
≈ ◦ p  v  ≡ Pressure velocity correlation
Cartesian components of the pressure velocity correlation P
Heat flux vector
atm
Cartesian components of the heat flux vectors Q π , Q h Q atm
⊗ ] ≈ Q ⊗ · ns
Atmospheric heat flux through the water surface
Radiative atmospheric heat flow at the water surface
Radiative water heat flow at the water surface
Latent heat flow between water and air
Sensible heat flow between water and air
Geothermal heat from the rigid bed
Laminar + turbulent heat flux: ≈ ◦ q ≡+∂0 ◦ π v  ≡ in generalized Boussinesq
model, ≈ ◦ q ≡+∂ ◦ π v  ≡ in Model 2
Laminar +turbulent heat flux: ≈ ◦ q ≡+∂0 ◦ h  v  ≡ in generalized Boussinesq
model, ≈ ◦ q ≡ + ∂ ◦ h  v  ≡ in Model 2
Atmospheric heat flux vector through the water surface
Position vector of a point on a surface
≈ (wνs dν )/ζ Particle Reynolds number of sediment class ν
≈ (u ∀ d)/ζ Critical particle Reynolds number
Richardson number
Critical Richardson number
Laminar + turbulent mixture stress tensor: ≈ ◦σE ≡−∂0 ◦α ⊗ α≡ in generalized
Boussinesq model, ≈ ◦σE ≡ − ∂ ◦α ⊗ α≡ in Model 2
≈ ◦σ S ≡ − μ ◦v S ⊗ v S ≡ Laminar + turbulent surface mixture stress tensor
Constant salinity; parameter in the representation (32.209) of ζmean
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Ro

Rx x ,
s(x, y, t)
sf
s fS

S
Sb
Ss

t
T
T0
T∀
T̃ , T̃ν
u
u∀
u max
u τc
u τw

U
Ub

v
v
vν
vf
v sν
vH
v wind
v wind
H
vS
vS
∞
vS
ν
(v S
ν )∞
[V ]
w
wνs
w1 , w2
w
wsν
[W ]
x
x
X
y
z
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≈ [V ]/[ f ][L] √ 10−4 − 100 Rossby number
Components of R with respect to a Cartesian coordinate system
z-coordinate of the free surface: z = s(x, y, t)
Supply rate density of the physical bulk quantity f
Supply rate density of the physical surface quantity f S
Surface
Basal surface
Free surface
Time
Temperature measured in Kelvin or Celsius scales
Reference temperature in energy/enthalpy constitutive relation (32.44)
= 4 ⇒ C Reference temperature in the law (32.46) of the water density ∂w
Function of shear velocities in (32.165), (32.172)
Mixture velocity component in the x-direction
≈ (gζ/Δ)1/3 Critical shear velocity
Maximum value of the velocity u within the detritus layer in the linear
representation
(32.206)
→
≈ →τc /∂ Critical wall shear velocity
≈ τw /∂ Actual wall shear velocity
= w · n Displacement speed of an unspecified singular surface
Displacement speed of the basal surface
Mixture velocity component in the y-direction
Barycentric velocity vector
Velocity vector of sediment class ν
Fluid velocity
Velocity vector of a representative particle in sediment class ν
Horizontal component of the barycentric velocity at the basal surface Sb
Wind velocity at the water surface
Horizontal component of the wind velocity at the water surface
Velocity of a material point moving on a surface
Component of v S tangent to the surface
Velocity of a sediment material point in class ν which moves on the basal surface
Component of v S
ν tangent to the basal surface
√ 10−2 − 101 m s−1 Horizontal velocity scale
Mixture velocity component in the z-direction
Terminal fall velocity of a particle of sediment class ν
Components of the surface velocity w with respect to τ 1 , τ 2
Surface velocity of a moving surface
≈ −(v sν − v) Negative of the relative velocity of a representative particle in
sediment class ν vs. the barycentric motion
Vertical velocity scale
x-coordinate of a Cartesian coordinate system
Position vector in R 3
Position vector of a surface material point in a reference configuration
y-coordinate of a Cartesian coordinate system
z-coordinate of a Cartesian coordinate system
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Greek Symbols
ν
ν̃
β
λ(μ, k)
c
πab
Δ
[ΔT ]
π
π0
φ
φ0
ω
λ
λc

λw
(z, t)
κ
λνβ
μ
μν
μf
μ0 , μ1
ζ
ζmean
ν
ζmean
ζtop/bottom
ζmin/max
ζcrit
ζΨ , ζ t
ζ SG S
ξ1, ξ2
πf
π fS
πk
πφ
Π
∂ν
∂˜ f
∂
∂s
∂f
∂∀
∂bed

Counting index for the sediment classes
= 6.493 × 106 K−2 Thermal expansion coefficient of water
Parameter arising in the formula for wνs in Eq. (32.70)
Exponent coefficient in formula for Π
Christoffel symbols
Ratio of submerged sediment density to water density (≈ ∂s /∂ − 1); local grid
spacing scale in Smagorinski viscosity (32.229)
√ 10 ⇒ C Temperature scale
Specific internal energy
Reference specific internal energy
Turbulent specific energy dissipation (≈ 4ζΨ ◦II D ≡); parameter in the representation (32.209) of the volume fraction ζ
Parameter in the boundary layer representation of φ
Specific entropy
A tilt angle [see (32.11)]
Critical Shields parameter (also called τc∀ )
Root mean square turbulent fluctuation of wall shear stress
Temperature profile at the deepest position of the lake domain
Thermal conductivity
(N × N )-matrix for species mass flux ν due to sediment class β
Dynamic viscosity of the bearer fluid; surface mass density of the mixture
moving on the basal surface
Surface mass density of sediments in class ν moving on the basal surface
Surface fluid mass density
Constant coefficients in (32.189)
Kinematic viscosity of the bearer fluid ≈ μ/∂; volume fraction within the
detritus
 layer
ν
≈ ν ζmean
Mean averaged sediment volume fraction in the detritus layer
Mean averaged volume fraction of the sediments ν in the detritus layer
Parameters in the representation (32.209) of the volume fraction ζ
Minimum and maximum values of the volume fraction ζ in the linear
representation (32.206)
Critical sediments volume fraction in the detritus layer
Laminar, turbulent kinematic viscosities of the mixture
Smagorinski turbulent viscosity
Parameters on a surface
Specific production rate density of a physical bulk quantity f
Specific production rate density of a physical surface quantity f S
Specific production rate density of turbulent kinetic energy
Specific production rate density of turbulent dissipation
≈ [ f ][L][V ]/[c p ][Δ T ] √ 10−7 − 10−2 Pressure work parameter
Mass density of constituent ν
≈ n∂
 f Mass density of the interstitial fluid (porosity × true density)
≈ ν ∂ν + ∂˜ f Mixture density
√2100 kg m−3 Buoyancy corrected density of the suspended sediment
True mass density of the interstitial fluid
=1000 kg m−3 Reference density of water at 4 ⇒ C
Mass density in the rigid bed immediately below the basal surface
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β(cν )
[β(T ) ]
[β(cν ) ]
φf
φ fS
φk
φφ
(T )
(c )
ηΨ , ηΨ ν
χ
ψ
ψ a; b
ψE
ψY
ψZ
Ω, Ω

Mass density of particles in class ν in the rigid bed immediately below
the basal surface
Mass density of fluid in the rigid bed immediately below the basal
surface
Steady density function describing vertical ground stratification
≈ ∂ − ∂0 (z) The excess of mixture density over the steady density ∂0 (z)
Natural water density as function of temperature and salinity
Standard deviation; dimensionless mixture density
√ 10−3 Scale for density variations of water; density anomaly
Prandtl number of heat
Schmidt number of species ν
Prandtl number of turbulent kinetic energy
Prandtl number of turbulent dissipation rate
(Cauchy) stress tensor
Extra (Cauchy) stress tensor of the mixture [(Cauchy) stress deviator
(Cauchy) stress tensor at the water surface
Tangent vectors to a surface
Critical shear traction
≈ τc /Δ∂ g d (dν ) Critical shear traction (dimensionless)
Shear stress on the basal surface
Wind shear traction at the water surface
wind
= (τxwind
z , τ yz ) Horizontal shear traction components
Latitude angle; angle of internal friction (water submerged)
Van Rijn’s erosion rate per unit mass, area and time
Laminar + turbulent internal energy/enthalpy production rate density
≈ tr ◦σE ≡◦ D≡ + tr ◦σE D ≡ − ◦ p  div v  ≡
Production mass density of sediment class ν
Scale for energy/enthalpy production density rate
Scale for production of mass density of tracer ν
Flux density of a physical bulk quantity f
Flux density of a physical surface quantity f S
Flux of turbulent specific kinetic energy k
Flux of turbulent specific energy dissipation φ
Laminar kinematic heat/species mass diffusivities
Function describing the motion of a material point on a surface
≈ π − T ω Helmholtz free energy
Covariant derivative of the surface vector field ψ
Parameter in Einstein’s erosion rate formula
Parameter in Yalin’s erosion rate formula
Parameter in Zanke’s critical shear stress
Angular velocity of the Earth

Miscellaneous Symbols
◦·≡
◦◦ · ≡≡ = ◦ · ≡
{·}
◦f≡
f
[[ f ]]
IA

Turbulent averaging operator
Statistical averaging property of the Reynolds filter
◦ ∂(·) ≡/◦∂≡ Favre filter (barycentric)
Turbulent average of f
Turbulent fluctuation of f
≈ f + − f − Jump of f across a singular surface
≈ tr A First invariant of A

∂bed
ν
∂bed
f
∂0 (z)
∂d (x, t)
∂w (T, s)
ρ
[ρ]
ρT
ρcν
ρk
ρφ
σ
σE
σ atm
τ 1, τ 2
τc
τc∀ , (τc∀ )ν
τw
τ wind
τ wind
H
ξ
βp
β(T )
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II A
III A
IIσφ,k

∇S f, Grad f
Div
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≈ 21 I A2 − (I A )2 Second invariant of A
≈ det A Third invariant of A
Parameters in the boundary layer representation of φ and k
∂ f
≈ a τ a Surface gradient
∂ξ
∂v
∂T
Surface divergence: Divv ≈ a · τ a , Div T ≈ a τ a
∂ξ
∂ξ

Sediment transport arises in alluvial lake-river systems in two different forms: (i)
as bed load, comprising the moving detritus of the river bed and of the shallow,
often only near-shore regions, and (ii) the suspended sediment load of the finer
fractions. In river hydraulics the latter are often neglected; so, the bed load transport
is treated without back-coupling with the wash-load. This is justified on decadal time
scales. In the deeper parts of lakes wind-induced shearing in the benthic boundary
layer hardly mobilizes the bed material, which stays immobile for most time and
may be set in motion only interruptedly. However, the particle laden fluid transports
the suspended material, which is advected and may on longer time scales settle in
deposition-prone regions. In general, the deposition to and erosion from the basal
surface occur concurrently. This environmental interplay is studied in this article.
The slurry—a mixture of the bearer fluid and particles of various sizes—is treated
as a mixture of class I, in which mass, momentum and energy balances for the mixture as a whole are formulated to describe the geophysical fluid mechanical setting,
whilst the suspended solid particles move through the bearer medium by diffusion.
The governing equations of this problem are formulated, at first for a compressible,
better non-density preserving, mixture. They thus embrace barotropic and baroclinic
processes. These equations, generally known as Navier–Stokes–Fourier–Fick
(NSFF) fluids, are subjected to turbulent filter operations and complemented by
zeroth and first order closure schemes. Moreover, simplified versions, e.g. the (generalized) Boussinesq, shallow water and hydrostatic pressure assumptions are systematically derived and the corresponding equations presented in both conservative
and non-conservative forms. Beyond the usual constitutive postulates of NSFF–fluids
and turbulent closure schemes the non-buoyant suspended particles give rise to settling velocities; these depend on the particle size, expressed by a nominal particle
diameter. A review of the recent hydraulic literature of terminal settling velocities is
given. It shows that the settling velocity depends on the particle diameter and on the
particle Reynolds number.
A separate section is devoted to the kinematic and dynamic boundary conditions
on material and non-material singular surfaces as preparation for the mathematicalphysical description of the sediment transport model, which follows from an analysis
of jump transition conditions at the bed.
The simplest description of bed load transport does not use the concept of the
motion of a thin layer of sediments. It treats it as a singular surface, which is equipped
with surface grains of various grain size diameters. Such a simplified theoretical
level is also used in this chapter; it implies that solid mass exchange, as erosion and
deposition of different particle size fractions, is the only physical quantity relevant
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in the description of the sediment transport. It entails formulation of surface mass
balances of an infinitely thin detritus layer for the sediment and surface momentum
balance of the mixture. The deposition rate of the various grain fractions, expressed
as grain classes, follows from a parameterization of the free fall velocity of isolated
particles in still water, but is in general coupled with the local flow and then follows
from the solution of the hydrodynamic equations and the processes at the basal
surface. The erosion rate is governed by two statements, (a) a fracture criterion
determining the threshold value of a stress tensor invariant at the basal surface,
which separates existence and absence regimes of erosion, and (b) determination of
the amount of erosion beyond the threshold value of the mentioned stress invariant.

32.1 Description of the Sediment Transport Model
The spatially one-dimensional model for the formation of deltas due to alluvial sediment progradation from straight rivers provides enlightening insight into the physical behaviour of the interacting processes which are exhibited by the sedimentary
erosion and deposition in river-lake systems. Laboratory experiments demonstrated
excellent agreement between the theoretical predictions of the two limiting forms of
the evolving deltas—Gilbert-type ‘triangular subaqeous slopes’ under hypo- and
homo-pycnal conditions and smoothly evolving weakly curved foreset depositions
so generated by turbulent density-under currents. The laboratory experiments reflect
realistic flow states, but the theory was shown to equally reproduce realistic conditions, when in a linear valley an elongated lake is formed by steady sediment deposits
from a side tributary and when, under special conditions, it may relatively quickly
again disintegrate. Practically of significance is also the development of the sediment
regime in an elongated reservoir after its construction; large sediment input through
the decades after dam erection may fill the reservoir and make flushing scenarios necessary through a bottom outlet or a side-pass tunnel. Qualitatively, these scenarios
can also be described by the model.
It is, however, clear that multi-dimensionality of the sedimentary processes generally prevails in a river mouth and its vicinity, especially in mountainous lakes
of complex geometry, see Figs. 32.1, 32.2. Moreover, the sediment loads generally
occur in two different forms, as (i) bed load, comprising the moving grains of the
alluvial river bed or the frontal part of the delta, formed and evolved by the coarser
sediment fractions of the prograding processes, and (ii) the suspended sediment load
of the finer fractions (usually clay and silt). Both participate in the formation of the
bottom boundary and its evolution in time and space, on the one hand by deposition
or settling processes of the suspended, non-buoyant fines according to the local water
current, which they are exposed to, and, on the other hand, by motion cessation, resuspension of the sliding, rolling and saltation particles of the bed load and their
consequential transports in suspension.
It transpires that the settling and re-suspension of particles depend upon (i) the
state of the water flow above the sediment bed and the wind induced barotropic or
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Fig. 32.1 Channelized entrance of the river Rhine (Alpenrhein) into Lake Constance at Fussach,
near Bregenz, showing alternating sandbanks within the artificial channel and a large patch of
suspended sediments in front of the river mouth. The island on the right of the frame is Lindau. ©
‘Tino Dietsche - airpics4you.ch’

Fig. 32.2 Close-up to the mouth of the river Rhine (Alpenthein) at Fussach, near Bregenz, showing
the right river dam and the suspended sediments (wash-load) with the strong spatial variation of its
concentration. © ‘Tino Dietsche - airpics4you.ch’

baroclinic current in the wider vicinity of the river mouth, and (ii) the grain size
distribution of the alluvial sediments. In deposition processes of the suspension load,
often also called wash load, the coarser grains will settle out first, followed by the
smaller ones. So, the slurry-like upper water layer will be subject to persistent particle
size segregation and consequential alteration and steepening of the grain size curve. It
is evident that an adequate model for the suspended sediment load must be formulated
as a mixture of a pure fluid with a number of solid constituents, each representative
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of a specific grain size range, and expressed as a balance of mass of its size-range
with Fickian parameterization of its flux and vanishing production rate.1
In much the same way the moving sediment bed is equally composed of grains
of different sizes, generally coarser than those of the suspended load. The material
in this moving layer may again be interpreted as a mixture of a number of particles
in very narrow size ranges plus an interstitial fluid. Except for eruptive intermittent
bursts over which an averaging of the particle motions and the fluid might be justified
on time scales relevant for sediment transport, all these components have nearly the
same velocity, but it turns out that nevertheless balance laws of mass and momenta
for the constituents need to be formulated. Because of its small thickness the moving
sediment layer may then be viewed as a singular surface equipped with mass and
momentum for which two-dimensional mass and momentum balances are to be
formulated. Its mass density changes by deposition of fines from the wash load and
re-suspension of the eroded components from the moving bed.
The likely computational procedures for the moving sediment bed can be either a
continuum approach as stipulated above, or application of molecular dynamics of the
particles interacting with each other and with the fluid, better and more adequately
known as Discrete Element Method (DEM). This approach has been carefully studied
in a Ph.-D. thesis by Vetsch (2011) [50], but the method is presently not sufficiently
advanced to warrant a detailed presentation here. Consequently, the text below will be
based on the continuum approach, but, of course, with implementation of additional
simplifying assumptions. One is the complexity of the mixture formulation. The
most detailed situation prevails when each component is equipped with its own
density, velocity and temperature. For each of them balances of mass, momenta and
energy must then be accounted for. Hutter and Jöhnk (2004) [17], p. 255, call
this a mixture of class III. When heat exchange between the constituents is rapid, all
constituents possess (nearly) the same temperature; then it suffices to only consider
the energy balance of the mixture as a whole, involving a single temperature field,
while balances of mass and momentum of all the constituents are kept. This defines
a mixture of class II. Still a further simplification is possible, if for some reason
all constituents except one arise in small concentrations and have nearly the same
velocity as the dominant bearer fluid. Such conditions prevail for the salts defining
the mineralisation or salinity of lake or ocean water. In this case it may suffice to
formulate also momentum balance for the mixture as a whole and to account for
the variation of the concentrations of the constituent masses by their mass balances.
This defines a mixture of class I. This is the principal conceptual formulation of the
sediment transport as wash and bed loads for which the balances of momentum and
energy are formulated for the mixture as a whole, but balances of mass for each tracer
individually and for the mixture as a whole.
Which mixture class ought to be applied depends on the sort and scale of application in focus. For hydraulic and possibly also geologic applications bed-load is likely
restricted to near shore zones and the vicinity of river mouths. [Exceptions are, of

1

It is assumed that no fragmentation of particles occurs.
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course, large, very shallow lakes of, say, less than 5 m maximum depth (Neusiedler
See, Austria/Hungary; Lake Taihu China; Northern part of Caspian Sea)]. On the
other hand, the suspended particle phase can be ignored in most interior parts of less
shallow lakes for shorter, hydraulically relevant, e.g. decadal time scales, but ought
to be considered for variations over geologically relevant time scales over centuries
and millennia. In near shore zones and close to river mouths, particle laden mixtures
will likely govern the wash and bed load transports.
The above description indicates that for certain questions, bed load movement or
relatively rapid depositing or erosive detritus rates are localized to sub-regions of, but
not subject to, the entire lake. In such cases application of sub-structuring or nesting
is suggested, of which the use is as follows: Global, e.g. wind induced processes of the
entire homogeneous or stratified lake are investigated with a judiciously simplified
model (e.g. in which bed load movement is ignored) and a discretisation allowing
determination of the current, (temperature and particle concentration2 ) fields within
the entire lake, however, with values of the field variables only at the grid points of the
relatively large meshes of the lake-scale global problem. A sub-region of the lake in
the vicinity of the river mouth and the lowest part of the river is subsequently selected
and the governing equations describing the dynamics of the upper-layer and the bed
load are then discretized with a much finer net than the equations of the global, whole
lake analysis. At the open, lake-ward boundaries the flux conditions must then be
properly transferred as boundary values for the boundary value problem, valid in the
sub-region within which the evaluation of the bottom topography in the river mouth
region is determined.
In the subsequent analysis the lake domain will at least be subdivided into two
layers, see Fig. 32.3. In the upper layer the lake water will be treated as a particle
laden, possibly turbulent Boussinesq fluid subject to the shallow water approxi-

Atmosphere

Free surf ace

Layer I: Particle laden fluid = slurry
Layer II: Moving detritus layer

ee
e betw

ac
Interf

L o we r

b ound ary of I I

n I and II

Rigid bed

Fig. 32.3 Lake domain divided into the large particle laden fluid part, I, and the moving detritus
layer, II, with indicated boundaries: free surface, interface between I & II, and the lower boundary
of the detritus layer where no grains move

2

Often these fields may even be dropped and simply assumed to be frozen to the fluid particles.
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Atmosphere

Lake domain I

Rigid bed
Fig. 32.4 Lake domain bounded by the free surface Ss and the basal surface Sb

mation.3 This layer may, at a later stage be further sub-divided into sub-layers for
computational reasons or in order to model stratification. The second layer is the
domain of the sliding, rolling and saltating sediment, saturated by fluid. Its upper
boundary will, in general, move or deform, and it defines the bathymetric profile of
the lake bottom as a function of time and space. Its lower boundary marks the upper
boundary of the rigid immobile solid bed. In comparison to the upper layer, this second layer is very thin, and it may well be thought to be describable by an infinitely
thin sheet of which the physical properties must account for its finite thickness.4 We
will conceive layer II as a singular surface Sb separating the rigid bed and layer I,
see Fig. 32.4, being equipped with its own material properties and balance laws.
Layer I is interacting at its upper surface with the atmosphere; wind-shear transfers
momentum to it, and solar irradiation may give rise to changes in the stratification.
The interface between the two layers is non-material in general unless neither suspended material from layer I is deposited nor certain fractions of the bed-load in
layer II are (re)-suspended into layer I. This fact makes adequate definition of the
interface between the two layers difficult. Experience with laboratory experiments,
however, shows that under given dynamical conditions immediately above the interface, grains above the corresponding minimum grain diameter do not erode, i.e. are
not lifted into layer I (for a substantial amount of time), but stay within the detritus
layer. This implies that an erosion inception condition which depends on the particle
diameter must be established.

32.2 Governing Equations in Lake Domain I
The field equations in lake domain I are formulated at this general level as those for
turbulent motion of a Boussinesq fluid of a mixture of class I. We briefly explain
the derivation of these equations.
3

The focus is not on strong internal baroclinic motion but rather on the reproduction of the current
near the basal surface (e.g. the benthic boundary layer).
4 In the theory of interfaces such sheets are called diffuse interfaces.
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32.2.1 Laminar Flow
The solid particles surrounded by the bearer fluid possess nominal diameters in the
interval [dmin , dmax ), dmin < dmax . This interval is partitioned into N subintervals,
and so particles in [dν−1 , dν ) define the ν-th particle class, see Fig. 32.5.5 Such a
class is modelled as a continuous body with its own motion and rheology. Thus,
at the level of fine resolution (at which methods of direct numerical simulation are
applicable) the slurry is modelled as a continuous mixture consisting of a fluid and
N solid constituents (classes). Moreover, since the solid particles are dragged on by
the fluid with nearly the same velocity as that of the fluid, a mixture of class I is an
appropriate concept to be applied for the description of the slurry flow. The equations
describing this flow take then the forms
• Balance of mass for the mixture
d∂
+ ∂ div v = 0;
dt
• Balance of momentum for the mixture


dv
∂
+ 2Ω × v = −grad p + div σ E + ∂g;
dt

(32.1)

(32.2)

Fig. 32.5 Partition of the interval [dmin , dmax ), in which the nominal particle diameters range, into
N disjoint subsets, each of them defining a particle class; d is the nominal particle diameter

5

This is motivated by sieve experiments: one has a whole column of sieves, numbered
0, . . . , ν, . . . , N − 1, with the largest mesh size on top and the smallest at the bottom; class ν
(ν = 1, . . . , N ) consists of those particles which are collected by sieve ν − 1. It is tacitly understood that the sieve with number ‘0’ is impermeable for all particles of sizes larger than a chosen
minimum (say for clay and silt fractions which cannot pass very small holes simply because of
cohesion coalescence).
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• Balance of mixture energy6
dπ
= −div q − p div v + tr (σ E D), or
dt
dp
dh
−
= − div q + tr (σ E D),
∂
dt
dt

∂

(32.3)

in which h is the mixture enthalpy,
h ≈π+

p
;
∂

(32.4)

• Balance of tracer mass of constituent ν
∂



dcν
= −div j ν −∂ cν wsν + β(cν ) , ν = 1, . . . , N .
dt

(32.5)

In these equations ∂ is the mixture density, v is the barycentric velocity,
p, σ E , π, q, are the pressure, the extra stress tensor, the internal energy and the
heat flux vector, respectively, all referring to the mixture as a whole, g is the gravity
vector, and Ω (|Ω| = 7.272 × 10−5 [s−1 ]) is the angular velocity of the rotation of
the Earth. (As customary in Geophysical Fluid Dynamics, the Euler acceleration is
ignored and the centripetal acceleration is thought to be incorporated in the gravity
term.) Moreover, we use the notation
∂(·)
d(·)
≈
+ (grad (·)) v, D ≈ sym (grad v) = 21 (L + L T ) with L ≈ grad v,
dt
∂t
(32.6)
as the substantive derivative following the barycentric motion, and the strain rate or
rate of strain or stretching tensor D of the barycentric velocity, respectively. ‘tr’ is
the trace operator: tr A = Aii , where A is a second order tensor. Finally, the balance
law of tracer mass of constituent ν, (32.5), requires special justification. It is easy
to show that the mass balance law of constituent ν, ∂∂ν /∂t + div (∂ν v ν ) = β(cν ) ,
where ∂ν , v ν and β(cν ) are the density, the velocity and the mass production rate
density of constituent ν, can be written as
Consider the term p div v on the right-hand side of (32.3)1 . With the aid of (32.1) this takes the
form
p d∂
d p
dp
− p div v =
= −∂
.
+
∂ dt
dt ∂
dt
Therefore, the balance of mixture energy may also be written as

6

∂

d
dt

π+

p
∂

−

dp
= − div q + tr (σ E D),
dt

suggesting the definition of the mixture enthalpy (32.4). In almost density preserving materials
the term p div v in (32.3)1 and the term d p/dt in (32.3)2 are generally ignored, which implies
dπ/dt √ dh/dt, which is the reason why one can often see in the literature both formulations using
π or h.

32.2 Governing Equations in Lake Domain I

∂

dcν
= −div Jν + β(cν ) ,
dt
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(32.7)

in which cν , Jν are the mass fraction or concentration and the diffusive-advective
mass flux of constituent ν, respectively:
cν ≈

∂ν
, Jν ≈ ∂cν (v ν − v).
∂

(32.8)

We recall that the constituent ν is composed of particles of various diameters ranging
in [dν−1 , dν ). Thus, one may think of class ν as a continuous mixture of a finite
number of constituents. A possibility to account for this fact is to introduce the
decomposition
(32.9)
Jν = ∂cν (v ν − v sν ) + ∂ cν (v sν − v),


s
≈ jν
≈ −∂ cν wν
where v sν is the velocity of a representative granular constituent (perhaps that one
with greatest concentration or that with the mean diameter) of the mixture class ν.
Thus, j ν is now the diffusive flux of constituent ν with respect to the representative
particle in the class ν. For this flux term a gradient type constitutive relation will be
postulated in the spirit of Fick’s law. The second term expresses the advected flux of
the representative particle relative to the barycentric motion. For this advected flux a
constitutive relation is postulated. In sediment transport work a rather restricted but
courageous statement is made,
wsν = wνs ez ←⊥ ∂cν (v sν − v) = −∂cν wνs ez ,

(32.10)

where wνs > 0 is the terminal free falling velocity of the selected representative
particle in still water, and ez is the unit vector against the gravity vector.7 This is how
wνs ez would enter formula (32.5). Of course, in reality this is not correct; perhaps
as an approximation, non-vanishing horizontal components of w sν are expected. A
likely better choice may be


vH
+ ez ,
wsν = wνs tan λ
∞v H ∞

(32.11)

v H ≈ {v − (v · ez )ez }Sb

(32.12)

where
is the horizontal velocity at the basal surface Sb , see Fig. 32.3, and λ is a tilt angle
(approx. 0⇒ or somewhat larger) to be determined. More generally, determination of
For a non-buoyant particle ν falling in still water we have w sν ≈ −(v sν − v) = wνs ez ; here v sν is
the velocity of the solid particle, and v √ 0 is the velocity of the surrounding fluid at rest. When the
grain stops to decelerate it has attained the so-called terminal settling velocity or free fall velocity,
see Fig. 32.6.

7
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w αs
Fig. 32.6 Sketch of the experimental determination of the settling velocity of a particle An isolated
(spherical) particle falling in a viscous fluid at rest and released from a state of rest will asymptotically
reach a constant velocity w sν . This steady velocity is obtained by a balance between the weight of
the particle minus the Archimedean buoyancy force, (∂s − ∂ f )g V ol and the surface friction force,
1
s 2
s
2 ∂ f C ν Aν (w ν ) , where Aν is a representative cross section of the particle perpendicular to w ν
and Cν is the drag coefficient

the motion of a solid particle immersed in a moving fluid is a difficult specialized
topic of interaction dynamics.
The above balance equations can also easily be transformed to conservative form
by judiciously combining them with the balance equation of mass (32.1). Often these
forms are better suited to numerical implementation. This yields8
• Balance of mass for the mixture
∂∂
+ div (∂v) = 0;
∂t

(32.13)

• Balance of momentum for the mixture
∂(∂v)
+ div (∂v ⊗ v) + 2∂Ω × v = div (− p I + σE ) + ∂g;
∂t
• Balance of mixture energy
8

(a) Using (32.1) yields for the left-hand side of (32.2)
∂

dv
d∂v
d∂ (32.1) d∂v
∂∂v
=
−
v =
+ (∂ div v)v =
+ div (∂v ⊗ v),
dt
dt
dt
dt
∂t

whilst the right-hand side remains unchanged.
(b) Using (32.1), for a scalar function f we obtain
∂

df
d∂ f
d∂ (32.1) d∂ f
∂∂ f
=
−
f =
+ (∂ div v) f =
+ div (∂ f v),
dt
dt
dt
dt
∂t

which turns (32.3) and (32.5) into (32.15) and (32.16), respectively.

(32.14)
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∂(∂π)
+ div (∂πv) = − div q − p div v + tr (σE D) or
∂t


∂(∂h)
∂p
+ div (∂hv) −
+ grad p · v = − div q + tr (σE D);
∂t
∂t

(32.15)

• Balance of tracer mass ν
∂(∂ cν )
+ div (∂ cν v) = − div ( j ν −∂ cν wsν ) + β(cν ) , ν = 1, . . . , N . (32.16)
∂t

32.2.2 Turbulent Motion
For the turbulent motion it is common usage to average Eqs. (32.13)–(32.16) by
applying adequate filter operations to the balance laws. If the filter operation is
denoted by ◦·≡, any field variable f can be composed of its average ◦ f ≡ and fluctuation f  according to
f = ◦ f ≡ + f ,

f  ≈ f − ◦ f ≡.

(32.17)

If this decomposition is applied to all field variables and a statistical filter with the
property ◦◦·≡≡ = ◦·≡ is chosen, the filter operation is called Reynolds averaging.9
For example, the averaged balance law of mass (32.13) takes the form
∂◦ ∂ ≡
+ div (◦ ∂ ≡◦v≡) = −div (◦ ∂ v  ≡).
∂t

(32.18)

Evidently, the correlation ◦ ∂ v  ≡ only arises because of density variations due to
turbulence. The turbulent mass flux on the right-hand side of (32.18) is the only
place of all averaged balance laws, where such a term arises. It is small for nearly
density preserving fluids and will then be ignored.10

For Reynolds filters one has ◦ f  ≡ = 0. Other filters may not enjoy this property. They then
allow subgrid scale modelling, which e.g., is employed in so-called Large Eddy Simulation (LES).
10 If for the velocity the so-called Favre averaging operator is employed,
9

{v} ≈

◦∂v≡
,
◦∂≡

(32.19)

then the averaged mass balance takes the form
∂◦∂≡
+ div (◦ ∂≡{v}) = 0.
∂t

(32.20)

So, Favre averaging would preserve the invariance of the balance of mass under filtering. However,
this would also imply consequences in the remaining balance laws. A complete derivation using
Favre averaging is e.g. given in Luca et al. (2004) [27]. We prefer to stay with (32.18).
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Rather than referring to the general balance laws (32.13)–(32.16) we consider
the balance laws (i) corresponding to a generalized Boussinesq fluid and (ii) those
obtained with the assumption that the density fluctuations are negligibly small.
Model 1: Generalized BOUSSINESQ fluid. A Boussinesq fluid is defined as a fluid
for which density variations are ignored except in the gravity term of the momentum
equation. Balance of mass then reduces to div v = 0, agreeing with the continuity
equation of density preserving continua. A somewhat more general assumption is as
follows, see e.g. Hutter et al. [19]:
(i) ∂ = ∂0 (z) + ∂d (x, t),
(ii) ∂d (x, t) is everywhere ignored except in the gravity term.

(32.21)

We call this the generalized Boussinesq assumption. In (32.21), ∂0 (z) is a static
density field, which in a lake usually represents the stable stratification induced
by radiation. For ∂0 (z) = constant, (32.21) reduces to the classical Boussinesq
assumption. Owing to (32.21)(i) , with
 z
p = pd + pst , pst ≈ g
∂0 (ξ)dξ,
(32.22)
0

where g is the gravity constant, we introduce the dynamic, pd , and the ‘quasi-static’,
pst , pressures, which implies
−grad p = −grad pd − ∂0 (z) g.

(32.23)

With (32.21)–(32.23), the physical balance laws (32.1)–(32.3), (32.5) subjected to
the generalized Boussinesq assumption take the forms
• Balance of mass for the mixture
div ∂0 v = 0;
• Balance of momentum for the mixture


dv
+ 2Ω × v = −grad pd + div σE + (∂ − ∂0 )g;
∂0
dt

(32.24)

(32.25)

• Balance of mixture energy
∂0

dπ
= −div q − p div v + tr (σE D) or
dt
dp
dh
−
= −div q + tr (σE D);
∂0
dt
dt

(32.26)
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• Balance of tracer mass of constituent ν
∂0



dcν
= −div j ν − ∂0 cν wsν + β(cν ) , ν = 1, . . . , N ,
dt

(32.27)

or in the alternative, conservative forms, see (32.13)–(32.16),
• Balance of mass for the mixture
div ∂0 v = 0;

(32.28)

• Balance of momentum for the mixture
∂(∂0 v)
+ div (∂0 v ⊗ v) + 2∂0 Ω × v = div (− pd I + σE ) + (∂ − ∂0 )g; (32.29)
∂t
• Balance of mixture energy
∂(∂0 π)
+ div (∂0 πv) = −div q − p div v + tr (σE D) or
∂t


∂(∂0 h)
∂p
+ div (∂0 hv) −
+ grad p · v = −div q + tr (σE D);
∂t
∂t

(32.30)

• Balance of tracer mass of constituent ν
∂(∂0 cν )
+ div (∂0 cν v) = −div ( j ν − ∂0 cν wsν ) + β(cν ) , ν = 1, . . . , N .
∂t
(32.31)
We mention that for relatively shallow basins the term involving d p/dt in (32.26)2
and ∂ p/∂t in (32.30)2 is ignored in the enthalpy formulations.
The turbulent analogues to the balance laws (32.24)–(32.31) are obtained if these
laws are subjected to the filter operation ◦·≡. In this process, ∂0 , g, Ω do not possess
fluctuations, so that ◦∂0 ≡ = ∂0 , ◦g≡ = g, ◦Ω≡ = Ω. When omitting the angular
brackets, the Reynolds averaged equations then take the forms
• Balance of mass for the mixture
div ∂0 v = 0;

(32.32)

• Balance of momentum of the mixture
dv
∂(∂0 v)
+ 2∂0 × v =
+ div (∂0 v ⊗ v) + 2∂0
dt
∂t
= −grad pd + div R + (∂ − ∂0 )g;

∂0

×v
(32.33)
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• Balance of mixture energy
∂(∂0 π)
dπ
+ div (∂0 πv) = − p div v − div Q π + β(T ) ,
=
dt
∂t
dp
∂(∂0 h)
dh
dp
−
+ div (∂0 hv) −
=
= − div Q h + β(T ) + div P;
∂0
dt
dt
∂t
dt
(32.34)
• Balance of tracer mass of constituent ν
∂0

∂0

dcν
dt

=



∂(∂0 cν )
+ div (∂0 cν v) = − div J ν − ∂0 cν wsν + β(cν ) . (32.35)
∂t

In these equations d f /dt is the substantive derivative of f following the averaged
turbulent velocity. Furthermore, the non-conservative and conservative forms have
been written together to save space. The quantities11
R ≈ ◦σE ≡ − ∂0 ◦v  ⊗ v  ≡,

Q π ≈ ◦q≡ + ∂0 ◦π v  ≡,

Q h ≈ ◦q≡ + ∂0 ◦h  v  ≡,

β(T ) ≈ tr (◦σE ≡◦ D≡) + tr ◦σE D ≡ − ◦ p  div v  ≡, P ≈ ◦ p  v  ≡,


J ν ≈ ◦ j ν ≡ + ∂0 ◦cν v  ≡ − ∂0 ◦cν w sν ≡,

(32.36)

represent
(i) the total stress R (modulo the pressure) as a combination of the averaged extra
stress tensor ◦σE ≡ and the Reynolds stress tensor −∂0 ◦v  ⊗ v  ≡ due to turbulence;
(ii) the total heat flux Q π , Q h as the sum of the averaged ‘laminar’ heat flux
◦ q ≡ and the energy flux due to turbulence in the internal energy, ∂0 ◦π v  ≡, and the
enthalpy, ∂0 ◦h  v  ≡ formulation, respectively;
(iii) the averaged internal energy/enthalpy production rate density β(T ) due to the
power of working tr ◦σE ≡◦ D≡ of the mean motion and the correlations tr ◦σE D ≡ ,
◦ p  div v  ≡;
(iv) the average pressure work P (note that it only arises in the enthalpy formulation of the energy equation and that it can in principle be combined with the heat
flux term Q h );
(v) the total mass flux of constituent ν comprising the averaged laminar mass
flux ◦ j ν ≡, turbulent mass flux ∂0 ◦cν v  ≡. and turbulent mass flux due to non-buoyant

particle flow ∂0 ◦cν wsν ≡.
It is the goal of turbulence theory to propose closure relations for the quantities
(32.36). We refrain to do this here and pass to the presentation of another model, for
which, however, we give closure relations.
Model 2: Small density fluctuation assumption. One can find in the literature yet
another set of averaged field equations which are stated as such but without any
For these formulae we employ the symbol ◦·≡ of filter operation to emphasize the role of the
averaged laminar quantities and averages of turbulent correlation quantities. Note also that Q π and
Q h differ by their turbulent correlation terms.

11
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or little motivation. It can be motivated by considering the density fluctuation ∂ in

Of course,
the decomposition ∂ = ◦∂≡
 ignored.

  + ∂ so small, that it is everywhere
∂   ◦∂≡ and that any correlation ◦∂ a  ≡ is smaller than
this
strictly
requires
that
   
◦a b ≡ (b = ∂ ). We therefore propose the following
Small density-fluctuation-turbulence assumption. Consider a non-density preserving fluid subjected to turbulent motions for which turbulent density fluctuations
∂ are negligibly small, such that




 
∂   ◦∂≡, ◦∂ a  ≡  ◦a  b ≡

(b = ∂ )

(32.37)

can be dropped from the equations.
With this assumption the density function ∂(x, t) can be everywhere approximated
by
∂(x, t) √ ◦∂(x, t)≡.
(32.38)
Omitting the angular brackets ◦·≡ with this approximation applied to the mixture mass
density, the averaged balance laws as deduced from (32.13)–(32.16) can be written as
• Balance of mass for the mixture
∂∂
+ div (∂v) = 0;
∂t

(32.39)

• Balance of momentum for the mixture
∂(∂v)
+ div (∂v ⊗ v) + 2∂Ω × v = −grad p + div R + ∂g;
∂t

(32.40)

• Balance of mixture energy
∂(∂π)
+ div (∂πv) = − p div v − div Q π + β(T ) or
∂t
dp
∂(∂ h)
+ div (∂ hv) −
= − div Q h + div P + β(T ) ;
∂t
dt

(32.41)

• Balance of tracer mass of constituent ν
∂(∂ cν )
+ div ∂ cν v = −div ( J ν − ∂ cν wsν ) + β(cν ) ,
∂t

(32.42)

with the definitions
R ≈ ◦σE ≡ − ∂ ◦v  ⊗ v  ≡,

Q π ≈ ◦q≡ + ∂ ◦ π v  ≡,

Q h ≈ ◦q≡ + ∂ ◦ h  v  ≡,

β(T ) ≈ tr (◦σE ≡◦ D≡) + tr ◦σE D ≡ − ◦ p  div v  ≡, P ≈ ◦ p  v  ≡,
Jν ≈ ◦


j ν ≡ + ∂ ◦cν v  ≡ − ∂ ◦cν wsν ≡.

(32.43)
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In the subsequent analysis we will use Eqs. (32.39)–(32.42), for which we assume
the following closure relations:
(i) As in physical limnology, we take
π = cv (T − T0 ) + π0 , h = c p (T − T0 ) + h 0 ,
cv = specific heat at constant volume, c p = specific heat at constant pressure,
(32.44)
where T is the absolute temperature, as expressions for the internal energy and
enthalpy in the respective formulations; the specific heats cv , c p are assumed constant.
For a thermodynamic justification of (32.44) or its generalization, see Appendix A.
(ii) The density ∂ is taken as

∂ = ⎛1 −

N
⎝

⎟



ζν ⎞ ∂w (T, s) + ⎛

ν=1

N
⎝

⎟
ζν ⎞ ∂s ,

(32.45)

ν=1

in which ζν is the volume fraction of sediment class ν, ∂w (T, s) is the water density
at temperature T and constant salinity s, and ∂s √ 2100 kg m−3 is the buoyancy
corrected density of the suspended sediment. Explicit formulae are e.g. given in (I,
10, p. 344ff).12 If the contribution of the mineralization is negligibly small, then
⎠
⎧
∂w = ∂w (T ) = ∂∀ 1 − ν̃(T − T ∀ )2 ,
∂∀ = 1000 kg m−3 , T ∀ = 277 ⇒ K, ν̃ = 6.493 × 106 K−2 ,

(32.46)

is a useful quadratic approximation; ∂∀ is the reference density of water at 4 ⇒ C.
It was already mentioned that in very deep lakes of depth larger than approximately 500 m (Lake Baikal, Lake Tanganijka, Caspian Sea) the pressure dependence
in the thermal equation of state should not be ignored. This implies that (32.45)
is replaced by


⎟
⎟
∂ = ⎛1 −

N
⎝

ζν ⎞ ∂w (T, s, p) + ⎛

ν=1

N
⎝

ζν ⎞ ∂s ,

(32.47)

ν=1

in which the contribution of the pressure to ∂w requires that the energy equation is
used in the enthalpy formulation. In (32.45) and (32.46) volume fraction, ζν and
constituent mass concentration, cν are related by ζν = (∂/∂s )cν .
(iii) The specific energy production β(T ) , also called dissipation rate density, is
deduced by assuming the Newton ian law for the dissipative stresses σE . Thus, with
σE = 2∂ζΨ D, where ζΨ is the ‘laminar’ kinematic viscosity, (32.43)4 yields

12

We shall refer to specific pages of [19] as (I, . . . ).
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4∂vΨ ◦I I D  ≡


+

4∂vΨ I I◦D≡

dissipation rate due
to the mean velocity

⎨
⎪
− p  div v 

turbulent dissipation rate ∂φ

⎨
⎪
= ∂(4∂vΨ I I◦D≡ + φ) − p  div v  ,

(32.48)

in which II A ≈ 21 ( A· A) is the second invariant of A. Moreover, for ◦ p  div v  ≡ we
assume
(32.49)
◦ p  div v  ≡ = ψ p ◦ p≡ div ◦v≡, ψ p √ 0,
while the turbulent dissipation rate φ will be later discussed, see (7) below in this
section.
(iv) For suspended particles of size range ν we ignore fragmentation into other
size ranges, so that we assume β(cν ) = 0.
(v) The second order tensor R, and vectors Q π , Q h , J ν (ν = 1, . . . , N ) are
combinations of the averaged laminar and the turbulent fluxes of momentum, energy
and species masses, given by the following gradient type parameterizations13 :
1
2
R = 2ζΨ D − ◦v  ⊗ v  ≡ = − k I + 2 (ζΨ + ζt ) D,
∂
3
∂ cv
ζt
1
grad T,
Q = −ηΨ(T ) grad T + ∀
◦ T  v  ≡ = − ηΨ(T ) +
∂∀ [cv ] π
∂ [cv ]
ρT
∂ cp
1
ζt
(T )
(T )
grad T,
Q = −ηΨ grad T + ∀
◦T  v  ≡ = − ηΨ +
∂∀ [c p ] h
∂ [c p ]
ρT
1
∂
∂
 
 s
ν)
J ν = −η(c
Ψ grad cν + ∀ ◦ cν v ≡ − ∀ ◦ cν w ν ≡
∂∀
∂
∂
ζt
∂

ν)
grad cν − ∀ ◦ cν wsν ≡, ν = 1, . . . , N .
+
(32.50)
= − η(c
Ψ
ρ cν
∂
In (32.50)1 , k is the turbulent kinetic energy per unit mass14 and ζt is the turbulent
kinematic viscosity; they will be parameterized below in this section. The quantities
[cv ] and [c p ] arising in (32.50)2,3 are typical values of the specific heats cv , c p . Then,
in (32.50)2−4 the Fourier law for the heat flux q and the Fick law for the diffu(T )
(c )
sive flux j ν are understood, which explains the ‘laminar’ diffusivities ηΨ , ηΨ ν .
Moreover, ρT and ρcν are turbulent Prandtl and Schmidt numbers; they are always
assumed to be constant, which expresses a certain similarity between the diffusive
13

(a) Parameterization (32.50)4 does not account for cross dependences of the form
−

N
⎝
β=1

⎩
λνβ

(c )
ηΨ β

ζt
+
ρcβ


grad cβ , ν = 1, . . . , N ,

with λνβ < 1. Our selection in (32.50)4 is λνβ = χνβ . In principle the more general case is possible.
For a solenoidal velocity field it is often customary to incorporate the contribution of the turbulent
kinetic energy k in relation (32.50)1 into the pressure term, or to ignore it.
14
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processes of momentum, heat and species masses, which is generally not borne out
experimentally. The coefficient of grad T in the representations (32.50)2,3 is supposed to be the same; this choice is exact if [cv ] = [c p ] is selected. Additionally, to
differentiate the viscosities from the diffusivities in (32.50)2,3,4 one often makes use
of the replacements
(T )

ηΨ

+

ν)
η(c
+
Ψ

ζt
ρT

−→ D (T )

ζt
ρ cν

−→ D (cν )

(32.51)

and calls D (T ) the thermal diffusivity and D (cν ) the species diffusivities. We shall
follow this custom. We will also use the interpretation
ζΨ + ζt

−→

ζt

in (32.50)1 and call the new ζt —the kinematic turbulent viscosity. Finally, in the
parameterization (32.50)4 of J ν we may assume


◦cν wsν ≡ = ψ◦cν ≡◦w sν ≡, ψ √ 0,
as is the custom in the literature. Summarizing, for R, Q π , Q h , J ν we have the
following closure relations:
2
R = − ∂k I + 2∂ζt D,
3
Q π = −∂∀ [cv ]D (T ) grad T,

Q h = −∂∀ [c p ]D (T ) grad T,

(32.52)

J ν = −∂∀ D (cν ) grad cν − ψ∂ ◦cν ≡◦w sν ≡, ψ √ 0, ν = 1, . . . , N .
(vi) For wsν we assume (32.10), where expressions of the particle settling velocity
are discussed below in (vii).
(vii) Now, given numerical values for the laminar viscosity ζΨ , specific heats cv ,
c p , and diffusivities D (T ) , D (cν ) , the above model equations (32.39)–(32.52) must
still be complemented by closure relations for ζt , k, φ, wνs . The way of approach
how this is done depends on the sophistication which is applied to the turbulent
parameterization. When applying classical zeroth order closure schemes, algebraic
parameterization for ζt , k and φ are given; for higher order closure relations one or
two equation models or full Reynolds models are suggested. Next we refer to such
closure relations for ζt , k and φ and then we review parameterizations for the particle
settling velocity wνs .
wνs

Zeroth order, algebraic parameterization for ζt , k and φ. In Vol. I of this book series
(Sect. 6.2.6, p. 201), Prandtl’s eddy viscosity formula [35] was generalized and a
proposal for the turbulent kinetic energy was given. Moreover, since dimensionally
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[φ] = [k 3/2 ]/[Ψ], where Ψ is a mixing length introduced by Prandtl, the following
propositions may be meaningful:
(I, 6.55)

→
ζt = 2Ψ2 I I D ,

(I, 6.56)
(I, 6.57)

k = ck 4Ψ2 II D ,
3/2
φ = cφ 8Ψ2 II D ,

(32.53)

where the third expression follows from φ = const × k 3/2 /Ψ. Prandtl added a
balance equation of the form (32.54), below, but this would correspond to a first
order closure scheme. At zeroth order closure, Ψ is an adjustable constant scalar
coefficient.
First order parameterization—the (k − φ)-model. The most popular first order turbulence model is the so-called (k − φ) model. Its full derivation is e.g. given by Hutter
and Jöhnk [17], Chap. 11, and a summary is given in I, 6. Here we give a short
presentation of this model.
The most simple first order turbulent closure model is based on a differential
equation for Ψ and was proposed by Prandtl [35] as
→
∂Ψ
+ div Ψv + 2Ψ 2 + · · · = 0,
∂t

(32.54)

including the unspecified ‘· · · ’, but was not pursued any further by him. We shall
neither elaborate on this and will directly pass on to the standard turbulent twoequation model, which is the (k − φ) model. It uses evolution equations for the
specific turbulent kinetic energy k and the specific turbulent dissipation rate φ, and
is based on the fact that ζt , k and φ fulfil the dimensional identity [ζt ] = [k 2 ]/[φ],
suggesting the parameterization
k2
ζt = cμ ,
(32.55)
φ
in which cμ is a dimensionless scalar, determined by inverse methods from experiments, but interpreted as a ‘universal’ constant. For k and φ balance laws are established,
∂k
+ div (kv) = −div φk + π k ,
∂t

∂φ
+ div (φv) = −div φφ + π φ ,
∂t

in which the flux, φk , φφ , and production, π k , π φ , quantities must be parameterized.
For a Boussinesq fluid, these are proposed and adequately justified e.g. by Hutter
and Jöhnk [17] and also listed in I, 6, Eqs. (I, 6.63)–(I, 6.65), to which the reader is
referred. The fluxes have gradient closure form
φk = −

ζt
ζt
grad k, φφ = − grad φ,
ρk
ρφ

and the production terms are given by

(32.56)
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Table 32.1 Numerical values for the closure constants of the (k − φ) model
cμ = 0.09

c1 = 0.126

c2 = 1.92

c3 √ 0

ρk = 1.4

∂νT ζt
g·grad T,
∂∀ ρT
φ2
∂νT cμ
π φ = div (ζΨ grad φ) + 4c1 k II D − c2 + c3 ∀
k g·grad T,
k
∂ ρT

ρφ = 1.3

π k = div (ζΨ grad k) + 4ζt II D − φ +

(32.57)

in which νT is the coefficient of thermal expansion of water and c3 is small but not
well constrained. Numerical values for the various closure constants are given in
Table 32.1.
Historically, the (k − φ) model has originally been developed in the 1970s by
Hanjalic and Launder [14], Jones and Launder [22] and Launder and
Spalding [25]. Rodi [36, 37] describes its applicability in geophysics and hydraulic
engineering. Apart from the (k −φ) model, other two-equation models have also been
proposed. The (k − Ψ) and (k − ω) models use, besides the turbulent kinetic energy,
a length—the Prandtl mixing length, or the turbulent vorticity, ω, with dimension
[k/Ψ2 ]. Expositions on these latter models are given by Rotta [38] and Wilcox
[52, 53]. For Reynolds stress parameterization by Large Eddy Simulation (LES),
see Appendix B.
Particle settling velocity. The fall velocity wνs is the remaining quantity of the above
model, which has not been specified so far. It is an exhaustively treated subject of
hydraulic research and still a topic of active on-going work. Its introduction in (32.42)
and earlier equations, e.g. (32.10), is the fall velocity of particles in a specified size
range under dynamic conditions of laminar or turbulent flow. Studies on the settling
velocity are generally restricted to spherical particles in still water; but it is well known
that the fall velocity of a non-buoyant particle in a fluid depends on both the particle
shape and the flow state in the ambient fluid. This complex non-linear interaction
is out of reach and physically too difficult for our purposes. Consequently, authors
on this subject identify wνs with the terminal velocity of a free falling particle in
still water, generally restricted to spheres or (unspecified) natural sediment particles.
Here, we adopt this restricted view as well.
In practice, the settling velocity is experimentally determined, Fig. 32.6, in a still
water column in which an isolated (spherical) solid ball is released from rest, and
its position is recorded as a function of time from which, subsequently, the free
fall velocity is its asymptotic steady value. This method ignores interaction with
neighboring particles and the side walls of the cylinder.
The ensuing description is based on the study by Song et al. (2008) [43], who
summarize earlier work and replace the different formulae by their own one. For an
isolated spherical particle in a fluid at rest the settling velocity can be estimated by
balancing the net gravitational force and the drag resistance,
Δ∂g

π
1
π 3
d = ∂Cdν d2ν (wνs )2 ,
6 ν
2
4

Δ≈

∂s
− 1,
∂

(32.58)
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where ∂s , ∂, g, dν , Cdν are the densities of the particle and the fluid, the acceleration
due to gravity, the (nominal) diameter of a representative element in the sediment
class ν,15 and Cdν is the drag coefficient. The left-hand side of (32.58) is the weight
(↑) minus the Archimedian buoyancy force (↔); these forces are balanced (in steady
state) by the drag force (↔), which is given by
1
2 C dν

× density × (cross sectional area) × (settling velocity)2 .

(32.58) can be written as
Cdν =

4 Δ g dν
,
3 (wνs )2

(32.59)

which is used to deduce the settling velocity wνs once the drag coefficient Cdν is
given as a function of wνs . It is well known that, depending on the particle Reynolds
number
w s dν
Reν ≈ ν ,
(32.60)
ζ
there are two asymptotic limits for the settling velocity: Cdν = A/Reν when Reν <
1 (Stokes flow), and Cdν = B when 105 < Reν < 2 × 105 (turbulent flow), where
A and B are constants, see any book on fluid dynamics of viscous flow. Substituting
these expressions into (32.59) implies
4 Δ g d2ν
for Stokes flow,
3A
ζ

4
s =
Δ g dν for turbulent flow.
wν
3B

s =
wν

(32.61)

According to Song et al. [43] most of the existing quasi-theoretical or semi-empirical formulae are based on the asymptotic solutions (32.61).16 A smooth
connection between the two asymptotic representations for Cdν is e.g. reached by

Cdν =

n
A 1/n
1/n
+B
Reν

(32.62)

Cheng (1997) [8]. Indeed, as Reν → 0, relation (32.62) implies Cdν √ A/Reν ;
similarly, for Reν → ∞, Cdν √ B. Introducing the dimensionless particle diameter
d∀ν ≈

Δ g 1/3
dν
ζ2

(32.63)

Such a representative element in class ν has already been used when defining the advected mass
flux ∂cν wsν . To simplify the notation, we use dν for the diameter of this grain particle; note that
dν ∈ [dν−1 , dν ), so that dν should not be confused with dν .
16 McGauhey [28], Zanke [57], Concha and Almendra [9], Turton and Clark [46], Zhang
[59], Julien [23], Soulsby [44], Cheng [8], Ahrens [1], Guo [13], Jimenez and Madsen [21],
Brown and Lawler [6], She et al. [39], Camenen [7].
15
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into (32.59) and using the definition (32.60) for Reν yields
Cdν =

4 (d∀ν )3
.
3 (Reν )2

(32.64)

Equations (32.62)–(32.64) leads to a quadratic equation for (Reν )1/n , which can be
solved; subsequently an explicit formula for wνs can be found via the definition of
the Reynolds number. This is done by Song et al. [43]. Their formula reads
"
 1

s = ζ
wν
dν 

A 2/n
+
B

4

4 (d∀ν )3
3 B

1/n

1
−
2

n
A 1/n 
.

B

(32.65)

Various values for A, B and n that have been used by different authors for spherical particles and natural sediments are given. However, comparison of results with
experiments is not satisfactory, and the disparate values for A, B and n, obtained by
different authors make application of (32.65) cumbersome.
As an alternative, Song et al. [43] restrict consideration to Stokes flow and
choose (32.61)1 to evaluate
Reν =

4  ∀ 3
wνs dν
=
d
.
ζ
3A ν

(32.66)

They substitute this into the Stokes term of (32.62), obtain
⎩
n
2/n
→


3A
1/n
Cdν =
+
B
,
 2(d∀ν )3/2


(32.67)

and after using (32.64) deduce the settling velocity
s =
wν

ζ ∀
d
dν ν



3A 2/n
+
4

−n/2
3B ∀ 3 1/n
(dν )
.
4

(32.68)

Song et al. [43] take experimental data by Eglund and Hansen [10] and Cheng
[8] and determine A, B and n by least square error minimization; they found
A = 32.2,

B = 1.17, n = 1.75,

and then, on substituting these into (32.68), obtained the following formula for wνs ,
wνs =

 12/7 ⎫−7/8
ζ  ∀ 3 &
38.1 + 0.93 d∀ν
dν
,
dν

and listed alternative formulae of settling velocities by other scholars, viz.,

(32.69)
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• Zhu and Cheng (1993) [60]




ζ
1
wνs =
(d∀ν )3 ⎬
,




dν
144 cos6 β + 4.5 cos3 β + 0.9 sin2 β (d∀ν )3 + 12 cos3 β

0,
d∀ν ≤ 1,
β=
π{2 + 2.5(log d∀ν )−3 }−1 , d∀ν > 1.
(32.70)
• Cheng (1997) [8]
wνs =

ζ
dν

⎬
25 + 1.2(d∀ν )2 − 5

3/2

.

(32.71)

• Ahrens (2000) [1]
⎧
ζ ∀ 3/2 ⎠
C1 (d∀ν )3/2 + C2 ,
(dν )
dν
⎧⎡
⎭
⎠
C1 = 0.055 tanh 12(d∀ν )−1.77 exp −0.0004(d∀ν )3 ,
wνs =

⎧⎡
⎭
⎠
C2 = 1.06 tanh 0.01(d∀ν )1.5 exp −120/(d∀ν )3 .
• Guo (2002) [13]
wνs

(32.72)

⎢
⎣−1
→
3 ∀ 3/2
ζ ∀ 3
(d )
=
(d ) 24 +
.
dν ν
2 ν

(32.73)

• She et al. (2005) [39]
wνs = 1.05

⎭
⎠
⎧⎡2.2
ζ
∀ 0.765
1
−
exp
−0.315(d
)
.
ν
dν (d∀ν )3/2

(32.74)

Table 32.2 presents a comparison of calculated settling velocities using formulae
(32.69)–(32.74) with the experimental data of Englund and Hansen (1972) [10]
and Cheng (1997) [8]. The average value of the relative error E and the standard
deviation ρ, defined as17
.

2
N 
N 
.1 ⎝
 (wνs )comp


1 ⎝  (wνs )comp
/


E=
− 1 × 100 % , ρ =
− 1 × 100 %,


s
exp
s
exp
N
(wν )
N
(wν )
i=1

i=1

are listed in columns 2 and 3 of Table 32.2. They corroborate the best performance for
(32.69). Even more convincing results are shown in the graphs of [43]. We therefore
recommend to use (32.69), or formulae derived from it.
17

N is the number of experimental points where values for (wνs )exp have been measured.
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Table 32.2 Fit accuracy of
formulae (32.69)–(32.74)
against experimental data by
Eglund and Hansen [10],
Cheng [8]

Equation Nr

Error E(%)

Standard deviation ρ(%)

(32.69)
(32.70)
(32.71)
(32.72)
(32.73)
(32.74)

6.36
7.02
6.96
16.93
6.87
16.34

9.10
11.30
10.96
16.84
10.56
16.49

All these parameterizations enjoy the property that wνs does not depend on the
flow dynamics of the slurry. It is, however, intuitively clear that the turbulent intensity
may inhibit the free fall velocity. A bold account of this property may be the following
choice
⎢
⎣
⎫−7/8
k 2 ζ ∀ 3&
s
(dν ) 38.1 + 0.93(d∀ν )12/7
,
(32.75)
wν = exp −
∀
ρk
dν
in which k is the turbulent kinetic energy and ρk a standard deviation, chosen to be
sufficiently small. This reduces the value of wνs whenever k is large, which is the
case close to the free surface, in the metalimnion and immediately above the moving
detritus. A dependence based on the Richardson number would be a competing
alternative.

32.2.3 Boussinesq and Shallow Water Approximations in Model 2
In this section we simplify the equations characterizing Model 2 by using the
Boussinesq assumption or/and the shallow water assumption. Thus, when written with respect to a Cartesian coordinate system with horizontal (x, y)-axes and
vertical z-axis, the Reynolds averaged Eqs. (32.39)–(32.42) are as follows:
• Balance of mass

∂∂ v
∂∂ w
∂∂ ∂∂ u
+
+
+
= 0;
∂t
∂x
∂y
∂z

(32.76)

• Balance of momentum
∂u
∂u
∂u
∂u
+u
+v
+w
+ f˜w − f v
∂t
∂x
∂y
∂z
∂ Rx y
∂ p ∂ Rx x
∂ Rx z
=−
+
+
+
;
∂x
∂x
∂y
∂z
∂v
∂v
∂v
∂v
+u
+v
+w
+ fu
∂
∂t
∂x
∂y
∂z
∂

(32.77)
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∂ R yy
∂ R yz
∂ p ∂ R yx
+
+
+
;
∂y
∂x
∂y
∂z
∂w
∂w
∂w
∂w
∂
+u
+v
+w
− f˜u
∂t
∂x
∂y
∂z
∂ Rzy
∂ Rzz
∂ p ∂ Rzx
+
+
+
− ∂ g;
=−
∂z
∂x
∂y
∂z
=−

• Balance of energy
∂cv

∂T
∂T
∂T
∂T
+u
+v
+w
∂t
∂x
∂y
∂z
∂u
∂v
∂w
= −p
+
+
−
∂x
∂y
∂z

∂ Q πy
∂ Q πz
∂ Q πx
+
+
∂x
∂y
∂z

+ β(T ) ;
(32.78)

∂c p

∂T
∂T
∂T
∂T
+u
+v
+w
−
∂t
∂x
∂y
∂z
⎩

∂ Q hy
∂ Q hz
∂ Q hx
=−
+
+
+
∂x
∂y
∂z

dp
dt
∂P y
∂Px
∂Pz
+
+
∂x
∂y
∂z

+ β(T ) ;
(32.79)

• Balance of species mass18
∂cν
∂cν
∂cν
∂cν
+u
+v
+w
∂t
∂x
∂y
∂z
∂ Jν y
∂ Jνz
∂
∂ Jνx
−
−
+
(∂ cν wνs ) + β(cν ) , ν = 1, . . . , N .
=−
∂x
∂y
∂z
∂z

∂

(32.80)
In these equations u, v, w are the Cartesian velocity components in the x, y, z direcπ,h
π,h
tions, Q π,h
x , Q y , Q z are the Cartesian components of the heat flux vectors in the
internal energy and enthalpy formulations, respectively; moreover, Jνx , Jν y , Jνz
are the Cartesian components of J ν , and f , f˜ are the first and second Coriolis
parameters,
f = 2Ω sin ξ, f˜ = 2Ω cos ξ,
(32.81)
18

This equation holds with w sν = wνs ez . If wsν is parameterized as in Eq. (32.11), then
∂
∂
(∂ cν wνs tan λ cos ξ) +
(∂ cν wνs tan λ sin ξ)
∂x
∂y

must be added to the right-hand side of Eq. (32.80). Here, ξ is the angle between the x-axis and v H .
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in which Ω ≈ ∞Ω∞ is the angular velocity of the Earth (Ω = 7.272×10−5 [s−1 ]) and
ξ is the latitude angle. In writing (32.76)–(32.80), one has made use of the closure
assumptions (32.10), (32.44).
It is now assumed that the typical processes have large horizontal but small vertical
scales. For instance, typical horizontal scales of water disturbances are often many
kilometers, while the corresponding depth variations are generally tens of meters
and less; similarly, horizontal velocity components are generally large, while corresponding vertical velocity components are a factor of 10−3 smaller. This suggests to
introduce the aspect ratios19
[H ]
typical vertical length scale
=
,
typical horizontal length scale
[L]
[W ]
typical vertical velocity scale
=
,
AV ≈
typical horizontal velocity scale
[V ]

AL ≈

to substitute these into the governing field equations, to suppose that
0 < A L = AV ≈ A  1,
and to look at the governing equations in the limit as A → 0.
To compare the various terms arising in the governing equations, each quantity,
say Ψ , is written in the form Ψ = [Ψ ]Ψ , where [Ψ ] is the scale for Ψ (and has the
physical units of Ψ ) and Ψ is dimensionless and of the order of unity if the value for
[Ψ ] is correctly selected. The procedure is well known and is e.g. demonstrated in
Vol. 1 of this book series [19], pp. 150–154. We shall select the scales according to
1
t, [ f ] f , [ f ] f˜ ,
[f]
s ) = [V ] ū, [V ] v, [H ] [V ] w, [H ] [V ] w s ,
(u, v, w, wν
ν
[L]
[L]

(x, y, z) = ([L] x, [L] y, [H ] z̄), (t, f, f˜) =

∂ = ∂∀ (1 + [ρ] ρ ) ,

p = −∂∀ gz + ∂∀ [ f ][V ][L] p,

T = T0 + [ΔT ] T , cν = [cν ] cν , cv = [cv ] cv , c p = [c p ] c p ,
β(T ) = [β(T ) ]β(T ) ,

β(cν ) = [β(cν ) ]β(cν ) , P = ∂∀ [c p ][ f ][H ][ΔT ] P .

(32.82)

Moreover, we introduce the dimensionless kinematic turbulent viscosity, N , heat
diffusivity, D(T ) , and species mass diffusivity, D(cν ) , by
ζt = [ f ][H 2 ]N ,

D (T ) = [ f ][H 2 ]D(T ) ,

D (cν ) = [ f ][H 2 ]D(cν ) .

(32.83)

The symbol [ f ] denotes an order of magnitude for the quantity f within the range of values
which f may assume (in the physical dimensions in which it is expressed) in the processes under
consideration.

19
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After some lengthy but straightforward calculations and with the assumption
R = 2∂ ζt D for the turbulent Reynolds stress,20 the field equations (32.76)–(32.80)
take the following forms (the overbars characterizing dimensionless quantities are
omitted):
• Balance of mass

[ρ] ∂ρ
+ div v + [ρ] div (ρv) = 0;
Ro ∂t

(32.84)

• Balance of momentum



∂u
+ Ro (grad u) · v + A f˜w − f v
∂t

0
1
∂
∂u
∂p
+ A2 2
(1 + [ρ]ρ)N
=−
∂x
∂x
∂x
0
1
∂u
∂
∂v
+
+
(1 + [ρ]ρ)N
∂y
∂y
∂x
0
1
∂u
∂w
∂
+
+ A2
(1 + [ρ]ρ)N
,
∂z
∂z
∂x


∂v
+ Ro (grad v) · v + f u
(1 + [ρ]ρ)
∂t

0
1
∂
∂u
∂v
∂p
+ A2
+
(1 + [ρ]ρ)N
=−
∂y
∂x
∂y
∂x
0
1
∂v
∂
(1 + [ρ]ρ)N
+2
∂y
∂y
0
1
∂v
∂w
∂
+ A2
(1 + [ρ]ρ)N
,
+
∂z
∂z
∂y
 0
1

∂w
(1 + [ρ]ρ) A2
+ Ro (grad w) · v − A f˜u
∂t
0
1
∂u
∂
∂w
∂p
+ A2
+ A2
(1 + [ρ]ρ)N
=−
∂z
∂x
∂z
∂x
0
1
∂v
∂
∂w
(1 + [ρ]ρ)N
+ A2
+ A2
∂y
∂z
∂y
0
1
∂w
∂
(1 + [ρ]ρ)N
− Bρ;
+ 2A2
∂z
∂z
(1 + [ρ]ρ)

20

We neglect the contribution of the turbulent kinetic energy in (32.52)1 .

(32.85)

(32.86)

(32.87)
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• Balance of energy

∂T
+ Ro (grad T ) · v
cv (1 + [ρ]ρ)
∂t
0
∂
B
2
= −F −
z + p div v + A
[ρ]
∂x
∂
∂T
D(T )
+ Pπ(T ) β(T ) ,
+
∂z
∂z


D

(T ) ∂T

∂x

∂
+
∂y

D

(T ) ∂T

1

∂y
(32.88)




∂p
∂T
+ Ro(grad T ) · v − Π
+ Ro(grad p) · v − G w
c p (1 + [ρ]ρ)
∂t
∂t
0
1
∂
∂
∂
∂T
∂T
∂T
D(T )
+
D(T )
+
D(T )
= A2
∂x
∂x
∂y
∂y
∂z
∂z
0
1
∂P y
∂Px
∂Pz
(T )
+
+ Ph β(T ) ;
+A
(32.89)
+
∂x
∂y
∂z


• Balance of tracer mass


∂ cν
(1 + [ρ]ρ)
+ Ro (grad cν )·v
∂t
0
1
∂
∂
2
(cν ) ∂cν
(cν ) ∂cν
D
+
D
=A
∂x
∂x
∂y
∂y


∂
∂
∂c
ν
D(cν )
+ Ro
+
(1 + [ρ]ρ) cν wνs + P (cν ) β(cν ) .
∂z
∂z
∂z
(32.90)
In these equations all variables, including the operators, are dimensionless. The
dimensionless parameters arising in Eqs. (32.84)–(32.90) are listed in Table 32.4
together with their nomenclature and (some) together with their orders of magnitude
as obtained with the scales of Table 32.3. Note that the buoyancy parameter may also
be written as
A[ρ]g
,
B=
[ f ][V ]
and thus depends linearly on the aspect ratio A, but it is not thought to take the limit
value 0 as A → 0. It is rather assumed that B assumes a finite value as A becomes
vanishingly small. This is indeed the only correct limit as long as gravity is acting
as one of the driving mechanism. This is also the reason why A has not been put
in evidence in the expression of B in Table 32.4. Special attention should also be
devoted to certain combinations of the dimensionless quantities of Table 3 as they
occur in the energy equations (32.88) and (32.89). One of these is
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Table 32.3 Physical
parameters and typical orders
of magnitude for the scales in
(32.82)
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Parameter Order of magnitude

Nomenclature

∂∀

Reference density at 4 ⇒ C
Density anomaly
Horizontal length scale
Vertical length scale
Horizontal velocity scale
Coriolis parameter
Reference temperature
Temperature range
Specific heat at constant
volume
Specific heat at constant
pressure
Scale for mass fraction of
tracer ν
Scale for energy production
Scale for production of
tracer ν

103

kg m−3

[ρ]
[L]
[H ]
[V ]
[f]
T0
[ΔT ]
[cv ]

√10−3
√104 − 106 m
√101 − 103 m
√10−2 − 101 m s−1
√10−4 s−1
√10 ⇒ C
√10 ⇒ C
√4200 m2 s−2 K−1

[c p ]

√4200 m2 s−2 K−1

[cν ]

√10−3 − 10−1

[β(T ) ]
[β(cν ) ]

gA[V ]
BF
=
√ 0.25(103 − 105 ).
[ρ]
[ f ][cv ][ΔT ]

(32.91)

Note that, while B arises together with [ρ], the combination BF/[ρ] is free of [ρ].
On the other hand, F by itself is much smaller than stated in (32.91). This shows
(see the term multiplied with div v on the right-hand side of (32.88)) that the power
of working due to the dynamic pressure is much smaller than the corresponding
power due to the hydrostatic pressure. An analogous inference also follows from the
corresponding term in (32.89). Here, it can be shown that Π = O(10−7 − 10−2 ),
while GΠ = O(10−7 − 10−1 ) is generally somewhat larger, but it is not so clear
whether the dynamic or the static pressure or both or none ought to be kept in the
equation.
In the present context, our interest is in orders of magnitude of numerical values
for the parameters [ρ] and A. This information suggests derivation of approximate
models:
Boussinesq approximation. The Boussinesq approximation obtains if the limiting
equations are used for which [ρ] → 0. Inspection of (32.84)–(32.90) shows that in
this case the variable density is set equal to a constant except in the gravity term.
The only term of concern is the combination (32.91) which shows that the limit
[ρ] → 0 does not affect the values for BF/[ρ]. Nevertheless the value for (32.91) is
generally large, a fact which explicitly indicates that the power of working due to the
hydrostatic pressure may not be negligible at large depths, whereas the corresponding
dynamic contribution may be negligible. In any case, these terms can only contribute
when the velocity field is not solenoidal, i.e., when
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Table 32.4 Dimensionless parameters
Parameter
[H ]
A=
[L]
B=

g[ρ][H ]
[ f ][L][V ]

Order of magnitude

Name

10−5

Aspect ratio

− 10−2

10−2 − 102

Buoyancy parameter

D(T ) =

D (T )
[ f ][H 2 ]

10−4 − 100

Heat diffusivity

D(cν ) =

D (cν )
[ f ][H 2 ]

10−4 − 100

Species mass diffusivity

F=

[V 2 ]
[cv ][ΔT ]

10−7 − 10−1

Pressure work parameter

G=

g[H ]
[ f 2 ][L 2 ]

100 − 103

Squared velocity ratio

N =

ζt
[ f ][H 2 ]

10−6 − 101

Dimensionless kinematic turbulent
viscosity

Π=

[ f ][L][V ]
[c p ][Δ T ]

10−7 − 10−2

Pressure work parameter

[β(T ) ]

Pπ(T ) = ∀
∂ [ f ][cv ][ΔT ]

Power working parameter

[β(T ) ]
p ][ΔT ]

Power working parameter

(T )

Ph

=

∂∀ [ f ][c

[β(cν ) ]

P (cν ) = ∀
∂ [ f ][cν ]
Ro =

[V ]
[ f ][L]

Constituent mass production
parameter
10−4 − 100

Rossby number

[ρ]
= O(1),
[ρ]→0 Ro
lim

for which the first term of (32.84) survives. Except for these cases the mass balance
equation reduces to div v = 0, which agrees with the continuity equation of a density
preserving fluid even though density variations are accounted for.
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Shallow water approximation. The shallow water approximation is obtained if
Eqs. (32.84)–(32.90) are applied in the limit as A → 0. Inspection of (32.84)–(32.90)
then implies the following inferences:
• The second Coriolis parameter drops out of the equations. It enters the equations
only when O(A)-terms are kept.
• The vertical momentum balance reduces to a force balance between the vertical
pressure gradient and the gravity force (in dimensionless formulation):
∂p
+ Bρ = 0,
∂z

(32.92)

∂p
+ ∂ g = 0,
∂z

(32.93)

or, in dimensional coordinates,

equivalent to the hydrostatic pressure assumption. This equation is violated provided O(A) or higher order terms are accounted for.
• In the balance equations of momentum, energy and species masses, only the vertical gradients of the flux terms survive. This means

∂
∂z

D(cν )

∂cν
∂z

0
1
∂
∂u
(1 + [ρ]ρ) N
←→
∂z
∂z
0
1
∂
∂v
(1 + [ρ]ρ) N
←→
∂z
∂z
∂
∂T
D(T )
←→
∂z
∂z

∂ 
+ Ro
(1 + [ρ]ρ) cν wνs ←→
∂z

∂ Rx z
,
∂z
∂ R yz
,
∂z
∂ Q φz
∂z

∂ 
−Jνz + ∂cν wνs ,
∂z

are the only flux terms which contribute in the shallow water approximation to the
field equations. This is a well-established result in Geophysical Fluid Mechanics.
Boussinesq and shallow water approximation. The governing equations in both the
Boussinesq assumption, [ρ] → 0, and the shallow water assumption, A → 0, are
obtained from (32.84)–(32.90) and have the following forms in dimensional notation:
• Balance of mass (continuity equation)
div v = 0;

(32.94)
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• Balance of momentum
∂u
1 ∂p
∂
+ (grad u)·v − f v = − ∀
+
∂t
∂ ∂x
∂z
∂v
1 ∂p
∂
+ (grad v)·v + f u = − ∀
+
∂t
∂ ∂y
∂z
1 ∂p
+ g;
0= ∀
∂ ∂z

∂u
,
∂z
∂v
ζt
,
∂z
ζt

(32.95)

• Balance of energy (heat conduction equation)
∂∀ cv




∂T
∂
+ (grad T ) · v = ∂∀ [cv ]
∂t
∂z

∀

∂ cp



D (T )

∂T
∂z

+ β(T ) ,




∂T
∂p
+ (grad T ) · v = −
+ grad p · v
∂t
∂t
∂Pz
∂T
∂
+ β(T ) ;
D (T )
+
+ ∂∀ [c p ]
∂z
∂z
∂z

• Balance of tracer mass


∂
∀ ∂cν
+ (grad cν ) · v = ∂∀
∂
∂t
∂z

D (cν )

∂cν
∂z

+ ∂∀

(32.96)

(32.97)

∂
(cν wνs ) + β(cν ) ,
∂z
ν = 1, . . . , N .
(32.98)

In the above equations, ζt stands for the sum of the laminar plus turbulent viscosities,
the former can in general be ignored in comparison to the latter, but is better included
when the turbulent viscosity should become small; cv is the heat capacity of water
at constant volume and c p is the heat capacity of water at constant pressure, while
D (cν ) is the mass diffusivity of the suspended particles of the size range ν. Moreover,
β(T ) is the dissipative work power and β(cν ) the mass production rate of the particles
of size range ν. Both are generally ignored in sedimentation processes in lakes.21

32.2.4 Boussinesq and Hydrostatic Pressure
Assumption in Model 2
In a comparison with (32.84)–(32.90) Eqs. (32.94)–(32.98) show that in the shallow
water approximation the horizontal diffusive flux terms are all dropped in a zeroth
order shallowness approximation (A → 0). Inspection of (32.84)–(32.90) further
β(cν ) could consist of fragmentation and abrasion of suspended particles, which, however, are
unlikely processes.

21
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shows that these terms are O(A2 ). Resurrection of the horizontal flux terms in the
balance laws of momentum, energy and constituent masses therefore strictly means
that the full equations (32.84)–(32.90) must be kept and only be reduced by the
Boussinesq approximation [ρ] → 0. However, as shown by (32.87), the hydrostatic pressure assumption can not be maintained if the O(A2 )-terms are kept in the
remaining field equations. Moreover, since the Coriolis terms in (32.85)–(32.87) are
of O(A), these terms should also be kept (the f˜ term in (32.85) and (32.87)!). Nevertheless, in the literature equations are used in which the Boussinesq approximation
is combined with the hydrostatic pressure assumption. A derivation from a systematic scaling analysis is not known to us, but the following suppositions lead to the
very popular system of field equations in the Boussinesq and hydrostatic pressure
approximations:
Hydrostatic pressure assumption. Ignore in the vertical momentum equation
(32.87) all acceleration and diffusive terms and keep only those of zeroth order
in A.
This hypothesis reduces (32.87)–(32.92) or, in dimensional form, to Eq. (32.93).
If we write the latter as
∂p
= −∂∀∀ g + g(∂∀∀ − ∂) = −∂∀∀ g − ∂∀∀ gρ(x, y, z, t),
∂z
∂(x, y, z, t)
− 1,
ρ(x, y, z, t) ≈
∂∀∀

(32.99)

we obtain after integration
∀∀

p(x, y, z, t) = ∂ g (ψ(x, y, t) − z) + p
p ext

atm

∀∀

(x, y, t) + ∂ g




ψ(x,y,t)
z

ρ(·, z̄) d z̄ .


p int

(32.100)
Here, ∂∀∀ is a constant density (smaller than any density in the lake, e.g., ∂∀∀ =
∂(30⇒ C), so that ρ > 0), z = ψ(x, y, t) defines the deformed free surface, and p atm
is the atmospheric pressure. In lake applications one usually assumes that p atm is
spatially constant. The derivatives of (32.100),
 ψ(x,y,t)
∂ p atm
∂p
∂ψ
∂
= ∂∀∀ g
+
+ ∂∀∀ g
ρ(x, y, z̄, t) d z̄,
∂x
∂x
∂x
∂x z
 ψ(x,y,t)
∂p
∂ p atm
∀∀ ∂ψ
∀∀ ∂
=∂ g
+
+∂ g
ρ(x, y, z̄, t) d z̄,
(32.101)
∂y
∂y
∂y
∂y z
may then be substituted into (32.85), (32.86) to eliminate the pressure formally as a
variable from the horizontal momentum equations.
In oceanography the hydrostatic pressure assumption is often combined with other
ad hoc assumptions, which can not be motivated by the shallow water assumption.
These assumptions are the following:
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• Assume the horizontal diffusivities in the horizontal momentum equations to be
large of O(A−2 ) and constant, and the vertical diffusivities to be variable and of
O(1):
– horizontal momentum diffusivities: N → Nhor /A2 and constant;
– vertical momentum diffusivities: N → Nvert (x, y, z, t) .
• Assume in the energy and constituent mass balances the horizontal diffusivities to
be large of O(A−2 ):
–
–
–
–

(T )

horizontal energy diffusivities: D(T ) → Dhor /A2 ;
(T )
vertical energy diffusivities: D(T ) → Dvert
;
(cν )
/A2 ;
horizontal constituent mass diffusivities: D(cν ) → Dhor
(c )
vertical constituent mass diffusivities: D(cν ) → Dvertν .

If these assumptions are substituted into (32.84)–(32.90) and the limits A → 0
and [ρ] → 0 are taken, the following system of equations (in physical dimensions)
emerges:
• Balance of mass:

div v = 0;

(32.102)

• Balance of momentum:
1 ∂p
∂u
+ (grad u) · v − f u = −
∂t 
∂∀ ∂x
⎤
2u
2u
∂
∂
∂u
∂u
∂
⎦+ ∂
+
+ 2 +
+ ζhor 
2
∂x
∂y
∂x ∂x
∂y
∂z

∂v
1 ∂p
+ (grad v) · v − f v = −
∂t 
∂∀ ∂ y
⎤
2v
2v
∂
∂
∂v
∂v
∂
⎦+ ∂
+
+ ζhor 
+ 2 +
2
∂x
∂y
∂ y ∂x
∂y
∂z


ζvert

∂u
∂z

,

ζvert

∂v
∂z

;

(32.103)

(32.104)

• Balance of energy:
∂ cv

∂T
+ (grad T ) · v
∂t

(T )
= ∂ [cv ]Dhor

∂2 T
∂2 T
+
∂x 2
∂ y2

+ ∂ [cv ]

∂
∂z

(T )
Dvert

∂T
∂z

+ β(T ) ,

(32.105)
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∂T
∂p
+ (grad T ) · v = −
+ (grad p) · v
∂t
∂t

(T )
+ ∂ [c p ]Dhor

∂2 T
∂2 T
+
∂x 2
∂ y2

+ ∂ [c p ]

∂
∂z

(T )
Dvert

∂T
∂z

+ β(T ) ;

(32.106)

• Balance of tracer mass:
∂

2
∂cν
∂ 2 cν
(c ) ∂ cν
+
+ (grad cν ) · v = ∂ Dhorν
∂t
∂x 2
∂ y2
∂
∂
(c ) ∂cν
(cν w − νs ) + β(cν ) .
Dvertν
+∂
+∂
∂z
∂z
∂z
(32.107)

These equations are to be complemented by the pressure equation (32.100). We
further remark, that physical values for ζhor are 1 m2 s−1 , while those for ζvert are
10−4 − 10−2 m2 s−1 . Similar order of magnitude differences also exist for the hori(T )
(T )
(c )
(c )
zontal and vertical diffusivities Dhor , Dvert , Dhorν , and Dvertν .
However, the underbraced terms are omitted in the oceanographic and limnological
literature. In that reduced form the momentum equations were first presented
by Munk in 1950 [32]. We also note that there is no rational justification of
the above laws which would be based on continuum mechanical principles of an
anisotropic viscous stress-stretching relation. Wang (1996) [51], however, presents
in his dissertation a derivation based on such principles and delimits the conditions under which Eqs. (32.102)–(32.107) hold true. This derivation is also given in
Hutter et al. (2011) [19].

32.3 A Primer on Boundary and Transition Conditions
The free surface, the transition surface between regions I and II (Fig. 32.3) and
the lower boundary separating the detritus region from the immobile rigid bed are
singular surfaces; these are so called, since physical quantities may suffer a jump
discontinuity from values on one side to the other side when the surface is crossed.
For instance, from region I in Fig. 32.3, to the atmosphere, the density changes
by a factor of 10−3 ; likewise the velocity changes from that of the lake water to
that of the air. Depending on specific conditions such surfaces may be occupied by
the same material particles for all times, or may be simply discontinuity surfaces
for some fields; they are then called material and non-material surfaces, respectively. Two kinds of mathematical statements can be derived for such surfaces: (i)
those of geometric-kinematic nature and (ii) those of dynamic meaning. They are
used to formulate boundary conditions for the equations in the bulk adjacent bodies. Our derivation will be brief and partly incomplete. The reader is directed to
the specialized literature e.g. Müller (1985) [31], Hutter (1992) [15], Slattery
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et al. (2007) [41]. In order to present these conditions we need some basics from the
geometry and kinematics of a moving surface.
First, we consider geometric properties of a (stagnant) surface S, given parametrically in a Cartesian reference system O x 1 x 2 x 3 by
r = x(ξ 1, ξ 2 ) = x k (ξ 1, ξ 2 ) ek , (ξ 1, ξ 2 ) ∈ Δ0 ,

(32.108)

where {e1 , e2 , e3 } is the Cartesian basis. It is supposed that the function r is such
that the vectors
∂r
∂x k
τ a ≈ a = a ek , a = 1, 2,
(32.109)
∂ξ
∂ξ
satisfy the condition
τ 1 × τ 2 = 0, ∀ (ξ 1, ξ 2 ) ∈ Δ0 ,
implying, in particular, that τ 1 , τ 2 are not zero. At r(ξ 1, ξ 2 ) the vectors τ 1 and τ 2 are
tangent vectors (generally not perpendicular to one another and neither necessarily
of unit length) to the coordinate lines ξ 2 = constant and ξ 1 = constant, respectively.
Their span defines the tangent space to S at r(ξ 1, ξ 2 ), and
n≈

τ1 × τ2
∞τ 1 × τ 2 ∞

(32.110)

is a unit vector normal to this tangent space. This way one obtains a basis {τ 1 , τ 2 , n}
for the space of three-dimensional vectors. With this basis the metric tensor, or the
coefficients of the first fundamental form of S are given by
gab = τ a · τ b;
and g ab are defined as

g ab = τ a · τ b,

with {τ 1 , τ 2 } the reciprocal basis of the natural basis {τ 1 , τ 2 } of the tangent
space, i.e.,
τ a · τ b = χba,
where χba is the Kronecker delta; the matrix (g ab) is the matrix inverse of (gab):
(g ab) = (gab)−1 . Clearly, gab and g ab are symmetric tensors, gab = gba and g ab =
g ba . The metric tensor is used to determine on S the element of length
(ds)2 = gabdξ adξ b = g11 (dξ 1 )2 + 2g12 dξ 1 dξ 2 + g22 (dξ 2 )2 .
Because {τ 1 , τ 2 , n} is a basis for the space of three dimensional vectors, one may
write
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∂τ a
c
= πab
τ c + babn,
∂ξ b
∂n
= aabτ b + ban.
∂ξ a

(32.111)

Forming the inner product of (32.111)1,2 with τ and n, respectively, it can easily be
shown that
c = g cdτ ·
πab
d

bab = −

∂τ a
,
∂ξ b

∂τ a
· n,
∂ξ b

ba = 0,
aac =

∂n
· τ c.
∂ξ a

(32.112)

c = π c are called Christoffel symbols and are proved to be
The coefficients πab
ba
22
given by
∂gda ∂gdb ∂gab
c
.
(32.114)
πab
= 21 g cd
+
−
∂ξ a
∂ξ d
∂ξ b

Moreover, bab = bba are the so-called coefficients of the second fundamental form
of S, whilst aab = −bba , as shown by (32.112)3,4 . They can be calculated once the
functions x k (ξ 1 , ξ 2 , t), k = 1, 2, 3 [see (32.108)] are known. Since
∂n
= −babτ a, b = 1, 2,
∂ξ ab
it is clear that the scalars bab give an insight how much the surface is ‘curved’.
An intrinsic (i.e. independent of the parameterization (32.108) for S) quantity
measuring the curvature of S is the mean curvature
K ≈

1
2

g ab bab.

(32.115)

In ensuing developments we shall also have the need for the use of co-variant derivatives of vector and tensor quantities. In this context, relation (32.111)1 , written as
τ a,b ≈

∂τ a
c
− πab
τ c = babn,
∂ξ b

may serve as a motivation. This equation states that the co-variant derivative of the
basis vectors τ a along the coordinate line ξ b is (i) pointing into the direction of the

22

The proof of this formula requires the definition (32.112)1 and expressions of the form
∂
∂τ a
∂τ c
∂gac
· τc + τa · b =
.
(τ a · τ c ) =
∂ξ b
∂ξ b
∂ξ
∂ξ b

(32.113)
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surface normal and (ii) is proportional to the ab-component of the curvature tensor
bab. This co-variant derivative is abbreviated by the subscripted semicolon (·);b.
It is shown in texts of tensor algebra that analogous definitions for co- and contravariant components of surface vectors v and second order surface tensors T are
given by
va;b ≈

∂va
c
− πab
vc,
∂ξ b

v;ab ≈

∂v a
a c
+ πbc
v ,
∂ξ b

Tab;c ≈

∂Tab
d
d
− πac
Tdb − πbc
Tad,
∂ξ c

T;ab
c ≈

∂T ab
a db
b ad
+ πcd
T + πcd
T ,
∂ξ c

Tba;c ≈

∂Tba
d a
a d
− πbc
Td + πcd
Tb .
∂ξ c

(32.116)

We shall take these quantities here as definitions. The respective co-variant derivatives
are so defined, since under surface transformations ξ˜a = Fbaξ b with invertible Fba,
the co-variant derivatives of v c and T de transform like surface tensors of second and
third rank.
Now, we refer to the kinematic properties of a moving surface S. Thus, now S
denotes a one-parameter family {St }t∈I , with I ˆ R an open (time) interval, of
surfaces St given by
x = r(ξ 1, ξ 2, t) = x k (ξ 1, ξ 2, t) ek , (ξ 1, ξ 2 ) ∈ Δ0 , t ∈ I.
The vector
w≈

∂r
∂t

(32.117)

(32.118)

is the velocity of the surface point (ξ 1 , ξ 2 ) at the moment t. With respect to the basis
{τ 1 , τ 2 , n} it has the representation
w = w a τ a + U n.

(32.119)

The normal component U of w is independent of the choice of the parametric representation (32.117), and is called the speed of displacement of that point on St for
which the position vector is r(ξ 1 , ξ 2 , t), or simply, the speed of displacement of S.
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32.3.1 Kinematic Surface Condition
The moving surface S may be given implicitly, that is, by an equation of the form
F(x, t) = 0.

(32.120)

Choosing a local parameterization for S, say in the form (32.117), we have
F(r(ξ 1 , ξ 2 , t), t) = 0
for all (ξ 1 , ξ 2 ) ∈ Δ0 and for all t ∈ I . Differentiating this relation with respect to t
and recalling definition (32.118) of w, we obtain
∂F
+ grad F · w = 0,
∂t

(32.121)

which is called the kinematic condition for F. Now, if the surface parameters are
conveniently ordered, the unit normal vector (32.110) is n = grad F/∞grad F∞, and
so with (32.119) we rewrite (32.121) in the form
∂ F/∂t
grad F
∂ F/∂t
+
,
· w = 0 ←⊥ U = −
∞grad F∞ ∞grad F∞
∞grad F∞

=n


(32.122)

=U

which serves to calculate the speed of displacement U if the function F is known, or
stands as a partial differential equation for F if the normal velocity U is known. It
is customary to denote the semi-space to which n is directed the positive side of the
surface and the other semi-space the negative side of it, see Fig. 32.7. Altering the
orientation from (+) to (−) is possible by replacing F with −F.

f ac
Sur

e

:

0
, )=
(
F

+
−
Fig. 32.7 A surface S , given by the equation F = 0, separates the three-dimensional space into the
semi-spaces on the (+)- and (−)-sides of S . The (+)-side is on that side into which the unit normal
vector points
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It may happen that the surface S is a material surface, that is, it is always occupied
by the same bodily particles identified with their position vectors X in a reference
configuration and having their own motion on S. Thus, if
x = χ(X, t)
represents the motion of the particle X, since for all times t the particle lies on S,
we have
F(χ(X, t), t) = 0.
Differentiating this relation with respect to t and defining the velocity v S of the
surface particle X as
∂χ
,
(32.123)
vS ≈
∂t
we obtain the kinematic condition for the material surface S:
∂F
+ grad F · v S = 0.
∂t
This gives
vS · n = −

(32.124)

∂F
/∞grad F∞,
∂t

which, when comparing with (32.122), shows that for material surfaces equality
v S · n = U holds (for details see Fig. 32.10). If S consists of particles of a threedimensional continuum body B, then v S = v, where v is the velocity field corresponding to B, and (32.124) takes the form
∂F
+ grad F · v = 0.
∂t

(32.125)

32.3.2 Dynamic Surface Jump Conditions
Consider a bodily region, in which the physical fields are continuously differentiable
(smooth), except for singular surface(s) S across which some fields may suffer jump
discontinuities; S is supposed to not have its own physical properties. Figure 32.8
and its caption explain the situation. Applying the balance law



d
f
f dv = −
φ ·n da +
(s f +π f ) dv (32.126)
dt B=B+ ˙B−
∂ B=∂ B+ ˙∂ B−
B + ˙B −
to the pillbox volume B (Fig. 32.8b) and performing the limit φ → 0 in the emerging
statement such that S stays between lid and bottom, leads to the expression
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(b)

Fig. 32.8 a Body B = B+ ˙ B− whose physical fields may suffer jump discontinuities across S ,
but are smooth in the vicinity of S . b Pillbox, zoomed from panel (a). Its total surface consists of the
lid on the (+)-side of S and the bottom on the (−)-side; its mantle surface has thickness φ. Balance
laws (32.127) for this bodily surface will be formulated in the limit as φ → 0. The unit normal
vector to S points into B+ and w is the velocity of surface coordinates on S , but only U = w · n is
kinematically relevant for S

[[ f (v − w) · n]] + [[φ f · n]] = 0.

(32.127)

In the above equations, f, φ f , s f and π f denote the physical quantity inside B =
B + ˙ B − , its flux across the outer surface ∂B = ∂B + ˙ ∂B − , the supply and the
production rates within B = B + ˙B − , respectively. Moreover, with ψ ± the values of a
quantity ψ immediately on the (+)- and (−)-side of S, respectively, [[ ψ ]] ≈ ψ + −ψ −
is the jump of ψ across S. The derivation of (32.127) from (32.126) is given in books
on continuum mechanics, e.g. Hutter and Jöhnk (2004) [17].
6
In the balance statement (32.126) it is assumed that the integral B (s f + π f ) dv
vanishes as φ 6→ 0, so that s f and π f do not arise in (32.127). Similarly, it is also
assumed that B (∂ f /∂t) dv vanishes as φ → 0. The relevant quantities f and β f
are collectively summarized in Table 32.5 for the physical laws (32.76)–(32.80).
For instance, when referred to the physical laws (32.76)–(32.80), to which the
entries of Table 32.5 correspond, the jump condition (32.127) takes the forms

Table 32.5 Expressions for the quantity f and its flux φ f in the physical balance laws
Quantity f

f

φf

Mixture mass balance

∂

0

Constituent mass balance

∂cν

J ν − ∂cν wνs

Mixture momentum balance

∂v

pI − R

Mixture energy balance

∂(π + 21 v · v)

Q π + ( p I − R)v

Mixture energy balance

∂(h +

Q h + ( p I − R)v

1
2v

· v)

∂ is the mixture density, cν —the mass fraction of tracer ν, J ν —the constituent laminar and turbulent
mass flux vector, wνs —the settling velocity of constituent ν, v—the barycentric velocity, p—the
mixture pressure, R—the turbulent Reynolds stress tensor, stress tensor!turbulent π—the internal
energy, h—the enthalpy, Q π , Q h —turbulent heat flux vectors
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[[∂(v − w) · n]] = 0,
[[∂ cν (v − w) · n]] + [[ J ν − ∂cν wνs ]] · n = 0, ν = 1, . . . , N ,
[[∂((v − w)·n)v]] − [[− p I + R]]n = 0,
(32.128)
[[∂(π + 21 v · v)(v − w)·n]] + [[ Q π + ( p I − R)v]] · n = 0,
[[∂(h + 21 v · v)(v − w)·n]] + [[ Q h + ( p I − R)v]] · n = 0.
These describe the jump conditions of the mass of the mixture as a whole and of
the tracer masses, of the mixture momentum and mixture energy balances. All are
written by using the mass fraction cν and the barycentric velocity as basic fields. In
the Boussinesq approximation ∂ may be replaced by ∂∀ . Of special interest is the
situation when w · n = v · n. In this case only the second terms on the left-hand
sides of (32.128) survive. Even though this does not exactly define the physical jump
conditions for a material surface, it is customary to call such surfaces material. The
better denotation is to say that such surfaces follow the barycentric motion.
Note that, due to the jump condition (32.128)1 , explicitly
∂+ (v + − w) · n = ∂− (v − − w) · n,


≈ M+

(32.129)

≈ M−

in fluid mechanical applications the kinematic surface relation (32.121) is often
written as
M
∂ F/∂t
(32.130)
+ v± · n = ± ,
∞grad F∞
∂
where M ≈ M+ = M− . We emphasize that (32.121) is a pure kinematic statement,
while (32.130) is a mixed kinematic-dynamic statement.

32.3.3 Surface Balance Laws
The above jump conditions are obtained on the assumption that the singular surface
S does not possess its own physical properties. We shall now relax this assumption
and request that S contributes to the balance law of the pillbox with a surface density
f S , having a production π fS and a supply s fS per unit area of S, and a flux φ fS per
unit length and tangential to S through the boundary C of S (see Fig. 32.9):
d
dt







B=B+ ˙B−

f dv +

S



=−

+

f S da



φ · n da −
φ fS · h ds
C =∂ S

(π f + s f ) dv + (π fS + s fS ) da.
f

∂ B=∂ B+ ˙∂ B−

B + ˙B −

S

(32.131)
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(b)

Fig. 32.9 a Surface S spanned over a simple double-point free closed loop C ; n is the unit normal
vector on S at a point on C ; ds is the incremental tangent vector to the curve C ; h is the unit
vector normal to C and tangential to S ; h, ds, and n form a right-handed orthogonal triad. b Twodimensional sketch of the singular surface S with unit normal vector n and spanned by the closed
loop C . The panel shows positive (B+ ) and negative (B− ) regions separated by S , the surface flux
φ fS into S along C , the vector h (compare panel (a)) and the conductive and convective fluxes from
the bulk region

Here, ds is the line element along the closed loop C (without double point), generated
by the intersection of S with the mantle surface of the pillbox; h is the unit tangent
vector to S, exterior to the pillbox mantle and normal to C (thus, h together with the
positive direction of C and the orientation of the unit normal vector n of S form a
counterclockwise skrew, Fig. 32.9a).
The derivation from the global balance law (32.131) of the local balance law valid
on S can be found, e.g., in the book by Slattery et al. [41] (2007). Here we sketch
the proof. Thus, letting the thickness of the pillbox approaching zero (φ → 0 as in
Fig. 32.8b) turns (32.131) into

d
f S da =
dt S

 ⎠

⎧
− φ fS · h ds +
π fS +s fS da − [[φ f + f (v − w)]] · n da .
C
S
S



(1)

(2)

(3)

(32.132)
The three underlined terms represent
(1) the flux of f S out of S and tangential to S along the loop C,
(2) the production and supply of f S on S,
(3) the conductive plus convective flow of the bulk quantity f through S.
The term on the left-hand side of (32.132) will be transformed with the aid of the
transport theorem for a material surface (see Fig. 32.10),
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Fig. 32.10 S ≈ {St } is a moving (‘geometric’) surface; it is given parameterically by x =
r(ξ 1 , ξ 2 , t), (ξ 1 , ξ 2 ) ∈ Δ̃ and moves with the velocity w ≈ ∂ r(ξ 1 , ξ 2 , t)/∂t. Σ ≈ {Σt } is a
moving material surface: Σt = χ(Σ0 , t), where Σ0 is the material surface in a reference configuration. The velocity v S of X ∈ Σ0 is v S ≈ ∂χ(X, t)/∂t. Σ is so moving that Σt ˆ St at each
instant t. Therefore, Σt = r(Δ̃t , t), for some Δ̃t ˆ Δ̃, and for x ∈ Σt , x = χ(X, t) = r(ξ 1 , ξ 2 , t),
which can be written as x = χ(χκ (u 1 , u 2 ), t) = r(ξ 1 (u 1 , u 2 , t), ξ 2 (u 1 , u 2 , t), t). Differentiation
of this relation with respect to t yields v S = ξ̇ a τ a + w, where ξ̇ a ≈ ∂ξ a (u 1 , u 2 , t)/∂t, showing,
in particular, that v S · n = w · n ≈ U

d
dt





d
f S (x, t) da =
dt

(2)
=
(1)

t

¯

dS f S
dS JS
JS + f S
dt
dt


¯

(3)



=

t

(4)

f S JS dA
dA
⎟

d f
1 dS JS 
 S S

+ fS

 da
⎛ dt
JS dt ⎞

Div(v S )



=

t

where
Divv S =

dS f S
+ f S Divv S da,
dt

(32.133)

∂v S
· τ a.
∂ξ a

(32.134)

Here, JS is the functional determinant of the transformation ξ a(u b, t), JS =
det(∂ξ a/∂u b). Step (1) in (32.133) pulls the integral over the time-dependent region
Σt back to an integration over the time-independent region Σ̄. Steps (2) and (3)
then can be performed by differentiating only the integrand functions and pushing
the integral over Σ̄ forward to the analogue integral over Σt . The last step (4) then
follows by using the identity indicated by the underbraced term in (32.133). For its
proof, see Slattery et al. [41], pp. 65–66.
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Next, it can be proved, see [41], pp. 653, that, if
v S = vSa τ a + U n, then Divv S = vS ;aa − 2U K .

(32.135)

Here, vS a and U are the components of the surface velocity and K is the mean
curvature, see (32.115) and (32.119). Then, with
∂ fS
∂ f S ˙a
dS f S
=
+
ξ
dt
∂t
∂ξ a

(32.136)

and with (32.135), the transport theorem takes the alternative forms
d
dt

Σt






f S (x, t) da =

Σt


=

Σt

⎠
⎧
∂ fS
∂ f S ˙a
a
+
ξ + f S vS ;a − 2U K da
∂t
∂ξ a


∂ fS
∂ fS a
da, (32.137)
+ Div( f S v S ) −
w
∂t
∂ξ a

where we have written
 ∂ fS a
∂ f S ˙a ∂ f S  ˙a
ξ + wa −
w ,
ξ =
a
a
∂ξ
∂ξ
∂ξ a
and used, since (ξ˙a + w a) are the absolute material tangential velocity components
with respect to the frame (τ 1 , τ 2 ),

∂ f S  ˙a
ξ + w a + f S vS ;aa = Div ( f S v S ) .
a
∂ξ
Here ξ˙a is explained in Fig. 32.10, v S is the velocity of a surface material point [see
(32.123)], w a and U are the components of the surface velocity, see (32.119), ψ a; b
denotes the covariant derivative of a tangent surface vector field ψ = ψ aτ a,
ψ a; b ≈

∂ψ a
a c
+ πcb
ψ
∂ξ b

a ], K is the
[see (32.112) and (32.114) for the definition of Christoffel symbols πcb
mean curvature, and ∂ f S /∂t and the surface divergence operator Div are defined by

∂
∂ fS vS a
∂ fS
≈
f S (ξ 1 , ξ 2 , t), Div ( f S v S ) ≈
τ .
∂t
∂t
∂ξ a

(32.138)

For the term (1) on the right-hand side of (32.132) the Gauss’ law23 will be used.
This process yields the local, point form of the surface balance law as
23

It states that, if Φ fS is a differentiable surface tensor field, then, see Fig. 32.9,
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∂ fS
∂ fS a
+ Div( f S v S + φ fS ) −
w = −[[φ f + f (v − w)]] · n + (π fS + s fS ).
∂t
∂ξ a
(32.139)
Apparently, due to the tangential components wa of the surface velocity w, relation (32.139) would depend on the parameterization of S. However, this is not so,
since the combination ∂ f S /∂t − w a∂ f S /∂ξ a, representing the delta-time derivative (Thomas [45] (1961)), is independent of the parameterization of S. Relation
(32.139) is the extension of the classical jump condition (32.127) if smooth surface
fields f S , φ fS , π fS , s fS are occupying the singular surface S; (32.139) reduces to
(32.127) if all surface fields vanish.
If f S is a scalar field, the balance law (32.139) reads
⎧a
∂ fS ⎠
∂ fS a
+ fS v S + φ fS
−
w − 2 fS U K
;a
∂t
∂ξ a
= −[[φ f + f (v − w)]] · n + (π fS + s fS ).

(32.140)

Let us discuss special cases:
(a) No curvature effects. The curvature effects are contained explicitly in K , the
mean curvature, in the last term on the left-hand side of (32.140). When such effects
are negligible and the coordinate cover is Cartesian, we have
∂τ a
c
= 0 =⊥ πab
= 0,
∂ξ b

K = 0, (·); = (·), ,

so that the balance law (32.140) takes the form
⎧a
∂ fS ⎠
∂ fS a
+ fS v S + φ fS
−
w = −[[φ f + f (v − w)]] · n + (π fS + s fS ).
,a
∂t
∂ξ a
(32.141)
Still further simplified versions of surface jump conditions are possible by ignoring
some of the surface terms f S , φ fS , π fS , s fS .
(b) Surface following the bulk motion. If w · n = v · n, the jump term in (32.140)
reduces to the jump in volume flux, [[φ f ]] · n. For mass balance this term is absent
and only surface mass fields interact with one another in this case.
(c) Reduced surface balance law. Some of the surface fields in (32.140) may be
small in comparison to others. When f S = 0, (32.140) reduces to
(φ fS )a; a = −[[φ f + f (v − w)]] · n + (π fS + s fS ).

(Footnote 23 continued)



S

Div(Φ fS )da =

C

Φ fS · hds,

in which h is a unit vector normal to C and tangential to S , see e.g., [41] p. 669–670.

(32.142)
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This variant (usually with s fS = 0) accounts for surface tension effects if (32.142)
is a reduced momentum balance.

32.4 Boundary Conditions: A Simple Model of Detritus Layer
The simplest model for the detritus transport (thin layer II in Fig. 32.3) is obtained
if the layer concept for the detritus transport is collapsed to zero thickness, see
Fig. 32.4. Thus, the field equations presented in Sect. 32.2 must be complemented
by boundary conditions at the free surface Ss and at the basal surface Sb . At this
level two procedures are principally possible: (i) One may assume the basal surface
Sb to be equipped with surface masses and surface momenta for all constituents ν,
but treat these as a mixture of class I. This then means that mass balance laws must
be formulated for the solid constituents and the mixture as a whole and momentum
balance is only formulated for the mixture as a whole. (ii) A full mixture formulation
of class II is formulated for all constituent mass and momentum balances. In this
process the interaction of the bulk fields with the surface fields from the (+)- and
(−)-sides of the singular surface must be accounted for. We adopt the simpler case
(i). Moreover, the time evolution of the basal surface is governed by the kinematic
equation (32.122) and the erosion and sedimentation rates are incorporated in the
surface mass balances for the N sediment classes.

32.4.1 Boundary Conditions at the Free Surface
We shall treat the free surface as a surface following the barycentric motion, with
F(x, t) ≈ z − s(x, y, t) = 0,

(32.143)

where s(x, y, t) describes its z-position. With u, v, w the mixture ‘material’ velocity
components in the x, y and z directions of the Cartesian coordinate system, the
kinematic surface condition (32.125) takes the form24
∂s
∂s
∂s
+
u+
v − w = 0, at z = s(x, y, t).
∂t
∂x
∂y

(32.144)

Now we refer to the dynamic jump conditions (32.128), in which v · n = w · n:
(i) Condition (32.128)1 is identically satisfied.
(ii) The stress boundary condition (32.128)3 emerges as [[− p I + R]]n = 0, or,
explicitly,
(− p I + R)ns = σ atm ns at z = s(x, y, t).
24

If barotropic surface waves are ignored, i.e., the rigid lid approximation is imposed, then (32.144)
is replaced by z = 0, where the origin of the coordinate system is at the undeformed free surface
and the x and y axes are horizontal.
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Projections of this equation perpendicular and tangential to Ss reveal the following statements at z = s(x, y, t):
normal to Ss :
tangential to Ss :

− p + ns · Rns = − p atm ,
Rns − (ns · Rns )ns = τ wind ,

(32.145)

where
p atm ≈ −σ atm ns · ns , τ wind ≈ σ atm ns + p atm ns .
In the shallow water approximation formulae (32.145) can easily be shown to
reduce to
p = p atm ,
normal to Ss :
(32.146)
tangential to Ss : Rx z = τxwind , R yz = τ ywind ,
at z = s(x, y, t). The atmospheric input of the surface tractions p atm , τ wind
H ≈
wind
wind
25
(τx , τ y ) is generally implemented by the parameterizations
p atm = constant (often = 0),
atm wind
wind
τ wind
∞v wind
H = ∂ Cd
H (x, y, t)∞ v H (x, y, t),

(32.147)

with dimensionless drag coefficient Cdwind √ 2 × 10−3 , and v wind
≈ (vxwind ,
H
wind
wind
);
v
,
v
are
the
Cartesian
components
in
the
x,
y
directions
of the
v wind
y
x
y
wind
wind velocity v
at the free surface Ss .
(iii) If also temperature evolutions are in focus, the heat flow from the atmosphere
into the lake must be prescribed. Relation (32.128)4 together with the stress
traction continuity and the closure law (32.52)2 then states that
∂∀ [cv ]D (T ) (grad T ) · ns − ((− p I + R)n s ). [[v]] = Q atm
⊗ .


(32.148)

Power of working of the
surface tractions

atm
Here, Q atm
⊗ is the energy input from the atmosphere into the water: Q ⊗ ≈
atm
atm
− Q · ns , with Q the heat flux in the atmosphere. The power of working of the surface tractions is often ignored or computed by assuming that
[[v]] = v wind − v water √ v wind . With this last assumption in the shallow water
approximation, (32.148) reduces to

∂∀ [cv ]D (T )

∂T
wind
atm
− τ wind
H · v H = Q⊗ .
∂z

(32.149)

The right-hand side of (32.147)2 should involve the difference (v wind
− v water
)S , but the water
H
H
velocity is very much smaller than the wind velocity, which justifies the approximation.

25
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atm
atm
The contributions to the energy input Q atm
⊗ are written as Q ⊗ = Q ir −
water
Q ir + Q Ψ + Q s , with
atm
Q ir
≈ (black body) radiation of air,
water
≈ (black body) radiation of water,
Q ir
Q Ψ ≈ latent heat flow between water and air,
Q s ≈ sensible heat flow between water and air.

Parameterizations of the latent and sensible heats are given by Hutter and
Jöhnk (2004) [17].
(iv) The free surface is not only assumed to follow the barycentric motion, it is here
simultaneously supposed to be impermeable to the suspended sediments of all
fractions. This implies that (32.128)2 reduces to


J ν − ∂cν wsν · ns = 0 at z = s(x, y, t), ν = 1, . . . , N ,
(32.150)
expressing vanishing mass flow of tracer ν through the free surface. With gradient type closures [see (32.52), (32.51)], (32.150) takes the form
∂∀ D (cν )

∂cν
+∂ cν wsν · ns = 0 at z = s(x, y, t), ν = 1, . . . , N , (32.151)
∂ns

or, in the shallow water and Boussinesq approximations,
D (cν )

∂cν
+ cν wνs = 0, ν = 1, . . . , N , at z = s(x, y, t).
∂z

(32.152)

With this the discussion of the dynamic jump conditions (32.128) is completed.
Remark. The parameterization of wνs in (32.151) and (32.152) with the final free fall
velocity (32.69) seems rather inappropriate at the free surface, where the turbulent
intensity is generally large and falling distances for particles are restricted. When k
is parameterized by (32.53)2 or the (k − φ) model is employed, (32.75) ought to be
used instead.
If the (k − φ) model for turbulent closure is employed, physically acceptable
postulations for the boundary conditions of the turbulent kinetic energy and its dissipation are
∂φ
∂k
= 0,
= 0, at z = s(x, y, t),
(32.153)
∂ns
∂ns
or in the shallow water approximation,
∂k
= 0,
∂z

∂φ
= 0, at z = s(x, y, t).
∂z

In this case, the rigid lid assumption, s(x, y, t) = 0, is often justified.

(32.154)
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32.4.2 Boundary Conditions at the Rigid Bed
The simplest description of detritus transport does not use the concept of the motion
of a thin layer of sediments. The existence of this layer is negated and the lower
boundary of the lake domain is directly the singular surface between the slurry layer
and the rigid bed of alluvial detritus. We treat this surface as having its own physical
properties in the context of a mixture of class I, and so the surface balance law
(32.139) will be now used. Moreover, the surface moves and deforms with time
owing to the removal of grains from the bed, their incorporation in the particle laden
water, and the deposition of some components of the washload from the slurry above
the bottom surface. Therefore, in these simple models essentially only two physically
significant statements are made:
• A criterion, or more generally, some criteria are established, which define the
onset of erosion of sediments of grain class ν. It is expected that a characteristic
variable will act as a threshold measure. Below a certain value of this variable only
sediments of classes ν will be lifted, for which the grain size is smaller than for
class νthres .26
• For those components ν which are eroded and incorporated in the slurry, the
amount of eroded material per unit time for each grain class, i.e., the mass flow
for each component from the rigid bed to the ambient water must be quantified.
For the ensuing developments it is perhaps advantageous, if the classical approach
to sediment transport is briefly illustrated. Thus, the next two sections are devoted to
this issue.
Erosion inception.27 In the words of Kraft et al. (2011) [24], ‘the erosion of
sediment begins when the shear stress on the bed surface, τw , exceeds the critical wall
shear stress of the corresponding sediment material, τc ’. A widely used procedure
for the determination of the beginning of entrainment of cohesionless particles is
represented by the Shields curve (1936) [40]; see also van Rijn (1984) [48], which is
based on the results of numerous laboratory measurements with different grain sizes,
densities and wall shear stresses. A critical Shields parameter (the dimensionless
critical shear stress) is defined by
τc∀ (= λc ) ≈

τc
,
Δ∂ g d

Δ≈

∂s
− 1,
∂

(32.155)

where d is the mean particle diameter for class ν of particles with a range of particle diameters in the interval [dν−1 , dν ); we suggest to take this mean value to be
If dν and dνthres are the nominal grain diameters of the grain size classes ν and νthres , respectively,
then all grains with dν < dνthres are mobilized, whilst those with dν > dνthres are still at rest.
27 Experiments on erosion inception and inferences thereof are performed and deduced for sediments
with a single particle diameter. This is why ensuing formulae are written without identifying a
specific particle class, even though later, they are applied to such classes.
26
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d = 21 (dν−1 + dν ). Moreover, ∂s is the true density of the sediment and ∂ is the
mixture density.
A large number of laboratory experiments has been conducted (for a review, see
Vetsch (2012) [50]) and identified the critical dimensionless shear stress τc∀ or λc
for a grain size d as a function of the critical particle Reynolds number
Rec∀ ≈
Thus,

⎠ g ζ ⎧1/3
u∀d
.
, where u ∀ ≈
ζ
Δ
τc∀ = f (Rec∀ ).

(32.156)

(32.157)

Rec∀ is sometimes also called ‘dimensionless particle diameter’ and is then identified
with
⎠ g ⎧1/3 

= Rec∀ ,
(32.158)
d ≈d 2
ζ Δ
see Kraft et al. [24]. Formula (32.157) can be motivated by dimensional analysis,
see Appendix C. A great number of representations of f (Rec∀ ) = f (d ) have been
proposed, see again Vetsch for a review; he lists, among many others, expressions
by van Rijn (1984, 2007) [48, 49], viz.,

−0.5 ,

 0.115(d )






0.14(d )−0.64 ,





τc∀ = 0.04(d )−0.1 ,






 0.013(d )0.29 ,






0.055,

for 1 < d < 4,
for 4  d < 10,
for 10  d < 20,

(32.159)

for 20  d < 150,
for 150  d .

This automatically suggests a possible division of the grain size distribution into five
regimes. Again according to Vetsch , Yalin and da Silva (2001) [56] approximate
the van Rijn data by a continuous functional relation
⎠
⎧
τc∀ = 0.13(d )−0.392 exp (−0.015(d )2 ) + 0.045 1 − exp (−0.068(d )2 ) .
(32.160)
There are also a number of other formulae for the critical shear stress τc∀ . For instance,
Kraft et al. (2011) [24] list a formula due to Zanke (2001) [58],

,
τc∀ = ψ Z tan(ξ) − λw

(32.161)
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 is the root mean
in which ξ is the angle of internal friction of the sediment and λw
square turbulent fluctuation of the wall shear stress. For natural sediments the coefficient ψ Z takes the value ψ Z = 0.7.
This is about the appropriate place where a clarifying remark about the critical
shear stress should be made. Formulae (32.155)–(32.161) are expressed in terms of
a shear stress τc (or in dimensionless form τc∀ = λ), since the stress distribution in
river flow is close to simple shearing plus a hydrostatic pressure,





⎟
⎟
⎟
0 0 τc
0 0 τc
100
σ = ⎛ 0 0 0 ⎞ − p ⎛ 0 1 0 ⎞ =⊥ σE = ⎛ 0 0 0 ⎞ ,
001
τc 0 0
τc 0 0

(32.162)

in which σE is the stress deviator of σ. In a more general flow, the actual basal
criterion describing the onset of sediment motion cannot so simply be described,
because the tangential stress at a point of the basal topography is given by the stress
state which is most likely not simple shearing. A likely adequate definition of the
onset of the sediment movement, which subsequently will systematically be used, is
to identify τc in (32.155) as
1/2

τc ≈ IIσE crit ,
(32.163)
⎧
⎠
where IIσE ≈ 21 tr (σE )2 is the second invariant of the stress deviator σE evaluated
just below the sediment bed. For simple shearing this is just the shear stress. Thus,
a stress state invariant definition of λc or τc∀ is28

λc ≈

IIσE

1/2
crit

Δ∂ g d

.

(32.164)

Erosion amount. The second statement, which is needed, is the parameterization of
the entrainment amount. The literature again knows a large number of formulations
for determining the erosion rate. Kraft et al. (2011) [24] quote three formulae which
here are briefly outlined as well:
• Van Rijn (1984) [47] conducted laboratory experiments to determine the sediment
erosion rate for various particle sizes and flow velocities and proposed for the pickup rate per unit mass, area and time the function

28

More generally, a criterion marking the onset of erosion is an equation of the form
f (Iσ , IIσE , IIIσE ) = 0 (∀)

between the first stress invariant and the second and third stress deviator invariants at the basal
surface. A dependence on Iσ describes a possible influence of the (mean) pressure; that on IIσE
accounts for the significance of shearing, but the role of IIIσE is presently not clear. In the form
(∀) the erosion inception is very much reminiscent of the onset criterion of yield in the theories of
plasticity.
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E

= 0.0003(d )0.3 T̃ 1.5 ,
0.5
∂s (Δgd)
⎩

⎩
u τw 2
u τw 2
−1
−1 ,
T̃ ≈ H
u τc
u τc

where H is the Heaviside function and


τc
τw
u τc ≈
and u τw ≈
∂
∂

(32.165)

(32.166)

denote the critical and actual wall shear velocities, respectively, defined as suggested in (32.163).
• The approach of Einstein (1950) [11] is stochastic. A statistically averaged wall
shear stress is not considered here, it is rather assumed that turbulent fluctuations
will push the particles in motion. The pick-up rate is expressed as
E = ψ E ∂s (Δgd)0.5 P,

(32.167)

in which ψ E is a universal constant, and P is the fraction of time during which
a sediment particle is suspended by the flow. Note that this relation contains no
critical shear stress. While for small wall shear stress P is negligibly small, for
sufficiently large wall shear stress P will rapidly reach its saturation value. In the
present application we consider P simply a constant (for a given grain size range
ν) and the erosion will occur just as the shear stress exceeds its critical value.
• Yalin [54] determined the erosion rate from statistically averaged flow parameters.
If the critical shear stress is exceeded, particles are entrained. The number of eroded
particles rises linearly with the wall shear velocity. The erosion rate is computed by
E = ψY ∂s u τw .

(32.168)

The constant ψY should be determined by experiment.
It is evident from the above formulae that van Rjin’s and Einstein’s erosion rates
depend on the particle size, and for this reason can and should be restricted for a given
grain size distribution curve to a single ν-class of grain sizes. This makes Yalin’s
formula inapplicable to mathematical erosion processes which differentiate ν-classes
by grain size. Kraft et al. [24] also remark that ‘Yalin and van Rjin assumed in
their formula that the number of eroded particles increases with increasing wall shear
velocity’. Alan and Kennedy (see e.g. Yalin (1985) [55]) in their experiments
demonstrated that the flow near the sediment bed is fully saturated when a certain
wall shear velocity is reached, and the erosion rate converges to a certain value and
does not rise further. With this in mind, only the approach of Einstein does justice
to these observations.
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The above formulae have formally been written for a single particle diameter.
Here, we interpret them as being applicable to the narrow range of particle diameters
of class ν. Let us summarize the salient formulae with this identification:
• Dimensionless ν-particle diameter [see (32.158)]
dν = dν

⎠ g ⎧1/3
;
ζ2Δ

(32.169)

• Dimensionless critical shear stress according to Yalin and da Silva [56] for class
ν and interpreted in the spirit of formula (32.163),
(τc∀ )ν = Yν∀ = 0.13(dν )−0.392 exp (−0.015(dν )2 )
⎭
⎡
+0.045 1 − exp (−0.068(dν )2 ) ;

(32.170)

• The pick-up rate for class ν is given, according to van Rijn [47], by
E ν = 0.0003(dν )0.3 T̃ν1.5 ∂s (Δ gdν )0.5 ,

(32.171)

where, from (32.165) to (32.166),
⎩
T̃ν ≈ H
=H

u τw
u τc
τw
−1
τc

2

⎩
−1

u τw
u τc

2


−1

τw
τw
−1 =H
−1
τc
τc∀ Δ∂gdν

τw
−1 ;
τc∀ Δ∂gdν
(32.172)

• According to Einstein [11],
E ν = ψ E ∂s (Δ gdν )0.5 Pν ,

Pν = constant.

(32.173)

Subsequently we shall employ (32.169)–(32.172).
Detritus layer as a singular material surface. The basal surface, separating the
particle laden fluid and the rigid bed from which sediment can be eroded and to which
washload is deposited, will be conceived as a surface with its own material properties
intended to model the thin detritus layer. As for the bulk material in layer I, the surface
detritus will be treated as a mixture of class I. Thus, as dynamic boundary conditions
in Model 2 we formulate the averaged balance laws of mass for the sediments of
classes ν and the detritus-mixture as a whole, as well as the momentum balance law
for the mixture as a whole, the master equation being (32.139).
The surface is defined by
F ≈ −b(x, y, t) + z = 0,

(32.174)
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or, parametrically with ξ 1 ≈ x, ξ 2 ≈ y,
x = x e1 + ye2 + b(x, y, t)e3 ≈ r(x, y, t), (e3 ≈ ez ).

(32.175)

With definition (32.174) of F, nb = grad F/∞grad F∞ points into the fluid domain
and satisfies (32.109) with
τ1 ≈

∂r
∂b
∂r
∂b
= e1 +
e3 , τ 2 ≈
= e2 +
e3 .
∂x
∂x
∂y
∂y

We have
⎢
∂b
∂b
nb = c −
e1 −
e2 + e3 , c ≈ 1 +
∂x
∂y

∂b
∂x

2

+

∂b
∂y

⎣
2 −1/2
.

Corresponding to (32.175), the surface velocity w is given by, see (32.118),
w=

∂b
e3 ,
∂t

so that, with respect to the basis {τ 1 , τ 2 , nb }, w has the representation29
w=c

∂b
∂b
∂b
Ub τ 1 + c
Ub τ 2 + Ub nb , Ub = c
.
∂x
∂y
∂t

(32.176)

The displacement speed Ub is interpreted as erosion/deposition rate or entrainment
rate and for it we will give a law according to the discussion in Sect. 32.4.2. So, we
may keep in mind that Ub is a known quantity. In particular, we note that (32.176)2
stands for the determination of the basal elevation function b once Ub is known.
With the identification of the fields f S , φ fS , π fS , s fS , φ f and f in Eq. (32.140)
as stated in Table 32.6, it can be shown (see Appendix C) that the surface mass
balance law takes the forms:

29

To prove this, we write

∂b
e3 .
∂t
If the above expressions for τ 1 and τ 2 are substituted this yields
w = ντ 1 + βτ 2 + Ub nb =

w = ν − cUb

∂b
∂x

e1 + β − cUb

implying
ν = cUb

∂b
∂y

e2 + ν

∂b
∂b
∂b
+β
+ cUb e3 =
e3 ,
∂x
∂y
∂t

∂b
∂b
, β = cUb
.
∂x
∂y
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• For the sediment classes ν, ν = 1, . . . , N ,
∂μν
∂μν a
+ (μν v S ν )a;a −
w − 2μν Ub K =
∂t
∂ξ a


+
(−φ∂ν · nb )+ − (∂ cν v · nb )+ − (∂bed
Ub ;
ν − ∂cν )

(32.177)

• For the mixture
∂μ
∂μ
+ (μv S )a;a − a w a − 2μ Ub K = −(∂ v · nb )+ − (∂bed − ∂+ )Ub .
∂t
∂ξ
(32.178)
Here the (+)-sign indicates the water side of Sb and μν , μ, as well as the other
quantities in (32.177), (32.178) are functions of (ξ 1 ≈ x, ξ 2 ≈ y, t). Moreover, the
components w1 , w 2 of the surface velocity w are given by
w1 = c

∂b
∂b
Ub , w 2 = c
Ub ,
∂x
∂y

see (32.176). In deducing (32.177), (32.178) it is assumed that the motion of the basal
surface is not subject to turbulent fluctuations, implying that ◦nb ≡ = nb , ◦ K ≡ = K ,
◦w≡ = w and ◦Ub ≡ = Ub .
The balance laws of mass, (32.177) and (32.178), contain unknown velocity components tangential to the surface S of the constituent classes ν and the mixture. These
velocities need be determined and for this determination essentially two procedures
are at our disposal, namely
• We complement these laws with momentum equations for the surface flows of
μν (ν = 1, ..., N ) and μ. These laws then allow determination of the momenta
μν v S ν and μv S (or μ f v S f ). This defines a surface mixture of class II.
• We are less ambitious and introduce instead diffusion mass fluxes of the ν-class
sediments,
(32.179)
j S ν ≈ μν (v S ν − v S ) ,
for which closure relations are postulated, while the barycentric velocity is determined from the surface momentum balance law for the mixture as a whole. This
defines a mixture of class I.
As already mentioned, we follow this second route. Note that, since v S ν ·nb = v S ·nb
(= Ub ), the diffusive surface mass flux is parallel to Sb :
j S ν = j S ν∞

=⊥

μν v S ν∞ = j S ν + μν v S ∞ .

So, with definition (32.179) of j S ν we rewrite Eq. (32.177) as
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Table 32.6 Elements for the averaged surface balance relation (32.139) when referring to the
detritus mixture and Model 2 (◦·≡ are omitted)
fS

β fS

π fS

s fS

f

βf

μν

μ ≈ ν μν + μ f

μv S ≈ ν μν v S ν + μ f v S f

0
0
−RS

0
0
0

0
0
μg

∂ν = ∂ cν
∂
∂v

β∂ν = J ν − ∂ cν wsν
β∂ = 0
β∂v = p I − R

a
∂μν 
∂μν a
w − 2μν Ub K
+ μν v S ;a −
∂t
∂ξ a
a



+
Ub .
= − j S ν ;a + (−φ∂ν · nb )+ − (∂ cν v · nb )+ − (∂bed
ν − ∂cν )
(32.180)
Now, the (averaged) surface momentum balance equation for the detritus mixture
follows from (32.139) with the choices stated in Table 32.6, where RS is the surface
Reynolds stress tensor, see (32.247), which can be represented as (Fig. 32.11)
S abτ a ⊗ τ b


RS =

+ S a(τ a ⊗ nb + nb ⊗ τ a)

surface shear⊗toS

in−plane surface stress

+

Snb ⊗ nb


.

(32.181)

normal surface pressure

Splitting this surface momentum balance law into a tangential component and a
normal component to Sb , we obtain the following results (see the derivation in
Appendix D):
• Tangential surface momentum balance for the detritus mixture (a, b = 1, 2),
⎧
∂v a
∂μvSa ⎠ a b
∂w a
+ μvS vS − S ab
+ μvSb b − μw b Sb
;b
∂t
∂ξ
∂ξ

(a)

(b)

(c)

Fig. 32.11 Infinitesimal element of the material surface S , (here drawn with some finite thickness)
shown with the surface-parallel stresses (a), the surface shear stresses perpendicular to S (b), and
the ‘pressure’ normal to S (c)
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⎧
⎠
∂Ub
∂μ
− μUb g ab b − vSa w b b − 2μUb vSb − S b bbcg ca
∂ξ
∂ξ

a
a
− 2K μUb vS − S


= − (− p I + R)+ nb · τ a + (∂v)+ · τ a (v + · nb − Ub )
+ (− p I + R)− nb · τ a + μg · τ a;

(32.182)

• Normal surface momentum balance for the detritus mixture,

∂Ub
∂μUb 
+ μUb vSa − S a ;a + μ(vSa − w a) a
∂t
∂ξ
⎠
⎧
∂μ
a
2
− w Ub a − 2K μUb − S
∂ξ


= − (− p I + R)+ nb · nb + (∂v)+ · nb (v + · nb − Ub )
+ (− p I + R)− nb · nb + μg · nb .

(32.183)

Note that (32.183) describes the evolution of the speed of displacement Ub . However,
we have chosen to prescribe Ub by giving an erosion/deposition law, so that (32.183)
will be next omitted.30 Equations (32.178), (32.180) and (32.182) stand for the
determination of the surface fields μ, μν and v S ∞ . However, there are quantities
therein which must be prescribed, and this is dealt with in the next subsection.
Boundary conditions at the bed. Equations (32.178), (32.180) and (32.182) must
be complemented by closure relations for the diffusive fluxes j S ν , the stresses S ab,
S a, and for the bulk quantities cν+ , ∂+ , v + , (φ∂ν )+ · nb , (− p I + R)± nb · τ a. Thus,
we make the following assumptions:
• For j S ν we assume the Fick law
j S ν = −DνS ∇S μν ←⊥



j Sν

a

= −DνS g ab

∂μν
,
∂ξ b

where DνS [m2 s−1 ] are the surface mass diffusivities. This parameterization
ignores cross dependencies analogous to those in (32.50)4 .
• The shear stresses S a are assumed to be negligibly small, because they represent
physically thickness integrated shear forces perpendicular to S and the thickness
is infinitely small. For the surface parallel stresses S ab we assume
ab
ab
+ Sviscous
,
S ab = Selastic

(32.184)

30 Developing a model with the consideration of (32.183) requires further assumptions on S,
(− p I + R)+ nb · nb , (− p I + R)− nb · nb . We prefer to give an erosion/deposition law and so
omit (32.183).
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where
ab
Sviscous

ab
Selastic
= − p(μ) g ab,
⎭
⎡
= ψS tr( DS ) g ab + 2ζS DSab − 21 tr ( DS ) g ab .

(32.185)

p is an elastic pressure depending on the surface mass density (and also on the
temperature in non-isothermal processes), ψS is an aerial viscosity analogous to the
bulk viscosity in three dimensions, ζS is a surface shear viscosity which operates
on the surface deviator of DS , and DS is the surface rate of deformation tensor,
DS ≈

1
2

⎠

⎧
P (∇S v S ) + (∇S v S )T P = DSabτ a ⊗ τ b .

(32.186)

In (32.186), ∇S is the surface gradient and P is the projection operator onto the
tangent plane to S:
∇S u ≈

∂u
⊗ τ a,
∂ξ a

P ≈ τ a ⊗ τ a,

where u is a vector field defined on S. With u = u aτ a + un, we deduce
P∇S u ≈ u a;bτ a ⊗ τ b,
so that definition of DS implies the following expression for the components DSab:
DSab =

1
2

⎠

⎧
u a;c g cb + u b;c g ca .

Note that tr( DS ) = DSabgab = ( DS )aa. If one assumes ψS = 0 the correspondingly reduced equation (32.185)2 , viz.,
⎠
⎧
⎭
⎡
ab
Sviscous
(32.187)
= 2ζS DSab − 21 tr( DS ) g ab ,
Stokes

corresponds to the Stokes approximation of (32.185)2 . Note, since no ‘aerial
preserving’ is implemented, the tensor on the right-hand side of (32.185)2 is (still)
the deviator of the surface stretching.
A closure relation for p(μ) is still needed. The intuitive understanding is that
surface pressure can only build under aerial compaction but not dilatation. Moreover, with increasing density μ, compaction will be more and more inhibited, or
the corresponding pressure more and more increased. So,
p(μ) = H (−tr( DS )) P(μ).

(32.188)
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Fig. 32.12 Pressure p as a function of μ for the 3 choices in (32.189)

Three choices for P are
P(μ) = p1 tan

P(μ) =

π μ
2 μ0

, μ > 0,

μ
μ < μ0 ,
μ0
∈ [2 p1 , ∞) μ = μ0 ,

2 p1

P(μ) = p1 μ +

p2 n
μ =
n

p1 +

(32.189)
p2 n−1
μ,
μ
n


where p1 , p1,2
> 0 and n > 1. For (32.189)1,2 , p(μ0 ) = ∞, so preventing μ
from going beyond μ0 . Such a limit is not built into (32.189)3 , but selecting n
large, produces physically effectively the same (for the graphs of (32.189)1,2,3 see
Fig. 32.12). These proposals account for the fact that with μ > 0 also p > 0;
furthermore, the larger μ is, the larger will be the pressure. Relations (32.189)1,2
incorporate a densest packing condition, (32.189)3 does not, which is more realistic
since grains can escape perpendicular to S. This completes the postulation of the
stress parameterization for S ab.
• The sliding laws

⎧
⎠


+
,
−
v
∞
v
−
v
(− p I + R)+ nb − (− p I + R)+ nb · nb nb = ∂+ C1 ∞v +
S
∞
S
∞
∞
∞
(32.190)


(− p I + R)− nb − (− p I + R)− nb · nb nb = ∂bed C2 ∞v S ∞ ∞ v S ∞ , (32.191)
with the (dimensionless) drag coefficients C1 , C2 > 0, will determine (− p I +
R)± nb · τ a in (32.182). In the Boussinesq approximation ∂+ may be replaced by
∂∀ = ∂(4 ⇒ C); and in the shallow water approximation, v || reduces to the horizontal
component of v, v H , so that (32.190) reads
:
(τx z , τ yz ) = ∂∀ C1 (u + − u S )2 + (v + − vS )2 ((u + − u S ), (v + − vS )).
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• For (φ∂ν )+ · nb we simply evaluate φ∂ν on Sb :

(φ∂ν )+ · nb = φ∂ν z=b(x,y,t) · nb .
• Now we refer to v + , ∂+ , cν+ .
First, for the velocity v + it is natural to request a kinematic condition of sliding or
no-slip. When expressed in terms of the linear velocity profile across the thickness
of the diffusive interface, see Fig. 32.15, this request implies
v + = vsaτ a + Ub n,  ∈ [1, 2].

(32.192)

Now, the velocity tangential to Sb at the ‘upper’ interface of this thin layer is
approximately twice the barycentric tangential surface velocity v S ∞ . If a plug flow
profile is assumed, then the sliding velocity is ∞v +
∞ − v S ∞ ∞. So,  ∈ [1, 2], but
 = 2 is the likelier value. These considerations lead to the above representation
(32.192).
Second, since
∂+ =



+

 +
+
+ = ∂+ c+ −→ ζ + = ∂ c+ ,
∂
ζ
∂
+
1
−
ζ
,
∂
s
f
ν
ν
ν
ν ν
ν ν

∂s ν

∂+
ν

∂˜ +f

(32.193)
where ζν is the solid volume fraction of ν constituent and ∂ f is the true density
of the fluid, we find
∂f
⎧.
∂+ =
(32.194)
 +⎠
∂
1 − ν cν 1 − ∂sf


So, according to (32.1931 ), (32.194), ∂+ is known, once ν ζν+ or ν cν+ is
known. We postulate closure conditions for cν or ζν (ν = 1, . . . , N ).
Third, to postulate a phenomenological relation for cν+ or ζν+ is the hardest, because
it is physically not obvious. In such a situation it is probably easiest to formulate
a surface balance law for cν+ as stated in (32.140), viz.,
⎧
∂cν+ ⎠ + +
∂ cν+ a
+ a
+
+ cν v ∞ + φcν
−
w − 2cν+ Ub K = π cν .
;a
∂t
∂ξ a

(32.195)

In this equation the jump terms of the bulk quantities are absent as is the supply
+
term. For none of them the introduction would be justified. Moreover, φcν is the
flux of cν+ (parallel to Sb ),
⎠ + ⎧a
 
(32.196)
φcν = −dcν+ cν+ ; b g ab,
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in which dcν+ are diffusivities, and cross dependences on the concentrations cβ+
(β =
| ν) have been ignored. If one considers the evolution of cν+ to be non+
diffusive, then φcν = 0, and (32.195) becomes a pure evolution equation for cν+ .
The production rate density is assumed to depend on quantities in the slurry at Sb
and of the moving interface,
+

+

π cν = π̂ cν (dν , cν+ , Reν+ , μν , ∞v +
∞ − v S ∞ ∞, . . .),

(32.197)

+

such that π cν |equil = 0. Equilibrium conditions are characterized by uniform and
time independent cν+ and Ub = 0, so that the left-hand side of (32.196) vanishes.
+
It transpires that appropriate selection of π̂ cν is crucial.
We now incorporate into (32.178), (32.180) the entrainment-erosion and deposition rates for which specialists in sediment transport substitute parameterizations.
The mass flow from below into the basal bed is identified as entrainment, erosion or
pick-up rate, and from the moving bed to the base as deposition rate. With
∂

bed

≈

N
⎝

bed
∂bed
ν + ∂f ,

ν=1

they are, obviously, given by
bed
bed
Mνb ≈ −Ub ∂bed
ν , Mb ≈ −Ub ∂ f , Mb ≈ −Ub ∂ ,

f

(32.198)

from which we easily deduce
Mνb =

∂bed
∂bed
f
f
ν
M
,
M
=
Mb .
b
b
∂bed
∂bed

(32.199)

Positive (negative) Ub [negative (positive) Mb ] corresponds to deposition (erosion).
ν, f
The result (32.199) implies that we are not free to select closure relations for Mb
independently and evaluate Mb from these via
Mb =

n
⎝

Mνb + Mb .
f

ν=1
ν, f

On the contrary, we must postulate a closure relation for Mb and evaluate Mb from
(32.199)1,2 via the known grain size distribution and the corresponding densities ∂bed
ν, f
just below Sb . Erosion and deposition occur below the detritus layer. It is convenient
to write
dep
− Mb ,
(32.200)
Mb = Meros
b
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and to independently postulate representations for erosion and deposition. On the
basis of the concepts of ‘erosion inception’ and ‘erosion amount’ we now postulate
∀

Mb

eros

=

N
⎝

(cν )bed (E ν )eros (erosion),

ν=1

Mb = −∂+
dep

⎝



cν+ wνs+ ez · nb + Ub (deposition),

(32.201)

ν

where N ∀ follows from the evaluation of the critical shear stress according to formula
(32.160):
 

 ∀
(IIσ E )1/2
∀

ν  (τc )ν <
.
(32.202)
N = max
ν=1,...,N
Δ∂gdν Sb
Here IIσ E is the second stress deviator invariant in the basal material evaluated at
dep
the basal surface. The parameterization for Mb makes use of the terminal velocity
s+
of a particle in an ambient fluid field, wν , see (32.9) and (32.10). For particle class
s+
ν this yields the mass flow −∂+
ν w ν · nb towards the basal surface. However, this
surface itself moves with the displacement speed Ub in the direction of nb . Thus, the
s+
mass flow of class-ν particles is −∂+
ν (w ν · nb − Ub ). Summation over all ν-classes
now yields the total depositing mass flow
dep

Mb = −

⎝
ν

⎝ 
 s+
 wsν =wνs ez

∂+
=
−∂+
cν+ wνs+ ez · nb − Ub ,
ν w ν · nb − Ub
ν

which is (32.201)2 , and where expression (32.69) is to be substituted for wνs . When
the shallowness approximation is justified then ez · nb √ 1.
With (32.198) and (32.199) the mass balance relations (32.180) and (32.178) can,
respectively, be written as
a
∂μν a
∂μν 
w − 2μν Ub K
+ μν v S ;a −
∂t
∂ξ a
a

∂bed
ν
+
= − j S ν ;a + (−φ∂ν · nb )+ − ∂+
b + bed Mb , (32.203)
ν v · nb − U
∂
∂μ
∂μ
+ (μv S )a;a − a w a − 2μ Ub K = −∂+ v + · nb − Ub + Mb , (32.204)

∂t
∂ξ
for ν = 1, . . . , N . In these relations the underbraced term vanishes when the normal
component of the barycentric velocity follows the displacement speed Ub of Sb . If
Mb is known as a function of space and time on Sb , (32.203) and (32.204) are
field equations for μν and μ. Of course, also Ub must be known; it is determined by
(32.198)3 , (32.200), (32.201).
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Equation (32.204) states that the time rate of change of the specific surface mass
μ grows by the mass flow from the slurry, [(v + · nb − Ub ) < 0] and by the erosion
rate (Mb > 0) from below. (Note, Mb contains both erosion and deposition, but
Mb > 0 is a net erosion.) For μ ≈ 0 the two contributions on the right-hand sides of
(32.203), (32.204) must balance. Equation (32.203) allows an analogous inference,
but for constituent ν a diffusive flow normal to Sb is added to this balance.
For the boundary condition of heat we proceed as for the traction boundary condition. In fact, we impose either a Dirichlet or Neumann condition on the slurry
side of Sb . The simplest procedure is to impose
T (x, y, z, t)|z=b(x,y,t) = (x, y, t),
where (x, y, t) is the temperature profile at the deepest position of the lake domain
which is subject to the study. As an alternative the Neumann condition
κ

∂T
= Q ⊗ (x, y, z, t)|z=b(x,y,t) ,
∂nb

where Q ⊗ is the geothermal heat, can also be used.
There remains the formulation of boundary conditions along the lake shore and
at the corresponding boundary lines on the surface S.
For the domain of the particle laden fluid. It is convenient to think that the lake
domain is divided into a number of layers which are bounded by fixed horizontal
surfaces, see Fig. 32.13. Identify the layers by the subscript k and let h k be their
thicknesses. In each layer we think the corresponding portion of basal surface to be
replaced by a vertical wall. For k = 1 this wall defines the mathematical shore line.
Along the vertical walls fields of unit vectors N k can be introduced which lie in
horizontal planes parallel to the (x, y)-plane. If no detritus moves, then v kS = 0 and
μkS = 0, and boundary conditions are given by

Metalimnion
N1
z k - 1/ 2
hk

Nk
zk + 1/

k

k - 1/2
k - 1/2

2

Fig. 32.13 Division of a lake domain into fixed horizontal layers. In those layers the real shore
line is replaced by a vertical wall whose unit normal vectors N k (k = 1, 2, ..., Nn ) lie in horizontal
planes
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(h k ∂k v k ) · N k =
(h k J νk ) ·
(h k Q π,h
k )·


Nk =


Nk =

0 , for impermeable wall,
Mk , for discharge into ground;

0 , for impermeable wall,
Mνk , for discharge of ν−mass into ground;

0
geoth

Qk
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, for no heat loss,
, for prescribed heat flow,

geoth

or Tk = Tk

.

The usual boundary conditions are those describing the ground as impermeable
surface; else Mk and Mνk must be prescribed, which requires a model for the ground.
For the boundaries of the sediment ‘layer’. For the detritus layer the boundary
value problem is that on a curved surface, which is bounded by a closed loop, most of
which can be identified with the mathematical shore line, Fig. 32.14. Because of the
Fick-type diffusive constitutive relations for the constituent mass fluxes j S ν and the
Navier–Stokes-type stress parameterizations for Sbab closure conditions are analogous to those of the three-dimensional case. However no boundary condition must be
formulated for the surface heat flow in our case, because energy considerations have
been left unspecified. So, let C be a loop along the mathematical shore line (including
a segment of the river bank and across the tributary), see Fig. 32.14. Define by h
the unit vector field along C which is tangent to S and perpendicular to C. With v S ,
the barycentric surface velocity vector, and j S ν the surface mass flux, we may now
write

0,
along C where v S = 0,
j Sν · h =
−mνS , along C, where wash-load enters the lake from the tributary;

tributary inflow

region of detritus flow

shore line
exit flow

Fig. 32.14 Mathematical shore line (black) of a lake and boundary of the region of detritus inflow
(red), partly along the shore line, across an inflow tributary and a free boundary stretch, where
detritus motion has ceased
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 0,

at the shore segments where v S is tangential
 to the shore,
  ν
f , at the river cross section.
m
+
m
−
ν S

32.5 Transformation of the Surface Mass Distribution
into a Detritus Layer Thickness
From a practical point of view the surface mass densities of the sediment classes
μν (ν = 1, . . . , N ) are not very useful variables. Better is the determination of the
thickness h of the detritus layer; so, let us assume
μ = ∂s ζmean h, ζmean ≈

⎝

ν
ζmean
,

ν
ν
where ∂s is the true density of the sand, and ζmean
are mean values of the solid
volume fractions of the sediment classes ν = 1, . . . , N in the detritus layer. Note
that ζmean = (1 − n), where n is the average porosity within the detritus layer.
Subsequently, the thickness of the detritus layer follows from

h=

μ
,
∂s ζmean

(32.205)

and our aim is to provide a model for ζmean .31
First, we consider that the detritus layer has linear volume fraction and velocity
distributions across its thickness. The expectations are that the linear volume fraction
through the layer has a maximum at the bottom and a minimum at the top. Similarly,
the layer velocity vanishes at the bottom and reaches a maximum at the top surface,
u max , see Fig. 32.15. So, their distributions are given by
ζ=

u max
ζmin − ζmax
z + ζmax , u =
z.
h
h

(32.206)

As the figure shows, the layer may become instable if it is sufficiently sheared from
above. A Richardson number number dependence of the mean volume fraction in
an arbitrary detritus layer (i.e., not necessarily as in Fig. 32.15) is then suggested.

ν
ν
h, then the mean volume fractions ζmean
are known once the
If we assume μν = ∂s ζmean
ν
ν
height h is known: ζmean = μν /(∂s h); or, equivalently, if ζmean is known, see (32.205): ζmean
=
ν
(μν /μ)ζmean . For the detritus layer the mean volume fractions ζmean
are practically better quantities
than the surface densities μν .

31
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Fig. 32.15 Detritus layer with thickness h. Distribution of the volume fraction and detritus velocity
u as functions of z

So, still referring to Fig. 32.15, we define
−
Ri =

d∂
1 dζ

g
g 
−
2(ζmax − ζmin ) gh
∂mean dz
ζmean dz
=
=
,
ζmax + ζmin
u 2max
du 2
du 2
dz
dz
1

(32.207)

where ζmean ≈ (ζmax + ζmin )/2 has been used. For particular values of ζmin , ζmax ,
u max , the Richardson number Ri is a function of the thickness h: Ri = Ri(h).
Now, our assumption for the mean volume fraction in an arbitrary detritus layer is
ζmean = ζmean (Ri(h)).
When inserted into (32.205), this yields an equation for the determination of h:
μ
= ζmean (Ri(h)).
∂s h

(32.208)

Moreover, with an obvious reminiscence to the Kelvin–Helmholtz type shear
flow instability (or better stratified shear flow instability, see Chap. 30) of a linearly stratified viscous fluid under simple shear, Miles [29] (1961), we suppose a
Ri-dependence as shown in Fig. 32.16. This function can qualitatively and quantitatively be given as


1
(ζtop + ζbottom ) + a tanh b(Ri − Ri crit ) ,
2


2s ζtop − (ζtop + ζ bottom )
1
1
.
a = (ζtop − ζbottom ), b = atanh
2
φ
ζtop − ζbottom
ζmean =

Here, 0 < φ < 1, 0  s < 1, and a, b are so adjusted that

(32.209)
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Fig. 32.16 Qualitative behaviour of the mean volume fraction ζmean of the mixture

Table 32.7 Suggested values for the parameters in Eq. (32.209)
ζtop = 0.8

Ri crit = 0.25

Ri
Ri
Ri
Ri

→∞
→ −∞
= Ri crit
= Ri crit + φ

ζbottom = 0.02

−→
−→
−→
−→

ζmean
ζmean
ζmean
ζmean

φ = 0.02

s = 0.98

= ζtop ,
= ζbottom ,
= ζcrit ≈ 21 (ζtop + ζbottom ),
= s ζtop .

The modeler can pick values for ζtop , ζbottom , Ri crit , φ and s. Suggestions are given in
Table 32.7. Obviously, for a Newtonian fluid Ri crit is the value of the Richardson
number below which instability sets in.
With the parameterization (32.209), relation (32.208) becomes a nonlinear equation for h, which is easily seen to possess a unique solution. An iterative solution h
is best found as
h (m+1) =

μ
2μ
,
, h (0) =
(m)
∂s (ζtop + ζbottom )
∂s ζmean (Ri(h ))

and computations are interrupted when


 (m+1)

− h (m)   1.
h
This computation must be performed for all x, y and each time step t.

32.6 Discussion and Conclusion
In this article transport of sediments in suspension and in the detritus layer of an alluvial river-lake (or ocean) system was analyzed from a perspective of global processes,
taking place in the lake or ocean basin, on the one hand, and in the moving or stagnant
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detritus layer at the bottom of the water body, on the other hand. These two regimes
interact at their common boundary via erosion of sediments from the basal surface
or as deposition of wash-load to the rigid bed. The suspended sediment fractions are
transported by the wind-induced barotropic or baroclinic circulation of the homogeneous or density stratified lake or ocean water. These sediment fractions are carried
into the lake as wash loads from river inlets. The bed-load detritus, on the other
hand, is carried into the estuarine environment of the lake and contributes thereby
its deposition to deltaic formations. In the vicinity of the river mouth both sediment
formations are subjected to a new flow regime, which is governed by large scale circulation dynamics, in which the current speeds are generally smaller. This leads to
an enhanced sedimentation of the coarser grain fractions and associated aggradation
with progressing delta formations.
Whereas on decadal time scales the important regions of such land aggradation
in oceans is restricted to estuarine zones, these zones may in lakes extend over
substantial portions of the basins or the entire lake. This is particularly so for artificial reservoirs and mountainous terrain. Rigorous models on this complex detritusparticle-laden fluid interaction are still missing. It was our intention to present in this
memoir the foundation for a class of such models as a basis for later use in attempts
of software developments for sediment transport of this sort.
To this end, the lake domain was divided into two regions, the actual water domain
with suspended (non)-buoyant particles, called also slurry, and the detritus layer with
moving sediments, also a solid-fluid mixture, but very thin. Because of its thinness,
this layer was collapsed into an infinitely thin moving and deforming surface, covered
by a mixture of the N sediment classes ν (= 1, . . . , N ) and a fluid. This mixture
moves along the surface, with each class having its own tangential velocity, and
thus intermixing with the others by surface parallel diffusion. However, further mass
exchanges with the slurry above and the ground below takes also place as erosion and
deposition processes. The mathematical description of this local interaction problem
turned out to be rather subtle, even in the simplest possible form as dealt with here.
In domain I, the governing field equations for the lake as a particle laden fluid
are handled as a continuous mixture of class I, i.e., the balance laws of mass are
formulated for the sediment classes ν (= 1, . . . , N ) and the mixture as a whole, but
balances of linear momentum and energy are only formulated for the mixture as a
whole. This is done for a nearly density preserving fluid, whose density changes due
to variations of the temperature, mineralization and pressure but also the distribution
of the wash-load. The formulation is also complicated by the presence of turbulence.
As a consequence, a considerable number of approximate models exists, all of which
are claimed to be relevant to describe the three-dimensional circulation dynamics,
including dispersion of the suspended wash-load. They differ in certain terms but the
differences are seldom explained in the context of their physical implications. We
have tried to close this gap.
Two model families were presented. In model family 1, referenced as generalized
Boussinesq models, two subfamilies were distinguished:
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• In the classical Boussinesq assumption variations of the density are ignored,
except in the gravity term. This implies that the velocity field is solenoidal. This
property is preserved also when turbulence averaging is performed and averaged
equations are looked at.
• A generalized Boussinesq fluid is defined by a mixture-density composition,
∂ = ∂0 (z)+∂d (x, t), in which ∂d (x, t) is ignored everywhere except in the gravity
term. In this case the mass flux or momentum density ∂0 v(x, t) is solenoidal. This
property is also preserved in the turbulent-averaged equations.
Model family 2 is based on the assumption of small turbulent density variations; it
was coined by us
• Small density fluctuation assumption. It is based on the assumption that approximations are only introduced after the turbulent averaging operations have been
performed with the compressible governing equations. Then, with ∂ = ◦ ∂ ≡ + ∂ ,
every correlation term ◦ ∂ a≡ is ignored. This assumption implies that the averaged
mass balance of the mixture is preserved, see (32.39). So, acoustic waves can be
studied in a turbulent fluid as can the influence of the pressure dependence of the
equation of state, both effects which may be significant in very deep lakes.
A further popular approximation is the Shallow Water Approximation (SWA), in
which the ratio of typical depth to length scales is used as a perturbation parameter
A and the lowest order approximation to the reduced equations in the limit A → 0
is constructed. This implies that the vertical momentum balance reduces to a force
balance between the gravity force and the vertical pressure gradient. This approximation is known as the hydrostatic pressure assumption. Moreover, the divergence
of the stress deviator, and the divergences of the heat flux and the species mass fluxes
reduce to
∂Jνz
∂τ yz
∂ Q π,h
∂τx z
z
,
,
,
,
∂z
∂z
∂z
∂z
whilst all other terms drop out. Both assumptions are today regarded as critical.
An in-between compromise, which is sometimes used, still employs the hydrostatic
pressure assumption but accounts for the horizontal stress, heat flux and species mass
flux gradients. The modern trend, however, abandons the SWA altogether. These
formulations are known as non-hydrostatic models. They are certainly needed in the
aftermaths of incessant heavy rain fall with strong detritus and wash-load discharge
from a river into the river-mouth region, when strong up- and downwelling are likely
to occur, see Fig. 32.17. In such systems it may be advantageous to employ nesting,
where a simpler model is used for the circulation dynamics of the entire lake, and the
river-inlet environs are analyzed with a more complex model subject to the current,
pressure, temperature, etc., input along the open boundary. A word of caution or
alertness concerns the formulation of the heat equation (first law of thermodynamics),
which has consistently been given in two different forms, one in which the caloric
potential is the Helmholtz free energy (and the energy equation is written in terms
of this free energy), and a second one, where the potential is the free enthalpy. As
explained in the appendix, if ∂ and T are the independent thermodynamic variables,
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Fig. 32.17 Sediment laden water in the forefront of the estuary mouth of the river Rhine (Alpenrhein) at Fussach near Bregenz, Austria. The picture demonstrates that upwelling and downwelling
processes must be active, indicating that the Shallow Water Approximation in computational software should not be applied. A full non-hydrostatic three dimensional model is required. © ‘Tino
Dietsche - airpics4you.ch’

then the heat equation is based on the free energy formulation, and, strictly in this
case, the thermal equation of state has the form p = p(∂, T ). Alternatively, if p and
T are the independent thermodynamic variables, then ∂ = ∂( p, T ) is the appropriate
thermal equation of state and the energy is expressed in terms of the free enthalpy.
In applications confusion may arise, since for most situations the thermal equation
of state is given as ∂ = ∂(T ) without a pressure dependence. In these cases it is
irrelevant which energy equation is employed, the enthalpy formulation would be
logical. Luckily it does not matter, since numerical values for the specific heats cv
and c p are nearly the same.
Closure relations of the flux terms in the slurry have consistently been proposed
as being of gradient-type. A critical point in this formulation concerns only the
constituent mass fluxes Jν , defined in (32.8). These mass fluxes are written as compositions of two contributions, (1) a diffusive flux due to the difference of the velocity
of particles of the same class relative to a representative particle velocity within this
same sediment class plus a slip velocity of this representative particle of class ν to
the barycentric velocity of the mixture at the same position, which is fundamentally
related to the free fall velocity of the representative particle in still water. Even though
this latter choice is questionable in its own right,32 this kind of parameterization tries
to explicitly account for the convective motion of the non-buoyant particles and the
diffusive nature of the analogous process due to particle size differences in the same
sediment class.
32

The determination of the velocity of a particle in a moving and perhaps accelerating fluid field
relative to the velocity of the fluid at the same position before the latter was inserted in the fluid, is
a complex topic of fluid dynamics which does not, in general, agree with the free fall velocity.
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Domain II is in reality a very thin layer of a granular fluid mixture with N sediment classes and an interstitial fluid at saturation. This system has been collapsed
in our theoretical formulation into a moving singular surface with surface particles
being equipped with surface masses, momenta, etc. This procedure is tantamount to
replacing a mixture layer and its top and bottom boundary by a sharp interface, which
is equipped with surface mass and evolves under the influence of the sedimentation
and erosion processes. As a first approach, we have assumed this interface to be a
material surface, being aware that in reality it is nourished from above and below
by settling and eroding particles. Essential in this approach was the surface balance
law (32.139), which is based on the transport theorem (32.137), valid for material
surfaces.
The complications with the above described boundary conditions are connected
with the fact that N surface sediment classes are introduced, which each may have
its own motion tangential to the deforming surface, whose motion is defined by the
kinematic equation of motion. If on either side of the deforming surface simple constituent continua are present, the possible surface material is also a simple constituent
continuum. Then, the subtle issue is that the geometric motion of the surface from
its reference state to its present state and given by the kinematic equation of the
surface moving with the velocity w, is not the same as the motion of a material body,
geometrically-kinematically constrained to the surface, but free to move and deform
tangentially to the surface with the material velocity v S . The two are related by (see
Fig. 32.12)
v S = ξ˙aτ a + w −→ v S · n = w · n,
were (ξ 1 , ξ 2 ) ∈ Δ̃ is the coordinate cover of the moving surface S and τ a are the
base vectors τ a = ∂ r/∂ξ a, with x = r(ξ 1 , ξ 2 , t). With these prerequisites the
derivation of the local surface balance law for a physical quantity (32.139) from
the corresponding global form (32.132) due to Slattery et al. (2007) [41] is more
general than corresponding equations of earlier surface models for which v S = w
was assumed, see e.g. Müller (1985) [31], or for which w = U n is assumed,
see e.g. Alts and Hutter (1988) [2–5] and references therein. The more general
equation has then served as master equation for the derivation of the physical balance
laws for the surface-detritus-water mixture involving among others, the surface mass
densities μν , μ and velocities v S ν , v S (ν = 1, . . . , N ), such that v S ν · nb = v S ·
nb = Ub . These equations also contain the surface jump quantities from the bulk fields
which represent, for mass balance physically the deposition and erosion rates and, for
momentum balance laws the traction and impulse jump quantities. Parameterization
of erosion consisted of two statements, (i) a criterion defining the onset of erosion
of sediments of grain class ν and (ii) a statement of the amount of eroded material.
Reviews for both have been provided.
A conceptually decisive decision in connection with the detritus motion is whether
a surface mixture theory of class II ought to be pursued or a less complicated mixture
model of class I should be employed. The latter makes only use of the balance law
of momentum for the mixture as a whole, but mass balances of all constituents, and
it is technically simpler. The constituent surface velocities have been eliminated by
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introducing the diffusive surface-mass flux
j S ν ≈ μν (v S ν − v S ) = μν (v S ν − v S )∞
as a new variable of the sediment class ν and writing a Fick-type constitutive relation
for it. If the class ν-velocity needs to be computed, this can a posteriori be done by
v S ν∞ =

1
j + vS ∞.
μν S ν

The surface mixture momentum balance law entailed the parameterization of the
surface parallel stress components S ab, which were postulated as a two-dimensional
linear viscous fluid with aerial compressibility (but vanishing resistance to expansion). This avoids build-up of cohesion.
Further closure relations were needed in the form of detritus interface sliding laws
from above and below and values of the particle concentrations cν+ (ν = 1, . . . , N )
immediately above the detritus interface. These are N statements, which were postulated in terms of surface balance laws (32.195), each involving a Fickian gradient
postulate for its flux quantity and N production terms. These balance relations for
the boundary value of cν+ are likely the most esoteric feature of the model and call for
the application and the use of the entropy principle and experiments to constraining
the coefficients. A last set of relations completing the theory are explicit relations
for the erosion and deposition rates, (32.201).
To treat the dynamics of the detritus layer by concepts of sharp interfaces is a
simplification. In reality the detritus region is a thin layer of finite thickness, which
is sheared by the bottom near flow of the wind induced motion of the lake water. By
mimicking the thin detritus region as a sheared layer with linear volume fraction and
velocity distributions across the layer and assuming the mean volume fraction in this
layer to depend on the Richardson number with stable and unstable regimes, the
detritus layer thickness can be evaluated, see (32.205), and its transition from stable
(and thin) to unstable (and thick) regimes be estimated.
To summarize, this theory of sediment transport in alluvial systems is fairly substantial but the modeler has some freedom to adjust its complexity somewhat by
selecting the number of sediment classes when approximating the grain size distribution curve. There is also some flexibility in selecting the model equations for
the lake circulation flow as a slurry and in the application of sub-structuring techniques by dividing the lake domain in subdomains with and without detritus transport.
However, apart from these simplifications and some variation in the constitutive postulates the presented equations likely constitute the minimum complexity accounting
for the essential physics. Further extensions are possible and have transpired in the
derivation of the model. For instance, in (32.183) the momentum equation perpendicular to the moving detritus interface was presented, but it was ignored. Paired with
additional closure statements involving jumps of bulk fields across S, this equation
is interpreted as an evolution equation for the displacement speed Ub . When used,
it would make postulation of deposition and entrainment rates obsolete. This fact
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would give sediment transport theories a completely different structure from what it
has been so far. Moreover, the entire concept could also be pursued with a mixture
of class II with all of its consequences. Presently the most urgent activities would be
validation of the model by parameter identification, development of software for its
use and application to realistic cases, such as that shown in Figs. 32.1, 32.2, 32.17.

Appendix A: Implications from the Second Law
of Thermodynamics
This appendix gives a justification for the approximation (32.44). The results which
are presented can be taken from any book on thermodynamics, e.g. Hutter (2003) [16].
The basis of the considerations is the so-called Gibbs relation of a heat conducting
fluid,
p
1
dπ − 2 d∂ ,
(32.210)
dω =
T
∂
in which ω is the entropy, T the Kelvin temperature, π the internal energy, p the
pressure and ∂ the fluid density; (32.210) is a consequence of the second law of
thermodynamics. Solving (32.210) for dπ,
dπ = T dω +

p
d∂,
∂2

(32.211)

identifies π as a function of ω and ∂, so that, alternatively and with π = π̂(ω, ∂),
dπ =

∂ π̂
∂ π̂
dω +
d∂.
∂ω
∂∂

(32.212)

Comparison of (32.211) and (32.212) implies
T =

∂ π̂
,
∂ω

p = ∂2

∂ π̂
.
∂∂

(32.213)

The internal energy, interpreted as a function of entropy ω and density ∂, is a thermodynamic potential for the absolute temperature and the pressure.
With the functions
ψ = π − T ω Helmholtz free energy,
h =π+

p
enthalpy,
∂

g = h − T ω Gibbs free energy,

(32.214)
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(these are Legendre transformations) the Gibbs relation (32.211) takes the alternative forms
p
dψ = −ωdT + 2 d∂ −→ ψ = ψ̂(T, ∂),
∂
1
dh = −T dω + d p −→ h = ĥ(ω, p),
(32.215)
∂
1
dg = −ωdT + d p −→ g = ĝ(T, p).
∂
With the indicated different dependencies and the obvious potential properties, analogous to (32.213), we have
∂ ψ̂
,
∂T
∂ ĥ
T =− ,
∂ω
∂ ĝ
ω=−
,
∂T
ω=−

∂ ψ̂
,
∂∂
1
∂ ĥ
=
,
∂
∂p
1
∂ ĝ
=
,
∂
∂p

p = ∂2

(32.216)

and the integrability conditions
∂ω
∂
≈
∂∂
∂T
∂
∂T
≈
−
∂p
∂T
∂
∂ω
≈
−
∂p
∂T
−

p
for ψ̂(T, ∂),
∂2
1
for ĥ(T, p),
∂
1
for ĝ(T, p).
∂

(32.217)

Internal energy formulation. If we regard T and ∂ as the independent thermodynamic variables, then according to (32.214)1 we have
π=ψ−T
and therefore,

∂
∂ψ
= −T 2
∂T
∂T

ψ
T

,

dπ
dT
d∂
= ∂ cv
+ ∂ cT ∂ ,
dt
dt
dt
⎩
⎩ 
∂
∂
ψ̂
∂ π̂
cv := −
,
T2
=
∂T
∂T T
∂T
⎩

∂
ψ̂/∂∂
∂
∂ π̂
.
cT ∂ := −T 2
=
∂T
T
∂∂

(32.218)

∂

(32.219)
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With the separation assumption
ψ = ψ̂T (T ) + ψ̂∂ (∂),

(32.220)

cv = ĉv (T ) and cT ∂ = ĉT ∂ (∂) = dψ̂∂ /d∂. Therefore, (32.219)1 can be written as
∂

dψ̂∂ d∂
dπ
dT
dT
= ∂ cˆv (T )
+∂
√ ∂ĉv (T ) .
dt
dt
d∂ dt
dt


(32.221)

nearly 0

The second term on the right-hand side of (32.221) can be ignored since density
variations in a nearly incompressible fluid are minute.
Enthalpy formulation. If we regard T and p as the independent thermodynamic
variables, the Gibbs free energy is the thermodynamic potential and the enthalpy the
adequate internal energy function. In view of (32.215) we now have
h =g−T
and therefore,

∂g
∂ ⎠g⎧
,
= −T 2
∂T
∂T T

dh
dt
dp
= ∂ c p + ∂ cT p ,
dt
dt
dt
ĝ
∂ ĥ
∂
∂
c p := −
,
T2
=
∂T
∂T T
∂T

(32.222)

∂

cT p := −T 2

∂
∂T

1 ∂g
T ∂p

=

(32.223)

∂ ĥ
.
∂p

With the separation assumption
h = ĝT (T ) + ĝ p ( p),

(32.224)

c p = ĉ p (T ) and cT p = ĉT p ( p) = dĝ p /d p. Therefore, (32.210)1 can be written as
∂

dĝ p d p
dT
dt
dh
= ∂ cˆp (T )
+∂
√ ∂ĉ p (T ) .
dt
dt
d p dt
dt


(32.225)

nearly 0

Here the second term on the right-hand side can be ignored, since dĝ p /d p must be
very small, the growth of the enthalpy due to a pressure rise cannot be large as its
working is due to dilatational deformations, which are small.
Parameterizations. Because the temperature range of lake or ocean water is small,
0 ⇒ C  T  50 ⇒ C, the coefficients cv and c p exhibit a constrained variability and
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may well be assumed to be constant or linear functions of T . This then suggests to
use
• for constant specific heats,

π=
h=

T

 TT0

cv (T̄ ) dT̄ = cv0 (T − T0 ) + π0 ,
(32.226)
c p (T̄ ) dT̄ =

T0

c0p (T

− T0 ) + h 0 ,

• for specific heats as linear functions of T:


T



T0
T

π=
h=

T0

1
[cv0 + cv (T̄ − T0 )] dT̄ = cv0 (T − T0 ) + cv (T − T0 )2 + π0 ,
2
1
[c0p + cp (T̄ − T0 )] dT̄ = c0p (T − T0 ) + cp (T − T0 )2 + h 0 .
2
(32.227)

The expressions (32.221), (32.225), (32.226), (32.227) provide a thermodynamic
justification of relations (32.44).

Appendix B: Turbulent Closure by Large Eddy Simulation
Large Eddy Simulation (LES) is another popular approach for simulating turbulent
flows. In this technique the large, geometry-dependent eddies are explicitly accounted
for by using a subgrid-scale (SGS) model. Equations (32.76)–(32.80) are now interpreted as resolved field equations obtained by applying a non-statistical filter to the
Navier–Stokes equations.33
The effect of the small eddies on the resolved filtered field is included in the
SGS-parameterization of the stress R, given by (32.52) but by
R = 2∂ζ SG S D, tr D = 0,

(32.228)

where ζ SG S is the SGS-turbulent viscosity,
⎠
⎧1/2
ζ SG S ≈ (Cs Δ)2 tr (2 D2 )
.

(32.229)

This parameterization is due to Smagorinsky (1963) [42]. Cs is a dimensionless
coefficient, called Smagorinsky constant, and Δ is a length scale, equal to the local
grid spacing. Thus, (32.228) with (32.229) is the classical viscous power law relating
33

Such a filter need not to fulfil the condition ◦◦·≡≡ = ◦·≡, where ◦·≡ is the filter operation.
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stress and stretching. According to Kraft et al. [24], the above ‘model is found to give
acceptable results in LES of homogeneous and isotropic turbulence. With Cs √ 0.17
according to Lilly (1967) [26], it is too dissipative [. . .] in the near wall region
because of the excessive eddy-viscosity arising from the mean shear (Moin and Kim
(1982) [30]). The eddy viscosity predicted by Smagorinsky is nonzero in laminar
flow regions; the model introduces spurious dissipation which damps the growth
of small perturbations and thus restrains the transition to turbulence (Piomelli and
Zang (1991) [34]).
The limitations of the Smagorinsky model have led to the formulation of more
general SGS models. The best known of these newer models may be the dynamic
SGS (DSGS) model of Germano et al. (1991) [12]. In this model Cs is not a fixed
constant but is calculated as a function of position and time, Cs (x, t), which vanishes
near the boundary with the correct behaviour (Piomelli (1993) [24, 33]).
The parameterisations for the energy flux, Q π and constituent mass fluxes, J ν , are
the same as stated in (32.52)2,3 , however, with ζ SG S evaluated as given in (32.229).
It is also evident from this presentation that the (k − φ)-equations are not needed.

Appendix C: Justification for (32.157)
In this appendix we provide a derivation of formula (32.157) for erosion inception
on the basis of dimensional analysis. We consider sediment transport at a lake basal
surface. It is rather intuitive that the erosion inception will likely depend on a stress
(the shear stress) on the lake side of the basal surface, τc , the true densities, ∂s , ∂ f ,
of the sediment grains and the fluid, the solid concentration, cs , gravity acceleration,
g, mixture kinematic viscosity, ζ, and the nominal diameter, d, of the sediment corn,
all evaluated at the base. So, inception of sediment transport can likely be described
by an equation of the form
f (τc , ∂s , ∂ f , g, d, ζ, cs ) = 0.

(32.230)

The dimensional matrix of the above 7 variables has rank 3; so, there are 4 dimensionless π-products, which we choose as follows:
π1 =

⎠ g ⎧1/3
τc
∂s
, π2 =
, π3 = cs , π4 =
d,
Δ∂ g d
∂f
Δζ 2

(32.231)

where ∂ is the mixture density and Δ ≈ (∂s /∂ − 1). Here, τc has been scaled with
the ‘submerged’ density (∂s − ∂). Furthermore, it is not difficult to see that for small
cs the mixture density in (32.231) may approximately be replaced by ∂ f . We may
thus write
f (π1 , π2 , π3 , π4 ) = 0 or

τc
= f˜(π2 , π3 , π4 ).
Δ ∂ gd

(32.232)
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The number of variables is now reduced from 7 to 4, a dramatic reduction. However, even further reduction is possible. For sediment transport in the geophysical
environment π2 is very nearly a constant on the entire Globe, and π3 is very small
(10−2 ); so, the π3 -dependence may be dropped (i.e. expressed in a Taylor series
expansion of π3 and restricted to the term f˜(π2 , 0, π4 )). Thus, we may assume
λc ≈

⎠ g ⎧1/3
τc
d.
= f˜(Rec∀ ) = f˜(d∀ ), π4 = Rec∀ = d∀ ≈
Δ ∂ gd
Δ ζ2

(32.233)

This derivation assumes that only a single sediment fraction is present. It is important
to note that the viscosity ζ of the mixture is present in the variables describing the
erosion inception. If it is dropped, then f˜ in (32.233) reduces to a constant and
τc = const. × Δ ∂ gd∀ ,
which is not supported by experiments. Omitting g as a governing parameter is
disastrous, because π1 and π4 are then missing as π-products. In this case f˜(π2 , π3 ) =
0 is simply meaningless.

Appendix D: Justification for (32.177), (32.178) and (32.182),
(32.183)
Justification for (32.177), (32.178). For the constituent masses, noting that
∂ν (v ν − w) = ∂ν (v ν − v) +∂ν (v − w),

≈ Jν , see eq. (8)
the non-averaged balance (32.140), in which f S = μν , φ fS = 0, f = ∂ν , v = v ν ,
φ f = 0, can be written as
∂μν
∂μν a
+ (μν v S ν )a;a −
w − 2μν Ub K = −[[Jν + ∂ν (v − w)]] · nb .
∂t
∂ξ a
(32.234)
Analogously, for the fluid we deduce
a
∂μ f
∂μ f 
+ μ f v S f ;a − a w a − 2μ f Ub K = −[[J f + ∂˜ f (v − w)]] · nb , (32.235)
∂t
∂ξ
where J f ≈∂˜ f (v f − v), with ∂˜ f and v f the mass density and velocity of the fluid
(∂˜ f = ∂ − ν ∂ν ). Now we sum Eqs. (32.234) and (32.235) over all constituents.
Using relation
⎝
Jν + J f = 0,
(32.236)
ν
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and definitions
μ≈

⎝
ν

μν + μ f , μv S ≈

⎝
ν

μν v S ν + μ f v S f

(32.237)

for the mixture surface density μ and mixture velocity v S , we obtain the mass balance
for the mixture by summation of (32.234) and (32.235):
∂μ
∂μ
+ (μv S )a;a − a w a − 2μ Ub K = −[[∂(v − w)]] · nb .
∂t
∂ξ

(32.238)

We now average Eqs. (32.234) and (32.235). In so doing we assume that the
interface does not perform any fluctuations, whence necessarily ◦ nb ≡ = nb , ◦ K ≡ =
K , ◦ w ≡ = w and ◦Ub ≡ = Ub . Thus, for the averaged equations we get

a
∂◦μν ≡
∂◦μν ≡ a
+ (◦μν ≡ ◦ v S ν ≡)a;a + ◦ μν (v S ν ) ≡ ;a −
w − 2◦μν ≡ Ub K
∂t
∂ξ a


= −[[◦ Jν ≡ + ◦ ∂ν v ≡ + ◦ ∂ν ≡(◦ v ≡ − w)]] · nb ,
(32.239)
⎠

 ⎧a
a
∂◦μ f ≡ 
∂◦μ f ≡ a

+ ◦μ f ≡ ◦ v S f ≡ ;a + ◦ μ f v S f ≡
−
w − 2◦μ f ≡ Ub K
;a
∂t
∂ξ a


= −[[◦ J f ≡ + ◦ ∂˜ f v ≡ + ◦ ∂˜ f ≡(◦ v ≡ − w)]] · nb .
(32.240)
If we sum (32.239) and (32.240), because of (32.236), (32.237) we obtain

a
∂◦μ≡
∂◦μ≡ a
+ (◦μ≡ ◦ v S ≡)a;a + ◦ μ (v S ) ≡ ;a −
w − 2◦μ≡ Ub K
∂t
∂ξ a
= −[[
◦ ∂ v  ≡
(32.241)
+ ◦ ∂ ≡(◦v ≡ − w)]] · nb .

≈ φ∂ zin Table 32.6
Of course, (32.241) is the average of (32.238), and only two of (32.239)–(32.241) are
independent. For computations of initial boundary value problems we recommend
to

use (32.239) and (32.241) and to infer ◦μ f ≡ a posteriori from ◦μ f ≡ = ◦μ≡ − ν ◦μν ≡.
It follows: with Reynolds averaging we have a non-vanishing mass flux in the
mass balance (32.241). A Favre-type averaging would have to be performed. However, if ∂ is small on both sides of the basal surface we can drop ◦ ∂ v  ≡ in (32.241).
Moreover, with ∂ √ 0, ∂ν = ∂cν , decomposition (32.9) and definition of J ν [see
(32.43)], for the constituent class ν the mass flux ◦ Jν ≡ + ◦ ∂ν v  ≡ takes the form
◦ Jν ≡ + ◦ ∂ν v  ≡ = J ν − ∂ ◦ cν ≡◦wsν ≡,
which explains Table 32.6 for Model 2. The main text, formulae (32.177), (32.178)
[as deduced from (32.239), (32.241)] and Table 32.6 show the averaged fields without
the averaging operator ◦·≡ and with negligible correlations
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◦ μν (v S ν ) ≡, ◦ μ (v S ) ≡.
Justification for (32.182) and (32.183). Now we consider (32.139), in which f S =
μν v S ν , φ fS = −σ S ν , π fS = 0, s fS = μν g, f = ∂ν v ν , v = v ν , φ f = −σ ν , for
each ν = 1, . . . , N :
∂
∂
(μν v S ν ) + Div (μν v S ν ⊗ v S ν − σ S ν ) − a (μν v S ν ) w a
∂t
∂ξ
= −[[∂ν v ν ⊗ (v ν − w) − σ ν ]] nb + μν g.
(32.242)
A similar equation holds for the interstitial fluid:



∂
∂ 
μ f v S f + Div μ f v S f ⊗ v S f − σ S f − a (μ f v S f ) w a
∂t
∂ξ
= −[[∂˜ f v f ⊗ (v f − w) − σ f ]] nb + μ f g.
(32.243)
Summing (32.242), (32.243) and using definitions (32.237) we obtain
∂
∂
(μv S ) + Div (μv S ⊗ v S − σ S ) − a (μv S ) w a
∂t
∂ξ
= −[[∂v ⊗ (v − w) − σ]] nb + μg,

(32.244)

where the bulk, σ, and surface, σ S , mixture stress tensors are defined by
∂v ⊗ v − σ ≈

⎝
ν

μv S ⊗ v S − σ S ≈

⎝
ν

(∂ν v ν ⊗ v ν − σ ν ) + ∂˜ f v f ⊗ v S f − σ f ,

(32.245)

(μν v S ν ⊗ v S ν − σ S ν ) + μ f v S f ⊗ v S f − σ S f . (32.246)

Averaging (32.244) under the assumptions μ √ 0, ∂ √ 0, recalling definition
(32.43)1 of the Reynolds stress tensor R and introducing the laminar and turbulent
surface mixture stress tensor RS according to
RS ≈ ◦σ S ≡ − μ ◦v S ⊗ v S ≡,

(32.247)

we deduce (we omit the angular brackets)
∂
∂
(μv S ) + Div (μv S ⊗ v S − RS ) − a (μv S ) w a =
∂t
∂ξ
−[[∂v ⊗ (v − w) + p I − R]] nb + μg,
which explains the last line in Table 32.6.

(32.248)

574

32 Sediment Transport in Alluvial Systems

Next we want to write (32.248) using the components of vectors and tensors with
respect to the local basis {τ 1 , τ 2 , nb }, which will give (32.182) and (32.183). To this
end we use the formulae (for simplicity in this derivation we omit the lower index b
in Ub and nb referring to the basal surface)


∂n
∂n
∂τ a
c
b
ab ∂U
c
= −g
= πabτ c + babn,
= −babτ ,
+ bcbw τ b,
∂ξ a
∂t
∂ξ a
∂ξ b




∂w b
∂w
∂U
∂τ a
c b
cb
b
= a=
+
w
π
−
Ub
g
+
+
w
b
τ
ac
b
ba n.
ca
∂t
∂ξ
∂ξ a
∂ξ a
(32.249)
The first two relations are derived in (32.111) and (32.112). The third and fourth are
proved in an analogous way. Indeed, starting with the representations
⎠
⎧
∂n k
= ȧn k + ḃaτ ak = ȧn k + ḃbτbk ,
∂t
(32.250)
∂τ k

a

∂t

= ḋan k + ėabτbk ,

with yet unknown ȧ, ḃb, ėab, we readily deduce
1 ∂(1)
∂n k
1 ∂(n k · n k )
nk =
=
=0
∂t
2
∂t
2 ∂t
∂n k b
ḃb =
τ = ḃa τak τkb = ḃaχab,

∂t k

ȧ =

(32.251)

χab

∂τ k

a k
n = ḋa,
∂t
∂τak c
τ = ėabτbk τkc = ėabgbc = ėac .
∂t k

Explicit evaluation of ḃb follows by recognizing that
∂ ⎠ k ⎧
n τbk = 0
∂t

−→

∂n k
∂τb
τbk +n k
= 0.
∂t 
∂t
ḃb

(32.252)
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So,

ḃb = −n k

= −n k

=−

∂τbk
= −n k
∂t





 ∂w c

∂ξ b







∂
∂t

τk b + w c




∂rk
∂ξ b

= −n k

∂τk c
∂ξ b


d τ +b n
πbc
dk
bc k







∂

∂ξ b




∂rk
∂t
=wc τ








 


kc +U n k






∂U
∂n k 
+ b nk + U b
∂ξ
∂ξ 





∂U
+ bbcw c ,
∂ξ b

(32.253)

proving (32.249)3 . Similarly,




⎧
∂rk
∂τak
∂ ∂r k
∂
∂ ⎠ b k
k
n
nk =
n
w
=
=
τ
+
Un
k
k
b
∂t
∂t ∂ξ a
∂ξ a ∂t
∂ξ a










k

 ∂w b
k
∂τ
∂U
∂n
k
b
k
b
nk
=
τ
+
w
+
n
+
U
b

∂ξ a
∂ξ a
∂ξ a
∂ξ a 









c k
k

ḋa =

(πab τc +bab n ), see (32.111)1

= w bbab +

∂U
,
∂ξ a

(32.254)

as well as
ėac



⎧
∂τak c
∂ ∂r k
∂ ⎠ b k
c
k
τk =
τ
w
τkc
=
=
τ
+
Un
k
b
∂t
∂t ∂ξ a
∂ξ a










k
 ∂w b
k 
∂τ
∂U
∂n
k
b
k
b
τc
=
τ
+
w
+
n
+
U
a b
a
a
a  k

∂ξ
∂ξ
∂ξ
∂ξ




 




dk
d k
k
−bad τ

πab τd +bab n

 ⎠

⎧
∂U k
∂w b k c
b
d k
k
dk
π
+
=
τ
τ
+
w
τ
+
b
n
n
+
U(−b
τ
)
τkc
ab
d
ab d
∂ξ a b k
∂ξ 
=

=

∂w b d
d k c
χ + w bπab
τd τk −badU τ dk τkc


∂ξ a b
∂w c
∂ξ a

χdc

c
+ w bπab
− badg dc .

g dc

(32.255)
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Relations (32.254) and (32.255) prove (32.249)4 .
We also need for a scalar valued f , for vector fields u, v and for a second order
tensor field T , defined on the surface S the following rules of differentiation
Div ( f v) = f Div v + Grad f · v, Div ( f T ) = f Div T + T Grad f,
∂u
Div (u ⊗ v) = v a a + (Div v) u, Div n = −2K , Div (n ⊗ n) = −2K n,
∂ξ
b
n, Div (τ a ⊗ n) = −2K τ a,
Div (n ⊗ τ a) = −babτ b + πab
(32.256)
where
∂v
∂T
∂ f
Grad f ≈ a τ a, Div v ≈ a · τ a, Div T ≈ a τ a.
∂ξ
∂ξ
∂ξ
Thus, using the decomposition
v S = v S ∞ + U n = v aτ a + U n,
we obtain
 a

∂μv a
∂
b ∂w
c a
ca
τ a−
(μv S ) =
τ a + μv
+ w πcb − Ubbcg
b
∂t
∂ t
∂ξ



∂μ U
ab ∂U
c
a ∂U
a b
+ μv
+ bbcw τ a +
+ μbbav w n.
μUg
∂t
∂ξ a
∂ξ b
(32.257)
Then,
Div (μv S ⊗ v S )
= Div (μv S ∞ ⊗ v S ∞ ) + Div (μUv S ∞ ⊗ n) + Div (μU n ⊗ v S ∞ ) + Div (μU 2 n ⊗ n)
= Div (μv S ∞ ⊗ v S ∞ ) − μU v b bbc g ca τ a + Div (μUv S ∞ ) n − 2μK Uv S ,
(32.258)
and with the notations (32.181) for the components of RS ,
⎫
&
Div RS = Div (S abτ a ⊗ τ b) − S cbcbg ba + 2K S a τ a


+ Div (S aτ a) − 2S K n.

(32.259)

Finally, we have


a
∂
b
b ∂μv
c a
ca
τa
(μv S ) w = w
+ μv πcb − μU bbcg
∂ξ b
∂ξ b


∂μU
n.
+w b μv c bcb +
∂ξ b

(32.260)
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Now, substituting (32.257)–(32.260) into (32.248) and separating the tangential and
normal parts of the emerging relation yields (32.182) and (32.183).
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response, 37

Subject Index
seiche, 16, 19
surface wave, 539
water wave equation, 52
Barrage, 464
Barycentric motion, 488, 500, 501, 534, 539,
541
Barycentric surface velocity vector, 557
Barycentric tangential surface velocity, 553
Barycentric velocity, 365, 500, 533, 534,
548, 563
normal component, 555
Basal friction, 26, 28, 371
Basal normal pressure, 409
Basal sediment transport, 403, 405
Basal shear stress, 49
Basal shear traction, 180, 409, 411
Basement, 424, 428, 431
elevation, 424
slope, 433, 445, 478
Basinward, 437
motion, 438, 439
Bathometer, 292, 302
Bathymetry, 135, 158
Beam-Warming scheme, 92, 93, 105, 106,
111, 112, 116
Bearer fluid, 488, 493, 496, 499
Bedload, 404, 409–411
layer, 408
mass flow, 404
sediment, 460
transport, 404, 407, 441, 448
Bedrock, 418, 419, 460, 461
alluvial transition, 403, 416, 418–420,
460
channel, 416, 419
flow, 419
inclination, 418, 461
slope, 461, 462
Bennett’s
areal viscosity, 65, 69, 70, 72, 73, 75, 77,
88
exchange coefficient, 71
viscosity, 65, 75
Bernoulli equation, 329
Bottom friction, 14, 183, 194, 381
coefficient, 13
Bottom gradient station, 292, 293
Bottom saltation layer, 404
Bottomset, 404, 405, 427, 428, 441, 445,
446, 477
Boundary layer, 178, 179, 345, 347, 405
benthic, 493, 498
bottom, 135, 194, 272, 273
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structure, 441
surface, 135, 272, 273
thickness, 310, 346
turbulent, 309, 345, 347
velocity, 310
Boundary value problem, 40, 45
Boussinesq
-type field equation, 42
field, 40
Boussinesq approximation/assumption, 37,
39–42, 130, 131, 134, 168, 202,
516, 521, 523–525, 534, 541, 552
classical, 504, 562
generalized, 504
Boussinesq assumption, 6
Boussinesq fluid, 497, 498, 504, 511
generalized, 504, 562
Brackish water, 242
Brine, 455, 460
density, 457
influx, 456
solution, 457
Brinkmann number, 307, 309, 358, 359
Buoy, 226
Buoy station, 215
Buoy tracking, 228
Buoyancy, 443
corrected density, 508
effect, 41
flux, 443
force, 62, 502, 513
frequency, 331, 342, 345
parameter, 520, 522

C
Caloric potential, 562
Capacitive pickup, 239
Cauchy stress deviator, 40
Cell average, 95, 103, 107–109
Cell reconstruction
piecewise linear, 108, 109
second order, 109
second-order, 108
Cell Reynolds number, 99
Celsius temperature, 41
Central difference scheme (CDS), 93, 96,
98–101, 105–107, 112, 115, 120–
123
non-conservative, 120
Centripetal acceleration, 500
Characteristic, 99
length, 318, 353, 367
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slope, 349
speed, 94, 100, 110
time, 369
Chezi drag coefficient, 307, 371
velocity, 367
Chezi number, 307, 372
Chezi roughness coefficient, 374
Chippewa River, 464, 465
Chlorophyll, 301
Circulation, 311, 383, 385
dynamics, 19, 74, 89, 375
flow, 16, 33, 53, 375
motion, 370
pattern, 383, 385–391
transport, 19
Classical viscous power law, 569
Clausius-Clapeyron effect, 425
Clay fraction, 404, 407
Closure
condition, 40
relation, 41, 43, 44
Coastal acoustic system, 228
Coastal heating, 231, 233
Coherent spectrography, 265
Cohesion, 421
Colorado river (delta), 441, 463
Concave, 418, 456
curvature, 408
fore profile, 462
profile, 408
Conductivity, 232, 235, 244
-Temperature-Depth (CTD), 238, 244
probe, 241
due to the dissolved substance, 232
measurement, 237
sensor, 239, 250, 275, 277
Conservation law of sediment mass, 421
Conservative Temperature, 244
Contact pickup, 239
Continuity equation, 6, 12, 14, 504, 522, 523
Convection-diffusion equation, 94, 98, 122,
125
Convection-diffusion problem, 93, 99, 115,
119
Convective heat transfer, 92
Convective mass transfer, 92
Convective problem, 112, 114, 117
Convectively-dominated problem, 93, 116,
124
Convex
profile, 418
segment, 476
shape, 406
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Corer, 301
Coriolis
acceleration, 15, 375, 376
effect, 26, 29, 151, 335
force, 14, 28, 31, 33, 41, 64, 65, 74, 83,
88, 138, 151, 163, 185, 190, 299, 376
influence, 386
parameter, 8, 19, 52, 134, 137, 146, 198,
488, 517, 521, 523
term, 525
Cosmic noise, 225
Coulomb friction law, 412
Coulomb yield criterion, 411
Coulomb-Terzaghi relation, 443
Coulomb-Terzaghi yield criterion, 408
Counter phase, 74, 76, 78, 82
Courant number, 110, 111
Covariant derivative, 537
Crank-Nicolson scheme, 133
Critical (wall) shear stress, 542–546, 555
Critical (wall) shear velocity, 545
Critical Shields parameter, 542
Cross-section, 285
Current, 214
Current meter, 215–217, 219, 221, 271, 276
propeller-type, 219
vector averaging, 220
Current rose, 227
Curvature, 529, 537
effect, 538
tensor, 530
Curvature-factor coefficient, 104
Cuspate
aggradation, 466, 475
deposite thickness, 475
profile, 464
shape, 469
Cyclonic rotation, 16

D
Damping function, 178
near wall, 178
Delta morphometry, 407
Delta toe, 405, 422, 431, 432, 435–438, 440,
461
Deltaic formation, 444, 452
Deltaic morphology, 460
Dense granular transport, 406
Density anomaly, 42, 49
Density current, 292, 402, 403, 406, 442–
444, 455, 456, 476
Density preserving, 318, 327, 328, 335, 357
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Density preserving material/fluid, 504, 522
Depletion, 419
Depth averaged
equation, 6, 30
mean current, 20
model, 30
transport, 24
velocity, 6, 8, 10, 24, 25
Depth integrated
balance law, 8
equation, 30, 32
mass equation, 197
model, 30
momentum equation, 197
transport, 6, 33
Destruction
of energy, 89
of kinetic energy, 58, 88
of potential energy, 56, 58, 61, 88
Detritus, 493, 516, 556
bed, 312
interface, 565
interface sliding law, 565
layer, 312, 494, 497, 498, 539, 546, 554,
557–561, 565
mixture, 549, 550
motion, 564
rate, 497
region, 527, 565
transport, 539, 542, 565
velocity, 559
Diffusion, 134, 140
coefficient, 39, 50
flux, 137
numerical, 37, 39, 40, 51, 53, 56, 58, 71,
82, 88, 89, 131–133, 144, 145, 149,
152–154, 157, 162, 163, 165, 166, 168
of heat, 134
operator, 139
physical, 53, 82, 144, 166
turbulent, 43, 70, 147
Diffusion equation, 401, 408, 412, 413, 421,
431, 444, 446, 460, 465, 468, 470,
471, 476, 481
for erosion problem, 408
for interface, 408
Diffusive boundary layer flux, 275
Diffusive flux, 33
Diffusive interface, 553
Diffusivity, 307, 333, 403, 408, 412, 413,
437, 443, 449, 457, 460, 471, 510
alluivial, 467
fluvial, 438
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heat, 518, 522
horizontal, 52, 202, 526, 527
horizontal constituent mass, 526
horizontal energy, 526
horizontal momentum, 526
kinematic, 349
of suspended particles, 524
species, 510
species mass, 518, 522
surface mass, 550
thermal, 82, 178–180, 425, 510
turbulent, 202, 203
vertical, 51, 53, 54, 59, 71–73, 82, 182,
202, 335, 380, 527
vertical constituent mass, 526
vertical momentum, 526
vertical turbulent, 334
Dimensional analysis, 307, 311, 312, 314,
318, 322, 330, 352, 370, 392
Dimensional homogeneity, 311, 317, 319
Dimensional matrix, 307, 322–327, 330–
333, 346, 349, 358, 359, 392
Dimensional product, 308, 326
Direct Numerical Simulation (DNS), 174,
175, 314
Discontinuity, 106, 107, 109, 113, 120, 124
Discrete Element Method (DEM), 496
Discrete measurement at a single point, 285
Dispersion of light, 259
Displacement
free surface, 8, 12, 26
vertical, 12
Dissipation, 178, 202, 570
number, 308, 368
of energy, 37
of kinetic energy, 37
of turbulent kinetic energy, 541
rate, 349, 509, 511
rate density, 508
turbulent, 509
Dissipative limiter, 110
Distorted model, 371, 385
geometrically, 351
unanimously, 370
Distributed buoyancy, 289
Doppler frequency-spectrography, 265
Doppler phase-spectrography, 265
Double diffusion
model, 458, 459
problem, 457
Down-slope gravity current, 231
Down-stroke surge, 70, 71
Downfall of isotherm, 82, 83
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Downscaled model, 313, 370
Downwelling, 42, 54, 56, 62, 94, 122–124,
146, 151–153, 157, 185, 186, 190,
562, 563
Downwind-weighted piecewise-linear subcell interpolation, 97
Drag coefficient, 44, 45, 50, 328, 353, 502,
513
dimensionless, 320, 353, 540, 552
wind, 50
Drifting body, 215
Drifting buoy, 226, 229, 285, 286, 300
Drifting system, 298
Driving stress, 404
Dynamic similitude, 355–357, 371

E
Echo-sounding, 251
Eddy diffusivity, 134, 135
vertical, 181, 185
Eddy viscosity, 143, 149, 161, 174–176, 181,
194
constant, 176, 194
horizontal, 134, 135, 176–178, 181–189,
193–196
turbulent, 146, 174, 176
vertical, 134, 135, 150, 175–177, 179–
183, 185–190, 194–196
Effective stress, 411
Eigenoscillation, 199–201
Eigenvalue, 198
problem, 197–199
Ekman
depth, 33
problem, 6
spiral, 33
Ekman number, 308, 370
Electro-magnetic current meters, 225
Electromagnetic flow meter, 437
Electromagnetic force, 225
Electromagnetic sensor, 280
Elliptical fluid particle trajectories, 201
Energy
kinetic, 37, 56, 58–60, 65, 70, 72, 73, 88
potential, 56, 58, 59, 65, 70, 72, 73, 88
total, 58, 59, 65, 70, 73
turbulent kinetic, 41
Enthalpy, 40, 41, 500, 506, 508, 533, 562,
566, 568
formulation, 505, 506, 508, 517, 563, 568
production rate, 506
Entrainment assumption, 444
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Entrainment of ambient water, 406, 442
Entropy principle, 565
Epilimnion, 44, 52, 65, 75, 76, 82, 85, 88,
135, 147, 150, 181, 183, 186–189,
192–194, 231, 271, 330, 333, 334,
383, 386, 392
depth, 332, 392
temperature, 54, 75, 77
Equilibrium
depth, 69
temperature, 88
Equilibrium transport capacity, 419
Erosion inception, 311, 313, 322
Error function, 403, 414, 453, 480, 481
Essentially Non-Oscillatory (ENO) scheme,
125
Estuarine development, 404, 407
Euler forward difference scheme, 94, 98, 99
Euler number, 308, 368
Euphotic zone, 258
Eustatic lake level, 429, 431
Exchange
coefficient, 9, 15
horizontal, 12
of momentum, 14, 26, 28, 32
External mode, 131
Extinction coefficient © Copyright 1998,
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F
False diffusion, 105, 106
Favre averaging, 503, 572
Fiber optics, 261
Fick law (for diffusive flux), 509, 550
Fick-type diffusive constitutive relation,
557, 565
Fickian gradient postulate, 565
Filter
non-statistical, 569
statistical, 503
First order closure (scheme), 493, 511
First stress invariant, 544
First-order upstream scheme (UPS), 92, 93,
99, 100, 105, 109, 111, 112, 114,
116, 123, 124, 131, 143, 144, 152,
163
Float, 215, 226
Float of neutral buoyancy, 298

Subject Index
Float-type converter, 247
Float-type primary converter, 247
Floats of neutral buoyancy, 228
Flow ellipse, 200
Flowmeter, 221
Fluctuation energy, 316
Fluorescence, 264
Fluorescent dye, 264
Fluorometer, 264, 265
Fluvio-deltaic
formation, 437
Gibert-type system, 429
Gilbert-type system, 430
progradation, 436
response, 434, 435
sedimentation, 404, 406, 421
system, 406, 430, 431, 434, 437, 439, 441
Flux
advective, 140
diffusive, 140, 141
Flux corrected transport (FCT) scheme, 88,
92, 93, 105–107, 112, 113, 116,
124, 131–133
Flux parameterization, 202
Forced convection, 357
Forel-Uhl scale, 253
Foreland basin, 408
Foreset lake surface, 422
Forward Euler scheme, 140
Fourier heat law, 41
Fourier law (for heat flux), 509
Fourier transformations, 268
Free enthalpy, 308, 365
Free fall profiling system, 296
Free fall velocity (of particle), 501, 512, 516,
563
parameterization, 494
Free-fall, 229
Freezing
lake, 426
of a lake, 425
temperature, 426, 451
water, 450, 451, 454
Freezing point, 239
Freezing temperature, 239, 244
Frictional resistance, 371, 375, 381, 393
Frictional stress, 8
Frictional traction, 10
Fromm’s scheme, 92, 93, 101–104, 111, 112
Froude number, 308, 353, 356, 368, 370,
372, 377
densimetric, 308, 360, 380
equality, 373
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invariance, 353
similitude, 377
Froude similitude, 353–355, 357, 373, 381
G
Garland, 296
Gas-bubbler gage, 249
Geometric motion of the surface, 564
Geometrically similar model, 351, 353, 355,
370
Geostrophic flow, 132
Geothermal heat, 556
Gibbs free energy, 243, 244, 308, 365, 566,
568
Gibbs potential, 244
Gibbs relation, 567
of a heat conducting fluid, 566
Gibbs-SeaWater (GSW) Oceanographic
Toolbox, 244
Grab, 301
Graded, 429
behavior, 440
condition, 433, 439–441
flow, 434
river, 419
sediment flow, 477
state, 429, 430, 434–436, 439
trajectory, 434, 437
value, 436
Gradient type, 563
closure, 541
constitutive relation, 501
parameterization, 509
Grain size distribution, 495, 545, 554, 565
Grid Péclet number, 99
Gyre
circulating, 19
fixed, 24
rotating, 16
H
Hand thermometer, 294
Hanging glacier, 464
Heat conduction, 451
equation, 426
Heat conduction equation, 524
Heat conductivity, 451
Heat exchange at bottom, 138
Heat exchange at water surface, 138
Heat exchange coefficient, 88
Heat flux, 509
averaged laminar, 506
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due to turbulence, 506
in the atmosphere, 540
term, 506
total, 506
vector, 500, 517, 533, 562
Heat flux vector, 178, 202
Heat transfer, 357
coefficient, 309, 358
Heaviside, 180
Heaviside (step) function, 308, 337
High-resolution method, 92, 93, 107, 113,
116, 124, 125
Higher-order turbulent closure model, 174
Homo-pycnal condition, 494
Homogeneous
basin, 155
case, 133, 150, 161, 164
condition, 146, 147, 168, 370, 371, 383,
392
dimensionally, 309, 313, 317, 318, 320,
360, 392
experiment, 384
fluid, 337, 344
in its dimensions, 317
lake, 6, 15, 32, 151, 160
model, 385, 387
rechtangular basin, 148
water, 6, 15, 146, 147, 159
Homologous, 352
particle, 355
point, 351, 352, 355
region, 351
temperature, 368
time, 351, 352, 355
tracer, 368
trajectory, 352
velocity, 355
Homopycnal, 404, 405
condition, 461, 462
delta, 461
flow, 405, 460
Hydraulic discharge, 403
Hydraulic radius, 309, 371, 374
Hydrocarbon, 302
Hydrodynamic equation, 494
Hydrodynamic model, 174, 175
Hydrogen sulphide, 302
Hydrostatic model, 131, 132, 134
Hydrostatic pressure assumption, 493, 523–
525, 562
Hydrostatic water gage, 249
Hyperpycnal
condition, 405, 459–462
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current, 461
delta, 405–407, 459, 461, 462
delta formation, 408
flow, 406
inflow, 460
Hygrometer, 207
Hypo-pycnal condition, 494
Hypolimnion, 44, 50, 52, 54, 65, 147, 150,
181, 192, 193, 214, 231, 330, 334,
383, 386, 388
depth, 332
Hypopycnal, 404
delta, 406, 421, 427, 459, 477
delta formation, 422
flow, 405, 406

I
Ice avalanche, 464
Ideal fluid, 332
Immiscible fluid, 329, 330, 386
Immobile rigid bed, 498, 527
Impeller, 217
Impermeability, 50
In-situ microsensor, 275
Inertial frame, 366
Inertial range, 177
Inertial wave, 147, 159
Instability, 59
convective, 37
Interaction dynamics, 502
Interface, 11, 12, 22, 32, 308, 329–331, 338
deformable, 332
deformed, 337
displacement, 310, 331, 337
horizontal, 330
undeformed, 331, 337
Internal energy, 491, 500, 506, 508, 533, 566
formulation, 517, 567
function, 568
production rate, 506
Internal oscillation, 37, 39, 82, 88
Internal seiche, 37, 39, 53, 62, 64, 74–76, 79,
82, 83, 88, 89, 197
Internal surge, 53, 60, 64, 71, 76, 78, 80–84,
88, 89
Internal temperature surge, 37
Internal wave, 42, 54, 56, 64, 83
dynamics, 330, 335
energy, 64
Interstitial fluid at saturation, 564
Inviscid fluid, 331
Isotropic turbulence, 570

Subject Index
J
Joint slope angle, 428
Jump
condition, 532–534, 538, 539
discontinuity, 527, 532, 533
quantity, 564
term, 553
transition condition, 493
Jump condition, 449, 453, 476
flux, 431, 447, 450
K
Kelvin
temperature, 41
wave, 64, 74
Kelvin-type wave, 153, 154, 157, 163, 165,
167, 168, 184, 186, 191–193, 196,
197, 199
Kelvin-Helmholtz instability, 272, 331, 337,
340
Kinematic condition, 337, 338, 531
for material surface, 532
no-slip, 553
of sliding, 553
Kinematic similitude, 355
Kinematic surface equation, 13
Kinetic energy dissipation, 276
Kolmogorov
length, 270, 271
time, 270
Kronecker delta, 528
L
Lake diagnostic system, 208, 291
Laminar surface mixture stress tensor, 573
Langmuir circulation, 231, 271
Laplace operator, 8, 43
Large Eddy Simulation (LES), 174, 512, 569
Laser, 265
Laser current meter, 226
Laser optical measurements, 241
Latent heat, 451
of freezing water, 451
of melting/freezing, 426
Lax-Friedrichs scheme, 92, 93, 101, 105,
106, 110–112, 114, 116, 144
Lax-Wendroff scheme, 92, 93, 105, 106,
111–113, 116
Layer-depth averaged equations, 50
Leap-frog procedure, 140
Leapfrog scheme, 98
Legendre transformation, 567
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Length scale, 179
turbulent, 202
Lidar, 265
Light attenuation, 256
Light extinction, 256
Limnology, 207
Limnigraph, 246
Liquid-filled thermometer, 235
Logarithmic law, 347
universal, 347, 348
Long-term equilibrium state, 429
M
Manning roughness, 371, 373
Manometer, 249
Mapping invariant, 354, 370, 376
Mass balance
mixture, 410
sediment, 403
Material surface, 532, 536, 546, 549, 564
Mean curvature, 489, 529, 537, 538
Mean volume fraction, 558–560, 565
Mechanical current meter, 216
Mellor-Yamada turbulent closure model,
176, 178–180, 202
Melting temperature, 425
Membrane, 249
Mercury thermometer, 285, 302
Metalimnion, 39, 50, 53, 54, 70, 82, 181–
184, 187, 189, 190, 193, 194, 202,
290, 334
Meteorological buoy, 289, 290
Metric coefficient, 136
Meyer-Peter Müller formula, 404, 408, 412
Microstructure conductivity sensor, 279
Miles stability
condition, 335, 344
theorem, 331, 345
Mineralization, 508, 561
Minmod limiter, 108, 109, 113, 119–121,
145
Mixture
density, 312, 323, 365, 491, 500, 533, 570
enthalpy, 500
of class I, 493, 498, 499, 539, 542, 546,
548, 561, 564
of class II, 496, 539, 548, 564, 566
of class III, 496
volume balance, 410
Mode-splitting, 131, 132
Modified TVD Lax-Friedrichs scheme
(MTVDLF), 110, 112–114, 116,
119, 122, 124
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Molecular dynamics, 496
Molecular tracer, 229
Momentum exchange coefficient, 50, 59
Monotonic Upstream Schemes for Conservation Laws (MUSCL), 109, 110,
113, 114, 116, 124, 144
Moody diagramm, 328
Mooring, 215, 286–289
with submerged buoyancy, 305
with submerged buoyancy float, 286
with subsurface buoy, 288
with surface buoy, 287–289, 305
Multi-layer
equation, 33
model, 11, 14, 24, 33

N
Nansen bottle, 302, 304
Navier-Stokes(NS) equations, 6, 314, 569
Navier-Stokes-Fourier-Fick(NSFF) equations, 360, 393, 493
Nearly density preserving material/fluid,
500, 503, 561
Nepheloid layer, 255
Nephelometer, 256, 261, 262, 264
Nephelometric turbidity, 261
Neumann condition, 556
Neutral stability (curve), 340
Neutrally buoyant entering discharge, 405
Neutrally buoyant entering water, 403
Neutrally stable, 341
Newtonian
fluid, 560
law, 508
Niskin bottle, 302
No-slip condition, 45
Nominal particle diameter, 488, 493, 499,
513, 542, 570
Non-buoyant particle, 493, 494, 501, 506,
512, 563
Non-contacting detectors, 239
Non-hydrostatic algorithms, 132
Non-hydrostatic model, 130, 132, 562, 563
Non-inertial frame, 369, 375
Non-linear advective acceleration, 30
Nonphysical extrema, 93
Nonphysical oscillation, 92
Numerical instability, 166, 167
Numerical noise, 152, 154, 157, 163, 165,
166
Numerical oscillation, 132, 133, 143, 144,
149, 152, 157, 161, 162
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Numerical stability, 39, 40, 45, 88, 140, 178,
182
Numerical viscosity, 100
Nusselt number, 308, 358
Nutrient species, 275
O
Ocean shore movement
regressive, 407
transgressive, 407
Offlap (= lakeward), 435, 437, 438
One layer model, 6, 29
Onlap (= landward), 430, 437, 438
Onset
criterion of yield, 544
of erosion, 542, 544, 564
of sediment motion, 544
Onset of sediment movement, 544
Orthogonal triad, 535
Oscillation, 16, 18, 181, 191, 192, 197
fundamental, 198
internal, 174, 181, 190, 198, 200, 201
Kelvin-type, 191–194, 199–201
long-periodic, 184, 192
Poincaré-type, 200, 201
rotation-modified fundamental longitudinal, 199
short-periodic, 193
superinertial, 198, 200
Oscillatory grid dispersion, 99, 116
Overtopping failure
of a dam, 404, 420, 421
of a sand dam, 420
problem of a dam, 420
P
Paddle-wheel, 219
Particle Image Velocimetry (PIV), 275
Particle laden, 497
fluid, 493, 497, 546, 556, 561
mixture, 497
water, 542
Particle Reynolds number, 493
Particle settling velocity, 502, 510, 512–514
Particle size segregation, 407, 495
Particle/sediment size/volume fraction, 493,
508, 553, 558
Peclet number, 308, 368
Phase speed, 74
Photo-pyranometer, 256
Photodetector, 262, 265
Photometer, 256

Subject Index
Photomultiplier, 264
Photosynthetic layer, 256
Pick-up rate, 544–546, 554
Piezometric pressure, 356, 357
Plane wave, 336
Platinum-cobalt scale, 253
Plunge point, 401, 445, 446, 448, 454, 455,
477–479
Plunging fish, 296
Poincaré-type wave, 74, 163, 167, 168, 184,
193, 194, 197, 200
Point of inflection, 344
Point sources, 465
due to side tributaries, 408
Polygon measurement, 285
Portable conductivity-meter, 294
Potential energy, 309, 343
Potential temperature, 244
Power of working
due to dynamic pressure, 521
due to hydrostatic pressure, 521
due to mean motion, 506
due to surface traction, 540
Ppt (parts per thousand), 238
Practical salinity, 238, 243, 244
Prandtl
eddy viscosity formula, 510
mixing length, 512
number, 509
Prandtl number, 308, 358, 359, 368
Pressure coefficient, 308, 368
Pressure sensor, 226, 230, 250, 251, 277–279
Primary converter, 217, 219
Principle of similitude, 314
Product decomposition, 413, 414
Profiler, 226
Profiler Baklan, 278
Prograding deltas, 428
Prograding process, 494
Progressive vector diagram, 227
Projection mapping, 313
Propeller, 217, 219
Proudman number, 308, 380, 381
Psu (practical salinity units), 238
Pulsation, 51, 52, 71
of isotherm, 64
of vertical velocity, 62, 65, 70, 73, 79
short periodic, 59, 61, 62, 85
turbulent, 71
Punt-pole, 251
Q
Quartz crystal resonator, 250, 251
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Quartz resonator, 235, 237
Quartz sensor, 237, 250
Quasi-static pressure, 504
QUICK scheme, 92, 93, 103, 104, 111–114,
116, 124, 131–133, 143
QUICKEST scheme, 92, 93, 104, 111–114,
116, 124, 131, 143
Quiescent
ambient, 403, 425, 426, 450, 476, 477
water, 403, 404, 452

R
Radiation number, 309, 368, 370
Rankine-Hugoniot jump condition, 100,
110, 120
Rate of strain/stretching tensor, 500
Rayleigh condition for instability, 344
Remote sensing, 266, 286
Reservoir infill, 407, 459
Resistance thermometer, 236
Response time, 237
Retrograding, 401
Reynolds averaged equations, 40, 505, 516
Reynolds Averaged Navier-Stokes Equations (RANS), 175
Reynolds averaging, 503, 572
Reynolds effect, 357
Reynolds equation, 360
Reynolds model, 354, 510
Reynolds number, 309, 320, 326, 328, 345,
347, 353, 354, 356–359, 367, 368,
374, 379, 380, 393, 514
critical particle, 309, 543
global, 346, 347
local, 346
outer boundary layer, 309
particle, 312, 513
viscous sub-layer, 309
Reynolds similitude, 354–356, 358, 370
Reynolds stress, 39, 134, 174, 178, 202, 308,
378, 512
Reynolds stress tensor, 506, 573
surface, 549
turbulent, 519
Rhodamine, 229, 264
Richardson net, 47
Richardson number, 51, 175, 179, 202, 331,
341, 345, 368, 516, 559, 560, 565
critical, 179, 309, 334
flux, 180
gradient, 180, 309, 331
jump, 309
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Rigid lid approximation/assumption, 138,
338, 539, 541
Rigid lid assumption, 9
Rigid non-erodible solid, 416
Riverine Sediment Inflow, 404
Ronghua reservoir, 462
Rosette, 302–304
Rossby number, 370, 376, 377, 380, 393, 522
Rossby radius, 193
internal, 193, 200
of deformation, 74, 193
Rossby radius of deformation, 74
Rossby wave, 74

S
Saline water, 238
hypersaline, 238
lightly, 238
moderately, 238
slightly, 238
Salinometer, 238
Sampling method, 216, 301
Saturation, 366
Savonius rotor, 217, 219
Scale invariance, 177
Schmidt number, 308, 309, 368, 509
Secchi depth, 255
Secchi disc, 253, 254
Second principal invariant of the strain rate,
176
Second stress deviator invariant, 544, 555
Second-order upstream scheme (2UDS),
101
Second-order upstream scheme (2UPS), 92,
93, 102, 104, 111–113, 116
Sediment
bed, 496, 544, 545
class, 539, 548, 558, 561, 563–565
deposit, 494
erosion rate, 544
formation, 561
fraction, 494, 561, 571
layer, 496, 557
load, 494, 495
transport, 487, 493, 494, 496, 501, 542,
554, 561, 565, 566, 570, 571
transport model, 493, 494
Sediment-water
interface, 409
layer, 409
mixture, 409
Seiche, 245
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Self-similar, 475
alluvial response, 466
evolution, 416
structure, 345, 413
Self-similarity, 463, 469
property, 457
Semi-spectral method, 130, 133, 139
Sewage flow, 234
Sewage outfall, 221
Shallow water approximation, 9, 43, 493,
498, 516, 523–525, 540, 541, 552,
562
Shallow water equation, 6
Shallowness assumption, 42, 45, 49, 410
Shear probe, 278
Shear stress, 6, 8, 12, 14, 26, 28–31, 310, 346
critical, 310, 322
dimensionless, 312
wall, 346
Shear stress-pressure relation, 403
Shear traction, 9, 12, 32, 311
wind, 309, 335
Shields parameter, 310, 312, 313
Sieve experiment, 499
Silphon gage, 249
Silt fraction, 404, 407
Similarity, 355, 357, 393
approximate, 356
complete, 314, 347, 348, 352, 354
dynamic, 375
incomplete, 347
kinematic, 355
model, 352
solution, 413, 416, 417, 425, 462
variable, 418, 426, 452, 454, 469
Slack tide, 374
Sliding law, 44, 49, 552
Slurry, 493, 495, 499, 516, 542, 554, 556,
561, 563, 565
Smagorinsky, 176
coefficient, 569
constant, 569
model, 570
viscosity, 491
Smagorinsky model, 177, 178
Small density fluctuation assumption, 506,
507, 562
Solenoidal (velocity) field, 509, 521, 562
Solid non-erodible solid, 416
Solidification-melting problem, 425
Sound speed gauge, 221
Sounding lead, 251
Sounding machine, 251
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Specific heat, 487, 508, 510, 563, 569
at constant pressure, 41, 508
at constant volume, 508
Spectro-fluorometer, 296
Spurious (numerical) oscillation, 92, 93,
107, 109
Squire’s theorem, 337
Staff gage, 246
Stagnation pressure, 367
Steep-sloped foreset (deposits), 403, 405
Stefan condition, 426–428, 451, 452, 454
general, 460
generalized, 476
Stefan problem, 450
classical, 425, 426, 454
generalized, 403, 477
single phase, 425
Stokes flow, 513, 514
Strain gauge transducer, 280
Strain rate, 176, 202
Stratification, 50, 52, 74, 75, 88, 146, 150,
153, 157, 163, 165, 181, 189, 256,
272, 383, 386, 406
density, 42, 181
due to salts, 380
due to temperature variation, 380
experiment, 383
initial, 146
mean, 146, 150
stable, 53
summer, 37, 40, 53, 88, 150, 161, 335
temperature, 150, 181, 194, 198, 242
thermal, 241, 273, 371, 375
time- and space-dependent, 195
vertical, 184
water, 154
Stratified
basin, 150
case, 133, 150, 163, 164
condition, 146, 168, 370
experiment, 388
fluid, 330, 337, 344
lake, 122, 124, 139, 151, 200
layer, 332
model, 386, 389–391
rechtangular basin, 202
rectangular basin, 154, 155
shear flow, 329–332, 335, 341, 344, 345
water, 147, 150, 161, 197
Stratigraphic evolution, 434, 439
Stream function, 9
Strouhal number, 309, 368
Sub-graded, 435
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Subaerial flow, 443
Subaerial-subaqueous sedimenting process,
403
Subaqueous
analogue, 443
delta, 437, 462
delta foreset, 407
density current, 403, 476
deposit, 404
diffusion, 442
diffusion coefficient, 444
flow, 404, 442, 443
foreset, 408
interface, 460
pool, 461
progradation, 455
sediment flow, 477
sediment transport, 476
Subcell
behavior, 95
interpolation (intepolant), 96, 97, 100,
102, 103
variation, 95
Subduction process, 421
Subgrid-scale (SGS)
eddy viscosity, 175
model, 175, 177, 569, 570
motion, 175–177
parameterization, 176, 201, 202, 569
stress, 178
turbulent closure, 175
turbulent flux, 174
turbulent motion, 174
Subinertial mode, 198, 200
Sublayer
laminar, 346, 347
viscous, 347–349
Submerged buoy, 287, 289
Submerged gravity current, 442
Substantive derivative, 500, 506
Subsurface buoy, 288, 289
Super-elevated model, 351
Super-graded, 435
Super-inertial wave, 163
Superbee limiter, 108, 109, 112, 113, 119–
121, 124, 145
Superinertial mode, 198
Superior, 50
Surface
density, 534, 572
divergence operator, 537
flux, 535
friction (force), 502
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gradient, 551
projection operator, 551
Surface balance law, 534, 564
of mass, 494, 547
of mass for the N sediment classes, 539
of momentum, 549
of momentum for mixture, 494, 548, 565
of momentum for the detritus mixture,
549, 550
Surface buoy, 288, 289, 291, 298, 300, 305
Surface gravity wave, 138
Surface tension, 310, 318, 319, 351, 357, 370
Surface wave, 287, 288, 298, 305
Suspended matter concentration, 261, 262
Suspended matter/sediment, 311, 366, 382,
386, 404, 406, 441, 477
Suspended sediment, 493–495, 508, 541,
561
Synge’s theorem, 344

T
Technique, 296
Telluric current, 225
Temperature sensor, 235
TEOS10, 243
Terminal settling velocity, 501
Terzaghi’s principle, 411
Thermistor, 235, 236, 269, 270, 291
chain, 233, 234, 289–291, 298
temperature sensor, 302
Thermocline, 37, 50–52, 62, 82, 88, 122,
146, 150–152, 157, 161–163,
165, 166, 181, 186, 189, 196, 202,
231, 232, 272, 273
depth, 56, 58
displacement, 52
motion, 231
Thermometer, 207, 209
Thermocouple, 235
Third stress deviator invariant, 544
Tidal motion, 370–372
Time scale, 438, 496
century, 408, 409
decadal, 477, 493, 497, 561
geological, 406, 421, 477
holocene, 407, 408
Pleistocene, 407, 408
Time variation, 285
Topographic wave operator, 19
Topography-following coordinate, 131
Topset-foreset diffusion, 404, 444
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Total variation diminishing (TVD) scheme,
93, 107–109, 131–133, 144, 147–
149, 151–155, 157, 159, 160,
162–164, 166–168
Towed turbulimeter Grif, 277
Tracer, 215, 226
Trajectories of
free-fall instrument, 297
towed instrument, 297
Transparency meter, 256, 292
Trap, 301
Tributary, 7, 464–466, 474, 475
dam, 475
dammed lake, 407, 463–466, 475, 476
influx, 471, 473–475
mouth, 464, 470, 475, 476
river, 466
sand supply, 473
sediment deposition, 464
sediment influx, 473
sediment supply, 474
supply, 466
Tube, 301
Turbid layer, 403, 411, 412
Turbidimeter, 261
Turbidity current, 405–407, 442, 455
Turbidity undercurrent, 440, 442
Turbocline, 273
Turbulence, 267, 271, 272
Turbulent
closure, 174, 493, 541
closure model, 511
correlation, 202, 506
density fluctuation, 507
dissipation rate, 509, 511
effect, 174
exchange, 183–186, 188–190, 193, 194
filter operation, 493
flow, 512, 513, 569
fluctuation, 544, 545, 548
flux, 509
intensity, 202
kinematic viscosity, 509, 510, 518
kinetic energy, 175, 179, 509–512, 516,
519, 541
length scale, 179
mass flux, 503, 506
mixing, 186
motion, 498, 503, 507
parameterization, 174, 510
two-equation model, 511
viscosity, 174, 524
vorticity, 512
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Turbulent dissipation rate, 214, 269, 272,
273, 278
Turbulent surface mixture stress tensor, 573
Turbulimeter, 274, 292
TVD Lax-Friedrichs (TVDLF) method, 110,
112–114, 116
TVD property, 108
Two-layer fluid, 337
Two-layer model, 56, 64, 74, 193, 197, 198,
200
Two-layer system, 52
Tyndallometer, 261

U
Underloading, 419
Underwater vehicles, 286
Universal logarithmic law, 347
Upper layer slurry, 412
Upstream edge, 416, 471
Upstream flux, 413, 476
Upwelling, 42, 54, 56, 94, 122–124, 146,
151, 152, 155, 186, 189, 190, 192,
563
Upwind scheme
non-conservative, 120

V
Van-Veen grab, 302
Velocity stick plot, 227
Viscosity, 347, 355, 359, 374, 381
aerial, 551
bulk, 369, 551

605
eddy, 570
excessive eddy, 570
kinematic, 12, 346, 349, 353, 357, 378
kinematic laminar, 508
kinematic turbulent, 509, 510, 518, 522
laminar, 510
mixture kinematic, 570
SGS-turbulent, 569
surface shear, 551
turbulent, 333, 334, 350, 524
vertical turbulent, 333
Viscous sliding law, 180
Volume scattering function, 263
Vortex current meter, 224
Vorticity
equation, 10

W
Water colour, 253
Water transparency, 253
Weber number, 309, 319, 357
Weighted Essentially Non-Oscillatory
(WENO) scheme, 125
Winch, 295
Wind-induced
current, 6, 8
motion, 13, 32, 33
transport, 28
Woodward limiter, 108, 109, 113, 119, 145

Z
Zeroth order closure (scheme), 493, 511

